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Preface

This is a set of lecture notes prepared for STSCI 6940 “Advanced Probability for Statis-
ticians”. The goal of this course is to introduce probabilistic results and techniques that
are useful in mathematical statistics. Limit theorems and stochastic inequalities are two
key components of the course. Topics to be covered include complements to basic limit
theorems (Skorohod representation theorem, Berry-Esseen bound, and Delta method), em-
pirical distribution and quantile functions, U -statistics, bootstrap (and subsampling if time
permits), stochastic convergence in metric spaces, and some elements of modern empirical
process theory. I will also discuss some modern applications of these topics. The targeted
audience are Ph.D. students in statistics (the course should be accessible to 1st year Ph.D.
students) but I believe that the material covered in the notes are useful for students in
other fields who are seriously interested in mathematical statistics.

The prerequisite is a one-semester course on measure-theoretic probability. Familiarity
with the technical details of measure theory and probability is important. I recommend
Durrett (2010) as a standard reference on measure-theoretic probability. Some knowledge
on statistics is of course helpful. I recommend Wasserman (2004) as a concise reference
covering broad topics in statistics. There is no single textbook for the course but a closely
related reference is van der Vaart (1998). The following are some (nonexhaustive) references
on each topic:

• Complements to Basic Limit Theorems

– van der Vaart (1998) Chapters 2 and 3.

– Feller (1970) Chapter XVI.

• Empirical Distribution and Quantile Functions

– van der Vaart (1998) Chapter 21.

– Serfling (1980) Chapter 2.

– Shorack & Wellner (1986).

• U -statistics

– van der Vaart (1998) Chapter 12.

– Serfling (1980) Chapter 5.

– Lee (1990).

– de la Peña & Giné (1999).

• Bootstrap (and Subsampling)

– van der Vaart (1998) Chapter 23.
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– Shao & Tu (1995).

– Horowitz (2001).

– Politis et al. (1999).

• Stochastic Convergence in Metric Spaces

– van der Vaart (1998) Chapter 18.

– Dudley (2002) Chapter 11.

– Billingsley (1999).

• Empirical Process Theory

– van der Vaart (1998) Chapters 19 and 20.

– van der Vaart & Wellner (1996).

– Giné & Nickl (2016).

– Ledoux & Talagrand (1991).

– Dudley (1999).

– Boucheron et al. (2013).

I have kept my own lecture notes on empirical process theory since 2012 and some
portions of Sections 5 and 6 are based on them.
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1 Complements to Basic Limit Theorems

1.1 Skorohod representation theorem

Let (Ω,A,P) be a probability space and let X : Ω → R be a random variable (r.v.). The
distribution function (d.f.) of X is defined by

F (x) = P(X ≤ x), x ∈ R.

The d.f. uniquely determines the distribution of X,

B 3 B 7→ P ◦X−1(B) = P(X ∈ B),

where B is the Borel σ-field on R. The d.f. F satisfies the following three properties.

• F is nondecreasing. x < y ⇒ F (x) ≤ F (y).

• F is right continuous. limy→x,y>x F (y) = F (x).

• limx→∞ F (x) = 1 and limx→−∞ F (x) = 0.

Conversely, if a given function F on R satisfies the above three properties then F is a d.f.
of some r.v.

The quantile function of F or X is defined by

F−1(u) = inf{x : F (x) ≥ u}, u ∈ (0, 1).

For fixed u ∈ (0, 1), F−1(u) is called the u-quantile of F or X. For u = 1/2, F−1(1/2)
is called the median of F of X. If F is continuous and strictly increasing, then F−1 is
nothing but the inverse function of F . If F is discrete or has “flat” parts, however, there
is no inverse function of F . Still, the quantile function is defined. The quantile function
F−1 satisfies the following properties.

• The inf is attained. F (F−1(u)) ≥ u.

• F−1 is nondecreasing.

• F−1 is left continuous. limy→x,y<x F
−1(y) = F−1(x).

• F−1(u) ≤ x⇔ u ≤ F (x). Equivalently, F−1(u) > x⇔ u > F (x).

• F (F−1(u)) = u for all u ∈ (0, 1) if and only if F is continuous.

Importantly, we can generate a r.v. with a given d.f. by applying the quantile function
to a uniform r.v. on (0, 1).

Theorem 1.1. (a) If U ∼ U(0, 1), then F−1(U) ∼ F . (b) If F is continuous and X ∼ F ,
then F (X) ∼ U(0, 1).
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Proof. (a) Since F−1(U) ≤ x ⇔ U ≤ F (x), we have P(F−1(U) ≤ x) = P(U ≤ F (x)) =
F (x), which implies F−1(U) ∼ F .

(b) If X ∼ F , then X
d
= F−1(U). Applying F to both sides, F (X)

d
= F (F−1(U)) = U

by continuity of F .

Recall the definition of weak convergence.

Definition 1.1 (Weak convergence). Let F and Fn be d.f.’s. Then Fn converges weakly
to F , Fn

w→ F , if limn Fn(x) = F (x) for any continuity point x of F . For X ∼ F,Xn ∼ Fn,
Xn converges weakly to X, Xn

w→ X, if Fn
w→ F .

The following theorem relates weak convergence of d.f.’s to convergence of the corre-
sponding quantile functions.

Theorem 1.2. If Fn
w→ F , then limn F

−1
n (u) = F−1(u) for any continuity point u ∈ (0, 1)

of F−1.

Proof. Pick any ε > 0 and let u ∈ (0, 1) be any continuity point of F−1. Since F has
only countably many discontinuity points, there exists a continuity point x of F such that
F−1(u) − ε < x < F−1(u). The right inequality implies F (x) < u, which in turn implies
Fn(x) < u for large n. Conclude that F−1

n (u) > x > F−1(u) − ε and lim infn F
−1
n (u) ≥

F−1(u)− ε.
To prove the reverse inequality, for any u′ > u, there exists a continuity point x′ of F

such that F−1(u′) < x′ < F−1(u′) + ε. The left inequality implies F (x′) ≥ u′ > u, which
in turn implies Fn(x′) > u for large n. Conclude that F−1

n (u) ≤ x′ < F−1(u′) + ε and
lim supn F

−1
n (u) ≤ F−1(u′) + ε. Now, since u is a continuity point of F−1, letting u′ ↓ u,

we have lim supn F
−1
n (u) ≤ F−1(u) + ε.

Let F and Fn be d.f.’s, and let

(Ω̃, Ã, P̃) = ((0, 1),B(0, 1), λ),

where λ is the Lebesgue measure and B(0, 1) is the Borel σ-field on (0, 1). Define

Yn(ω̃) = F−1
n (ω̃) and Y (ω̃) = F−1(ω̃)

for ω̃ ∈ Ω̃. We know that Yn ∼ Fn and Y ∼ F .

Theorem 1.3 (Skorohod representation theorem). If Fn
w→ F , then Yn → Y a.s.

Proof. This follows from the fact that F−1 has only countably many discontinuity points.
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The Skorohod representation theorem implies the following: if Xn ∼ Fn and X ∼ F are
defined on (Ω,A,P) and Xn

w→ X, then one can construct, on another probability space,

r.v.’s Yn and Y such that Yn
d
= Xn, Y

d
= X, and Yn → Y a.s. As an application, we shall

prove:

Theorem 1.4. Xn
w→ X ⇔ limn→∞ E[g(Xn)] = E[g(X)] ∀g ∈ Cb(R), where Cb(R) is the

set of bounded continuous functions on R.

Proof. We only prove the ⇒ direction. By construction, E[g(Xn)] = E[g(Yn)],E[g(X)] =
E[g(Y )], and limn E[g(Yn)] = E[g(Y )] by the dominated convergence theorem.

For a measurable space (S,S), a map X : Ω → S is an S-valued r.v. if it is A/S-
measurable, i.e., X−1(B) ∈ A for all B ∈ S. Let (S, d) be a metric space equipped with
the Borel σ-field B(S) (e.g., S = Rk). Recall that the Borel σ-field on S is the σ-field
generated by the open sets in S.

B(S) = σ({open sets in S}).

Denote by Cb(S) the set of bounded continuous functions on S. Any continuous function
between metric spaces is measurable relative to the Borel σ-fields (exercise).

Definition 1.2 (Weak convergence). Let µ, µn be Borel probability measures on S; then
µn converges weakly to µ, µn

w→ µ, if limn

∫
gdµn =

∫
gdµ for all g ∈ Cb(S). For S-valued

r.v.’s X ∼ µ,Xn ∼ µn, Xn converges weakly to X, Xn
w→ X, if µn

w→ µ.

Equivalently,

Xn
w→ X ⇔ lim

n
E[g(Xn)] = E[g(X)] ∀g ∈ Cb(S).

Remark 1.1. The limit distribution is unique, i.e., if
∫
gdµ =

∫
gdν for all g ∈ Cb(S) then

µ = ν; see Section 5.

The following is straightforward from the definition.

Theorem 1.5 (Continuous mapping theorem). Let g : S → S′ be continuous, where S′ is
another metric space. If Xn

w→ X, then g(Xn)
w→ g(X).

The assumption that g is globally continuous can be weakened. See Theorem 18.11 in
van der Vaart (1998).
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1.2 Berry-Esseen bound

The central limit theorem (CLT) is of fundamental importance in statistics. In this section,
we discuss the Berry-Esseen bound, which quantifies the accuracy of the CLT.

We first recall the Lindeberg’s CLT. For each n = 1, 2, . . . , let Xn,m,m = 1, . . . , n be
independent r.v.’s such that E[Xn,m] = 0 (m = 1, . . . , n) and

∑n
m=1 E[X2

n,m] = 1. Let Φ
denote the d.f. of the N(0, 1) distribution.

Theorem 1.6 (Lindeberg’s CLT). If

lim
n

n∑
m=1

E[X2
n,mI(|Xn,m| > ε)] = 0 (*)

for any ε > 0, then S̆n =
∑n

m=1Xn,m
w→ N(0, 1).

Condition (*) is called the Lindeberg condition. Since Φ is continuous, the Pólya theo-
rem implies

sup
x
|P(S̆n ≤ x)− Φ(x)| → 0

under the Lindeberg condition. The Berry-Esseen bound yields a finite sample upper
bound on the LHS.

Theorem 1.7 (Berry-Esseen bound). There exists a universal constant A such that

sup
x
|P(S̆n ≤ x)− Φ(x)| ≤ A

n∑
m=1

E[|Xn,m|3].

1.2.1 Simplified setting

In what follows, we focus on the following simplified setting and prove the Berry-Esseen
bound under the simplified setting. Let X1, X2, · · · ∼ X i.i.d. where E[X] = 0 and
E[X2] = 1. For each n, let Xn,m = Xm/

√
n. Then

S̆n =
1√
n

n∑
m=1

Xm.

In this case, the Berry-Esseen bound reads as follows.

Theorem 1.8 (Simplified Berry-Esseen bound). There exists a universal constant A such
that

sup
x
|P(S̆n ≤ x)− Φ(x)| ≤ AE[|X|3]/

√
n.
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Remark 1.2 (Sharpness of the Berry-Esseen bound). The Berry-Esseen bound is univer-
sally sharp in the following sense. Let X1, X2, . . . be i.i.d. with P (X1 = ±1) = 1/2. Then,
using Stirling’s formula, we can show

lim
n

√
2n|P(S̆2n ≤ 0)− Φ(0)| > 0.

The proof is left as an exercise.

Remark 1.3 (Effect of moment). The Berry-Esseen bound shows that if E[|X|3] < ∞,
then

sup
x
|P(S̆n ≤ x)− Φ(x)| = O(n−1/2).

The assumption that E[|X|3] <∞ is needed to obtain the n−1/2 rate. Indeed, Heyde (1967)
shows that

∞∑
n=1

n−1+δ/2 sup
x
|P(S̆n ≤ x)− Φ(x)| <∞⇔ E[|X|2+δ] <∞

for 0 < δ < 1.

There are two methods to prove the Berry-Esseen bound.

• The classical method using Esseen’s smoothing lemma.

• Stein’s method combined with an induction argument.

We will prove the simplified Berry-Esseen bound based on the classical method. The
following proof is based on Feller (1970) Chapter XVI. Stroock (2011) Section 2.2 contains
a proof of the Berry-Esseen bound based on Stein’s method.

1.2.2 Esseen’s smoothing lemma

Esseen’s smoothing lemma relates the closeness of two d.f.’s to that of the corresponding
characteristic functions (ch.f.’s). Let F,G be d.f.’s with mean zero and ch.f.’s ϕ,ψ, respec-
tively. For the sake of simplicity, suppose for a while that ϕ,ψ are integrable (we will relax
this assumption). Then the inversion formula (Durrett 2010, Theorem 3.3.4) yields

F (x)− F (y) =
1

2π

∫
R

e−itx − e−ity

it
ϕ(t)dt.

Likewise,

G(x)−G(y) =
1

2π

∫
R

e−itx − e−ity

it
ψ(t)dt.
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Let ∆ = F −G. Subtracting these expressions leads to

|∆(x)−∆(y)| ≤ 1

2π

∫
R

∣∣∣∣e−itx − e−ityit
{ϕ(t)− ψ(t)}

∣∣∣∣ dt
≤ 1

π

∫
R

∣∣∣∣ϕ(t)− ψ(t)

t

∣∣∣∣ dt.
Taking y → −∞, we have

|∆(x)| ≤ 1

π

∫
R

∣∣∣∣ϕ(t)− ψ(t)

t

∣∣∣∣ dt.
The integrand ϕ(t)−ψ(t)

t is integrable around the origin since ϕ′(0) = ψ′(0) = 0 (which
follows from the fact that F and G have mean zero). In our application, G will be Φ,
whose ch.f. e−t

2/2 is integrable. On the other hand, F will be the d.f. of S̆n, whose
ch.f. need not be integrable. To avoid this problem, we approximate ∆ by a function
whose Fourier transform has compact support (and so is integrable) and account for the
approximation error. This approximation is carried out by taking the convolution of ∆
with a density whose ch.f. has compact support.

Let vT be a density

vT (x) =
1

π

1− cosTx

Tx2
.

Its ch.f. is

wT (t) =

{
1− t

|T | |t| ≤ T
0 |t| > T

.

Define
T∆(x) = ∆ ∗ vT (x)︸ ︷︷ ︸

convolution

=

∫
R

∆(x− y)vT (y)dy,

which approximates ∆(x).

Lemma 1.1 (Esseen’s smoothing lemma). Let F,G be d.f.’s such that supxG
′(x) ≤ λ. Let

∆ = F −G, η = supx |∆(x)|, and ηT = supx |T∆(x)|.

(a)

ηT ≥
η

2
− 12λ

πT
, i.e., η ≤ 2ηT +

24λ

πT
.

(b) If in addition F and G have mean zero, then

ηT ≤
1

π

∫ T

−T

∣∣∣∣ϕ(t)− ψ(t)

t

∣∣∣∣ dt.
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Proof. Part (a). Let x0 be a point such that |∆(x0)| = supx |∆(x)| = η (otherwise use
approximation arguments). In this proof, we only consider the case where ∆(x0) = η.
Since G′ ≤ λ and F is nondecreasing, we have ∆(x0 + z) ≥ η − λz for z ≥ 0. Letting
δ = η/(2λ) and x = x0 + δ, we have

∆(x− y) = ∆(x0 + δ − y) ≥

{
η − λ(δ − y) = η/2 + λy if |y| ≤ δ
−η otherwise

.

This implies

ηT ≥ T∆(x) =

∫
R

∆(x− y)vT (y)dy

=

∫
|y|≤δ

(η/2 +my)vT (y)dy − η
∫
|y|>δ

vT (y)dy

=
η

2

∫
|y|≤δ

vT (y)dy︸ ︷︷ ︸
=1−

∫
|y|>δ vT (y)dy

−η
∫
|y|>δ

vT (y)dy

(
∵
∫
|y|≤δ

yvT (y)dy = 0

)

=
η

2
− 3η

2

∫
|y|>δ

vT (y)dy.

Since vT (y) ≤ 2
πTy2

for |y| > δ, we have∫
|y|>δ

vT (y)dy ≤ 2

∫ ∞
δ

2

πTy2
dy =

4

πTδ
=

8λ

πTη
.

Hence, we conclude

ηT ≥
η

2
− 3η

2

8m

πTη
=
η

2
− 12λ

πT
.

Part (b). The Fourier transform of T∆ is (ϕ − ψ)wT , which is zero outside [−T, T ].
Hence the inversion formula yields that

T∆(x)− T∆(y) =
1

2π

∫ T

−T

e−itx − e−ity

it
{ϕ(t)− ψ(t)}wT (t)dt.

Since |wT | ≤ 1, we have

|T∆(x)− T∆(y)| ≤ 1

π

∫ T

−T

∣∣∣∣ϕ(t)− ψ(t)

t

∣∣∣∣ dt.
Taking y → −∞ leads to the desired result.
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1.2.3 Proof of the Simplified Berry-Esseen Bound

We will prove

sup
x
|P(S̆n ≤ x)− Φ(x)| ≤ 3E[|X|3]√

n
.

Since (E[|X|3])1/3 ≥ (E[X2])1/2 = 1, it is enough to prove the bound when n ≥ 10 since if
n ≤ 9, then the RHS is at least 1 while the LHS is at most 1. Let ρ = E[|X|3].

Let Fn denote the d.f. of S̆n. We apply Esseen’s smoothing inequality with F = Fn
and G = Φ. The ch.f. of S̆n is ϕn(t/

√
n), where ϕ is the ch.f. of X, and the ch.f. of N(0, 1)

is e−t
2/2. Since Φ′ ≤ 1/

√
2π, we have

π|Fn(x)− Φ(x)| ≤
∫ T

−T

∣∣∣∣∣ϕn(t/
√
n)− e−t2/2

t

∣∣∣∣∣ dt+
24

T
√

2π
.

In what follows, we will bound |ϕn(t/
√
n)− e−t2/2| using the inequality

|αn − βn| ≤ n|α− β|γn−1 if |α| ≤ γ & |β| ≤ γ.

Applying the Taylor expansion to eitX w.r.t. t, we have∣∣∣∣ϕ(t)− 1− t2

2

∣∣∣∣ ≤ ρ|t|3

6
, (**)

so that for t2 ≤ 2,

|ϕ(t)| ≤ 1− t2

2
+
ρ|t|3

6
.

Choose T as

T =
4

3ρ

√
n ≤ 4

3

√
n.

For |t| ≤ T ,

|ϕ(t/
√
n)| ≤ 1− t2

2n
+

ρ|t|3

6n3/2
≤ 1− 5t2

18n
≤ e−

5t2

18n ,

where we used 1− x ≤ e−x. Recall that we have assumed n ≥ 10, which ensures

|ϕ(t/
√
n)|n−1 ≤ e−

5(n−1)t2

18n ≤ e−
t2

4 for |t| ≤ T.

This gives

|ϕn(t/
√
n)− e−t2/2| ≤ n|ϕ(t/

√
n)− e−t2/(2n)|e−t2/4 for |t| ≤ T.

In addition, using (**) again, 0 ≤ e−x − 1 + x ≤ x2/2, and n ≥ 10, we have

n|ϕ(t/
√
n)− e−t2/(2n)| ≤ n|ϕ(t/

√
n)− 1 + t2/(2n)|+ n|1− t2/(2n)− e−t2/(2n)|

≤ ρ|t|3

6
√
n

+
t4

8n
≤ 1

T

(
2|t|3

9
+
t4

18

)
.
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Putting everything together, we have∫ T

−T

∣∣∣∣∣ϕn(t/
√
n)− e−t2/2

t

∣∣∣∣∣ dt ≤ 2

T

∫ ∞
0

(
2t2

9
+
t3

18

)
e−t

2/4dt. (*3)

Direct calculations show that for a > 0,∫ ∞
0

tae−t
2/4dt = 2aΓ(a/2 + 1/2),

from which we have

(*3) ≤ 8

9T

(√
π + 1

)
.

Therefore, we conclude

πT sup
x
|Fn(x)− Φ(x)| ≤ 8

9
(
√
π + 1) +

24√
2π

= 12.03...

The theorem follows from 12.1/(πT ) < 3ρ/
√
n.

1.3 Delta method

In this section, we discuss the Delta method. Before that, we review stochastic convergence
(a.s. convergence, convergence in probability, and weak convergence) in Rk. The reader is
assumed to be familiar with stochastic convergence in R.

1.3.1 Stochastic convergence in Rk

We first review three basic modes of stochastic convergence.

Definition 1.3. Let X and Xn be Rk-valued r.v.’s.

• (Almost sure convergence) Xn → X a.s. if P(limn ‖Xn −X‖ = 0) = 1.

• (Convergence in probability) Xn P→ X if limn P(‖Xn −X‖ > ε) = 0 ∀ε > 0.

• (Weak convergence) Xn w→ X if limn E[g(Xn)] = E[g(X)] ∀g ∈ Cb(Rk).

These modes of convergence essentially reduce to the one-dimensional case.

• Xn → X a.s. ⇔ Xn
j → Xj a.s. ∀j = 1, . . . , k.

• Xn P→ X ⇔ Xn
j

P→ Xj ∀j = 1, . . . , k.

• (Cramér-Wold device) Xn w→ X ⇔ αTXn w→ αTX ∀α ∈ Rk.

13



The following results can be deduced from the one-dimensional case.

(a) Xn → X a.s.⇒ Xn P→ X.

(b) Xn P→ X if and only if for any subsequence n′ there exists a further subsequence n′′

such that Xn′′ → X a.s.

(c) Xn P→ X ⇒ Xn w→ X

(d) Xn w→ c (constant) ⇒ Xn P→ c.

(e) (Slutsky lemma)

Xn w→ X & Y n P→ c⇒ Xn + Y n w→ X + c,

Xn w→ X & Y n︸︷︷︸
m×k

P→ c⇒ Y nXn w→ cX.

The reverse directions in Parts (a) and (b) do not hold (exercise). Next, we define
stochastic orders.

Definition 1.4. (Stochastic orders)

• Xn = oP(1) if Xn P→ 0.

• Xn = OP(1) if ∀ε > 0 ∃M = Mε > 0 s.t. P(‖Xn‖ > M) ≤ ε ∀n ≥ 1.

• For (univariate) r.v.’s Rn:

Xn = oP(Rn) if Xn = RnY
n for some Y n = oP(1).

Xn = OP(Rn) if Xn = RnY
n for some Y n = OP(1).

The following characterizations are often useful.

Lemma 1.2. (Characterizations of stochastic orders)

(a) Xn = oP(1) if and only if there exists εn → 0 such that P(‖Xn‖ > εn) ≤ εn.

(b) Xn = OP(1) if and only if for any Mn →∞, limn P(‖Xn‖ > Mn) = 0.

Proof. Exercise.

Stochastic orders follow the same rules as usual order symbols: e.g.,

oP(1) + oP(1) = oP(1),

OP(1) + oP(1) = OP(1),

oP(1)︸ ︷︷ ︸
one-dim.

OP(1)︸ ︷︷ ︸
k-dim.

= oP(1)︸ ︷︷ ︸
k-dim.

.
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Lemma 1.3. If Xn w→ X, then Xn = OP(1).

Proof. Pick any Mn → ∞. By the continuous mapping theorem, ‖Xn‖ w→ ‖X‖ and so
lim supn P(‖Xn‖ > Mn) ≤ limn P(‖Xn‖ > M) = P(‖X‖ > M) for any continuity point M
of the d.f. of ‖X‖. Since the set of discontinuity points of any d.f. is at most countable,
we can make M arbitrarily large. Thus we have limn P(‖Xn‖ > Mn) = 0.

Remark 1.4. The converse is not true, but if Xn = OP(1), then there exists a weakly
convergent subsequence of Xn (Prohorov’s theorem).

See also van der Vaart (1998) Sections 2.1 and 2.2; especially check Theorem 2.3 (con-
tinuous mapping theorem).

1.3.2 Delta method

Let g = (g1, . . . , gm)T be a Rm-valued map defined on a subset Dg of Rk. The map g
isdifferentiable at θ ∈ Dg if there exists an m× k matrix ġ(θ) such that

g(θ + h) = g(θ) + ġ(θ)h+ ‖h‖Rθ(h), lim
‖h‖→0

Rθ(h) = 0.

If g is continuously differentiable in a neighborhood of θ, then g is differentiable at θ with

ġ(θ) =


∂g1(θ)
∂θ1

· · · ∂g1(θ)
∂θk

...
...

∂gm(θ)
∂θ1

· · · ∂gm(θ)
∂θk

 .

Theorem 1.9 (Delta method). Let g : Dg ⊂ Rk → Rm be a map that is differentiable at

θ ∈ Dg and let Tn be r.v.’s with values in Dg such that rn(Tn− θ) w→ T for some rn →∞.
Then

rn{g(Tn)− g(θ)} = ġ(θ)rn(Tn − θ) + oP(1)
w→ ġ(θ)T.

If T ∼ N(0,Σ), then ġ(θ)T ∼ N(0, ġ(θ)Σġ(θ)T ).

Remark 1.5. The Delta method originates from Doob (1935). An amusing story about
the origin of the Delta method can be found in Portnoy (2013).

Proof. Plugging h = Tn − θ, we have

g(Tn)− g(θ) = ġ(θ)(Tn − θ) + ‖Tn − θ‖Rθ(Tn − θ).

Since rn‖Tn − θ‖ w→ ‖T‖ by the continuous mapping theorem, we have ‖Tn − θ‖ =
r−1
n (rn‖Tn − θ‖) = OP(r−1

n ). In addition, by lim‖h‖→0Rθ(h) = 0,

∀ε > 0, ∃δ > 0 s.t. ‖h‖ < δ ⇒ ‖Rθ(h)‖ < ε,
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so that
P(‖Rθ(Tn − θ)‖ ≥ ε) ≤ P(‖Tn − θ‖ ≥ δ)→ 0.

This implies
‖Tn − θ‖Rθ(Tn − θ) = OP(r−1

n )oP(1) = oP(r−1
n ),

so that
rn{g(Tn)− g(θ)} = ġ(θ)rn(Tn − θ) + rnoP(r−1

n )︸ ︷︷ ︸
=oP(1)

.

Applying Slutsky completes the proof.

As a significant application of the Delta method, we derive the limiting distribution of
the sample correlation coefficient from a normal population.

Theorem 1.10. Let(
X1

Y1

)
, . . . ,

(
Xn

Yn

)
∼
(
X
Y

)
∼ N

((
µx
µy

)
,

(
σ2
x ρσxσy

ρσxσy σ2
y

))
i.i.d.

Consider the sample correlation coefficient

ρ̂ =
n−1

∑n
i=1(Xi −Xn)(Yi − Y n)√

n−1
∑n

i=1(Xi −Xn)2
√
n−1

∑n
i=1(Yi − Y n)2

,

where Xn = n−1
∑n

i=1Xi and Y n = n−1
∑n

i=1 Yi. Then
√
n(ρ̂− ρ)

w→ N(0, (1− ρ2)2).

Proof. Because of location-scale invariance of the sample correlation coefficient, we may
assume that µx = µy = 0 and σ2

x = σ2
y = 1. Consider

Tn =

T
n
1
...
Tn5

 =


Xn

Y n

X2
n

Y 2
n

XY n

 .

We note that

ρ̂ = g(Tn) =
Tn5 − Tn1 Tn2√

Tn3 − (Tn1 )2
√
Tn4 − (Tn2 )2

.

By the CLT,

√
n(Tn− (0, 0, 1, 1, ρ)T )

w→ N


0

...
0

 ,


1 ρ 0 E[XY 2] E[X2Y ]
∗ 1 E[X2Y ] 0 E[XY 2]
∗ ∗ 2 Cov(X2, Y 2) Cov(X2, XY )
∗ ∗ ∗ 2 Cov(Y 2, XY )
∗ ∗ ∗ ∗ Var(XY )


 .
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We shall find the values of E[X2Y ],E[X3Y ], and E[X2Y 2]. To this end, note that X and
Y − ρX are independent by joint normality, so that

E[X2Y ] = E[X2(Y − ρX + ρX)] = ρE[X3] = 0,

E[X3Y ] = ρE[X4] = 3ρ,

E[X2Y 2] = E[X2{(Y − ρX)2 + 2ρX(Y − ρX) + ρ2X2}] = E[(Y − ρX)2] + 3ρ2 = 1 + 2ρ2.

Hence, by symmetry, the covariance matrix is
1 ρ 0 0 0
∗ 1 0 0 0
∗ ∗ 2 2ρ2 2ρ
∗ ∗ ∗ 2 2ρ
∗ ∗ ∗ ∗ 1 + ρ2

 =: Σ.

The derivative of g at θ = (0, 0, 1, 1, ρ)T is

ġ(θ) = (0, 0,−ρ/2,−ρ/2, 1)T .

Therefore, by the Delta method,

√
n(ρ̂− ρ)

w→ N(0, ġ(θ)TΣġ(θ)) = N(0, (1− ρ2)2).

This completes the proof.

By Slutsky, √
n(ρ̂− ρ)

(1− ρ̂2)

w→ N(0, 1)

as long as |ρ| < 1 and so an asymptotic confidence interval for ρ with level 1− α is given
by [

ρ̂±
(1− ρ̂2)zα/2√

n

]
where zα/2 = Φ−1(1−α/2). Alternatively, we may use a variance stabilizing transformation.

We want to find a transformation h(ρ̂) such that
√
n{h(ρ̂) − h(ρ)} w→ N(0, 1). Such a

transformation is called variance stabilizing. By the Delta method,

√
n{h(ρ̂)− h(ρ)} w→ N(0, {h′(ρ)}2(1− ρ2)2),

and so we have to solve the differential equation

h′(ρ) =
1

1− ρ2
.
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The solution is

h(ρ) =

∫
1

1− ρ2
dρ =

1

2

∫ (
1

1− ρ
+

1

1 + ρ

)
dρ =

1

2
log

1 + ρ

1− ρ
,

which is called Fisher’s transformation. Now, we have

√
n

(
1

2
log

1 + ρ̂

1− ρ̂
− 1

2
log

1 + ρ

1− ρ

)
w→ N(0, 1).

An alternative asymptotic confidence interval for ρ is given by[
h−1

(
h(ρ̂)− zα/2/

√
n
)
, h−1

(
h(ρ̂) + zα/2/

√
n
)]
.

1.4 Exercises

1. Check the π-λ theorem (consult Durrett (2010); no need to prove the π-λ theorem)
and verify the following: two probability measures that coincide on a π-system also
coincide on the σ-field generated by the π-system.

2. Check Jensen’s inequality in Dudley (2002). You’ll find that Jensen’s inequality in
higher dimensions needs some care.

3. Let (S, d) and (S′, d′) be metric spaces and equip them with the Borel σ-fields. Show
that any continuous function f : S → S′ is measurable.

(Hint). You may use Theorem 1.3.1 in Durrett (2010).

4. Let (S,S) be a measurable space and let X be an S-valued r.v. Show that if T is a
r.v. measurable relative to σ(X), i.e., T−1(B) ∈ σ(X) ∀B ∈ B, then there exists a
measurable function f : T → R such that T (ω) = f(X(ω)) for all ω ∈ Ω.

5. Show that a nondecreasing function f on R has at most countably many discontinuity
points.

6. (Okamoto 1973)1 Show that if f(x1, . . . , xn) is a polynomial of real variables x1, . . . , xn
and is not identical to 0, then the set

Nn = {(x1, . . . , xn) ∈ Rn : f(x1, . . . , xn) = 0}

has zero (n-dimensional) Lebesgue measure.

(Hint). Fubini.

1Masashi Okamoto is famous for the Chernoff-Okamoto bound. Most importantly, he is my academic
grand-grand father!

18



7. (Extended dominated convergence theorem) Let (S,S, µ) be a measure space, and
let fn and gn be µ-integrable functions with |fn| ≤ gn. Suppose that as n → ∞,
fn → f and gn → g µ-almost everywhere. Show that if

∫
gndµ →

∫
gdµ, then∫

fndµ→
∫
fdµ.

(Hint). Check the proof of the dominated convergence theorem.

8. (Scheffé’s theorem) Let (S,S, µ) be a measure space and let fn, f : S → R+ be
probability density functions w.r.t. µ. Show that if fn → f µ-almost everywhere
then

∫
|fn − f |dµ→ 0.

9. Let X be a r.v.

(a) Show that (E[|X|p])1/p is nondecreasing in p > 0.

(b) (Littlewood’s inequality) Show that for 0 < p < q < r

E[|X|q] ≤ (E[|X|p])(r−q)/(r−p)(E[|X|r])(q−p)/(r−p).

For instance choosing (p, q, r) = (1, 2, 4) gives E[X2] ≤ (E[|X|])2/3(E[X4])1/3.

(Hint). Hölder’s inequality.

10. (Characterizations of integrability) Let X1, X2, · · · ∼ X i.i.d. Show that the following
three conditions are equivalent.

(a) E[|X|] <∞.

(b)
max1≤i≤n |Xi|

n → 0 a.s.

(c) E[max1≤i≤n |Xi|] = o(n).

11. Give a simple example of a sequence of r.v.’s that (a) converges in probability but
not a.s.; and (b) converges weakly but not in probability.

12. (Pólya theorem) Show that if Fn
w→ F and F is continuous, then supx∈R |Fn(x) −

F (x)| → 0. Give a counterexample when F is not continuous.

13. (Weak convergence of integer-valued r.v.’s) Show that ifXn andX are integer-valued,
then Xn

w→ X if and only if limn P(Xn = m) = P(X = m) for all m ∈ Z.

14. (Differentiability of ch.f. and moments) Let X be a r.v. with ch.f. ϕ.

(a) Show that for a positive integer k, ϕ is 2k-times continuously differentiable if
and only if E[X2k] <∞.

(b) Even if ϕ is continuously differentiable, X need not have finite mean. Give a
counterexample.
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15. (a) Show that if the ch.f. of a r.v. X is identical to 1 in a neighborhood of the
origin, then X = 0 a.s.

(b) Show that if X,Y are independent r.v.’s such that X + Y
d
= X, then Y = 0 a.s.

16. (Riemann-Lebesgue lemma) Let µ be a Borel probability measure on R with ch.f.
ϕ. Show that if µ has a density f , then

lim
|t|→∞

ϕ(t) = 0.

17. Show that there exist Borel probability measures µn, νn on R with ch.f.’s ϕn, ψn,
resp., such that (i) µn and νn have disjoint supports and (ii) supt |ϕn(t)−ψn(t)| → 0.

18. (Converse of Riemann-Lebesgue) This problem will prove that if a distribution has
a discrete component then its ch.f. does not vanish as |t| → ∞.

(a) Say that a complex function f : R → C is positive semidefinite if for any
t1, . . . , tN ∈ R and z1, . . . , .zN ∈ C,

N∑
j,k=1

f(tj − tk)zjzk ≥ 0,

where z is the complex conjugate. Show that any ch.f. is positive semidefinite.

Remark 1.6 (Bochner’s theorem). Conversely, if f : R→ C is positive semide-
fine, continuous at 0, and f(0) = 1, then f is a ch.f. of some distribution. This
is known as Bochner’s theorem. Bochner’s theorem appears in statistics (or ma-
chine learning) in connection to reproducing kernel Hilbert spaces or Gaussian
process regression.

(b) Use Part (a) to show that if X is symmetric (i.e., X
d
= −X) then its ch.f. ϕ(t)

does not tend to a strictly negative number as |t| → ∞.

(Hint). Suppose on the contrary lim|t|→∞ ϕ(t) = −2α for some α > 0. Choose
R > 0 and N ∈ N so that ϕ(t) ≤ −α for |t| ≥ R and (N − 1)α > 1. Show that
the matrix A = (ϕ(jR− kR))1≤j,k≤N is not positive semidefinite.

(c) Show that ϕ(t) 6→ 0 as |t| → ∞ if P(X = x) > 0 for some x ∈ R.

(Hint). Suppose on the contrary lim|t|→∞ ϕ(t) = 0. Reduce the problem to the
symmetric case. Decompose the distribution µ of X as µ = p

2(δx+δ−x)+(1−p)ν
for some p ∈ (0, 1] and p.m. ν. Use Part (b).

Stroock (2011) Exercise 3.1.12.

19. (Weak-∗ convergence?) Functional analysts prefer to call weak convergence in prob-
ability theory weak-∗ convergence. Discuss why.
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20. (CLT and convergence in probability) Let X1, X2, . . . be i.i.d. with E[X1] = 0
and E[X2

1 ] = 1, and let S̆n = n−1/2
∑n

m=1Xm. Show that S̆n does not converge in
probability. Does it contradict the Skorohod representation theorem?

21. (CLT and Stirling’s formula) For any positive sequences an and bn, write an ∼ bn if
limn

an
bn

= 1. Stirling’s formula states that

n! ∼
√

2πn
(n
e

)n
.

We will prove Stirling’s formula using the CLT. Let X1, X2, . . . be i.i.d. with P(X1 >
x) = e−(x+1)+ for x ∈ R where x+ = max{x, 0}.

(a) Show that

P
(
S̆n+1 ∈

[
0,

1

4

])
=

1

n!

∫ 1+4−1
√
n+1+n

1+n
xne−xdx

=
nn+1/2e−n

n!

∫ n−1/2+ 1
4

√
1+n−1

n−1/2

(1 + n−1/2y)ne−
√
nydy.

(Hint). What is the distribution ofX1+1? (Gamma distribution) Use a property
of the Gamma distribution (the sum of independent Gamma random variables
with the same scale parameter is...).

(b) Show that

lim
n

∫ n−1/2+ 1
4

√
1+n−1

n−1/2

(1 + n−1/2y)ne−
√
nydy =

∫ 1/4

0
e−x

2/2dx.

Derive Stirling’s formula.

22. (Sharpness of the Berry-Esseen bound) Let X1, X2, . . . be i.i.d. with P(X1 = ±1) =
1/2 and let S̆n = n−1/2

∑n
m=1Xm. Show that

lim
n→∞

√
2n|P(S̆2n ≤ 0)− Φ(0)| > 0.

Find the explicit value of the limit.

(Hint). Use Stirling’s formula to derive limn

√
2nP(S̆2n = 0). Then P(S̆2n = 0) =

P(S̆2n ≤ 0) − P(S̆2n < 0) = P(S̆2n ≤ 0) − {1 − P(S̆2n ≥ 0)}. Since −S̆2n
d
= S̆2n, we

have P(S̆2n = 0) = 2P(S̆2n ≤ 0)− 1 = 2{P(S̆2n ≤ 0)− Φ(0)}.

23. (Ch.f. of Pólya distribution) Let U(a, b) with a < b denote the uniform distribution
on the interval (a, b).
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(a) Show that the convolution of U(−1/2, 1/2) with itself, denoted by U(−1/2, 1/2)∗
U(−1/2, 1/2), coincides with the distribution with density

f(x) = (1− |x|)+.

This distribution is called the triangle distribution.

(b) Show that the ch.f. of the triangular distribution is

ϕ(t) =
2(1− cos t)

t2
.

(c) Check that the function

g(x) =
1− cosx

πx2
, x ∈ R

is a probability density function. The distribution with this density is called the
Pólya distribution. Show that the ch.f. of the Pólya distribution is

ψ(t) = (1− |t|)+.

(Hint). Use the inversion formula (Durrett 2010, Theorem 3.3.5).

24. (Cauchy distribution) The Cauchy distribution is the distribution on R with density

f(x) =
1

π(1 + x2)
, x ∈ R.

The Cauchy distribution does not have finite mean. Let X1, . . . , Xn ∼ f i.i.d.

(a) Show that the ch.f. of the Cauchy distribution is ϕ(t) = e−|t|.

(b) Find the distribution of the sample mean Xn = n−1
∑n

m=1Xm.

(c) Let X(n) = max1≤m≤nXm denote the maximum value. Find the limiting distri-
bution of X(n)/n as n→∞.

25. (Subindependence) Recall that r.v.’sX,Y are independent if and only if E[eisX+itY ] =
E[eisX ]E[eitY ] for all s, t ∈ R. Say that X,Y are subindependent if E[eit(X+Y )] =
E[eitX ]E[eitY ] for all t ∈ R. Give an example of (X,Y ) such that X,Y are not
independent but subindependent.

For connection of subindependence with statistics, see Schennach (2013).

26. (Characterization of OP(1)) Show that r.v.’s Xn are OP(1) if and only if for any
Mn →∞, limn P(|Xn| > Mn) = 0.
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27. (Ky Fan metric) For two r.v.’s X,Y , define

α(X,Y ) = inf{ε > 0 : P(|X − Y | > ε) ≤ ε},

which is called the Ky Fan metric.

(a) Show that inf is attained in the definition of the Ky Fan metric.

(b) Denote by L0 the set of all r.v.’s on Ω. Show that α is a metric on L0 modulo
a.s. equivalence.

(c) Show that

Xn
P→ X ⇔ α(Xn, X)→ 0.

(d) Show that Xn = oP(1) if and only if there exists εn → 0 such that P(|Xn| >
εn) ≤ εn for all n.

28. (Almost sure convergence is not metrizable) Show that there is no metric on L0

compatible with a.s. convergence, i.e., there is no metric d (modulo a.s. equivalence)
such that d(Xn, X)→ 0 if and only if Xn → X a.s.

29. (Delta method) Denote by Po(λ) the Poisson distribution with (mean) parameter
λ. Given a random sample X1, . . . , Xn from some d.f. F , we are interested in testing

H0 : F = Po(λ) for some λ > 0 vs. H1 : negation of H0. (*)

To this end, we use the fact that the mean and variance of Po(λ) are both λ and
consider the following test statistic

Tn =
√
n

(
σ̂2
n

Xn

− 1

)
,

where

Xn = n−1
n∑
i=1

Xi and σ̂2
n = n−1

n∑
i=1

(Xi −Xn)2.

Find the limiting distribution of Tn under H0. Suggest a test for (*).
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2 Empirical Distribution and Quantile Functions

Let X1, . . . , Xn ∼ F i.i.d. In this section, we consider estimation of the d.f. F and quantile
function F−1. Standard estimators for those functions are the empirical d.f.

F̂n(x) =
1

n

n∑
i=1

I(Xi ≤ x), x ∈ R,

and its associated quantile function, called the empirical quantile function,

F̂−1
n (u) = inf{x ∈ R : F̂n(x) ≥ u}, u ∈ (0, 1).

For fixed u ∈ (0, 1), F̂−1
n (u) is called the empirical or sample u-quantile. The empirical d.f.

F̂n is a d.f. on R that assigns equal mass 1/n at X1, . . . , Xn. If there is no tie in X1, . . . , Xn,
F̂−1
n (u) can be expressed by using the order statistics X(1) < X(2) < · · · < X(n). Indeed,

F̂−1
n (u) = X(i) for u ∈

(
i− 1

n
,
i

n

]
, i = 1, . . . , n.

This section is devoted to the analysis of the empirical distribution and quantile functions.

2.1 Empirical distribution function

2.1.1 Glivenko-Cantelli theorem

First of all, for each fixed x, F̂n(x) is consistent for F (x) by the LLN, i.e., F̂n(x) → F (x)
a.s. Remarkably, the empirical d.f. is uniformly consistent for F in the following sense.

Theorem 2.1 (Glivenko-Cantelli).

‖F̂n − F‖∞ = sup
x
|F̂n(x)− F (x)| → 0 a.s.

Remark 2.1. In contrast to the Pólya theorem, F need not be continuous.

There is a direct elementary proof for the Glivenko-Cantelli theorem, which can be
found in Theorem 2.4.7 in Durrett (2010) but we prove it by using the symmetrization
inequality coupled with Doob’s maximal inequality for good reason. We first define a
Rademacher r.v.

Definition 2.1 (Rademacher r.v.). A r.v. ε is Rademacher if

P(ε = 1) = P(ε = −1) =
1

2
.

The following is a version of the symmetrization inequality.
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Theorem 2.2 (Symmetrization inequality). Let X1, . . . , Xn be independent r.v.’s taking
values in a measurable space (S,S) and let F be a countable class of measurable functions
f : S → R such that E[|f(Xi)|] <∞ for all i = 1, . . . , n. Then for independent Rademacher
r.v.’s ε1, . . . , εn independent of X1, . . . , Xn,

1

2p
E

[
sup
f∈F

∣∣∣∣∣
n∑
i=1

εi{f(Xi)− E[f(Xi)]}

∣∣∣∣∣
p]

≤ E

[
sup
f∈F

∣∣∣∣∣
n∑
i=1

{f(Xi)− E[f(Xi)]}

∣∣∣∣∣
p]
≤ 2pE

[
sup
f∈F

∣∣∣∣∣
n∑
i=1

εif(Xi)

∣∣∣∣∣
p] (*)

for any p ∈ [1,∞).

Proof. We only prove the upper bound. Let X ′1:n = (X ′1, . . . , X
′
n) be an independent copy

of X1:n = (X1, . . . , Xn). Since E[f(Xi)] = E[f(X ′i)], the middle term on (*) is bounded by

E

[
sup
f∈F

∣∣∣∣∣
n∑
i=1

{f(Xi)− f(X ′i)}

∣∣∣∣∣
p]

by Jensen’s inequality. Fix ε1:n = (ε1, . . . , εn) and set I = {i ∈ {1, . . . , n} : εi = −1}.
Conditionally on ε1:n, the joint distribution of (X1:n, X

′
1:n) is invariant under interchanging

Xi and X ′i for i ∈ I. This implies that, conditionally on ε1:n,

sup
f∈F

∣∣∣∣∣
n∑
i=1

{f(Xi)− f(X ′i)}

∣∣∣∣∣ d= sup
f∈F

∣∣∣∣∣∑
i∈Ic
{f(Xi)− f(X ′i)}+

∑
i∈I
{f(X ′i)− f(Xi)}

∣∣∣∣∣
= sup

f∈F

∣∣∣∣∣
n∑
i=1

εi{f(Xi)− f(X ′i)}

∣∣∣∣∣ .
By Fubini’s theorem, we have

E

[
sup
f∈F

∣∣∣∣∣
n∑
i=1

{f(Xi)− f(X ′i)}

∣∣∣∣∣
p]

= E

[
sup
f∈F

∣∣∣∣∣
n∑
i=1

εi{f(Xi)− f(X ′i)}

∣∣∣∣∣
p]
.

Using (a+ b)p ≤ 2p−1(ap + bp) and X1:n
d
= X ′1:n, we obtain the desired upper bound.

Remark 2.2 (Independence is essential in symmetrization). The independence assumption
can not be dropped in the symmetrization inequality. In the proof, independence is used
to guarantee the identity

E

[
sup
f∈F

∣∣∣∣∣
n∑
i=1

{f(Xi)− f(X ′i)}

∣∣∣∣∣
p]

= E

[
sup
f∈F

∣∣∣∣∣
n∑
i=1

εi{f(Xi)− f(X ′i)}

∣∣∣∣∣
p]
.
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The symmetrization inequality does not hold if Xi’s are not independent. For exam-
ple, if X1 = · · · = Xn is Rademacher, then E[|

∑n
i=1Xi|] = n, while E[|

∑n
i=1 εiXi|] =

E[|
∑n

i=1 εi|] ∼
√
n. So for large n, E[|

∑n
i=1Xi|] > 2E[|

∑n
i=1 εiXi|].

We are now in position to prove the Glivenko-Cantelli theorem.

Proof of Theorem 2.1. By symmetrization,

E[‖F̂n − F‖4∞] ≤ 24E

sup
x

∣∣∣∣∣ 1n
n∑
i=1

εiI(Xi ≤ x)

∣∣∣∣∣
4
 .

Fix X1, . . . , Xn and let σ be a permutation of {1, . . . , n} such that Xσ(1) ≤ · · · ≤ Xσ(n).
For example if X3 < X1 < X2 then σ(1) = 3, σ(2) = 1, and σ(3) = 2. Then

sup
x

∣∣∣∣∣ 1n
n∑
i=1

εiI(Xi ≤ x)

∣∣∣∣∣ = max
1≤k≤n

∣∣∣∣∣ 1n
k∑
i=1

εσ(i)

∣∣∣∣∣ .
Conditionally on X1, . . . , Xn, εσ(1), . . . , εσ(n) are still independent Rademacher. By Fubini’s
theorem and Doob’s Lp maximal inequality (Durrett 2010, Theorem 5.3.2), we have

E[‖F̂n − F‖4∞] ≤ 24E

 max
1≤k≤n

∣∣∣∣∣ 1n
k∑
i=1

εi

∣∣∣∣∣
4
 ≤ 24 ·

(
4

3

)4

E

∣∣∣∣∣ 1n
n∑
i=1

εi

∣∣∣∣∣
4
 ≤ 3 · 26

n2
,

where we used E[|
∑n

i=1 εi|4] = E[
∑n

i=1 ε
4
i +

∑
i 6=j ε

2
i ε

2
j ] ≤ 3n2. This implies

∑
n P(‖F̂n −

F‖∞ > δ) < ∞ for any δ > 0 by Markov’s inequality and so ‖F̂n − F‖ → 0 a.s. by the
Borel-Cantelli lemma.

Next, we derive a deviation inequality for ‖F̂n − F‖∞:

P(‖F̂n − F‖∞ > r) ≤ (something) or P(‖F̂n − F‖∞ ≤ r) ≥ 1− (something).

Such an inequality quantifies how fast ‖F̂n − F‖∞ concentrates around zero. To this end,
we relate the moment generating function (m.g.f.) of Zn =

√
n‖F̂n − F‖∞ to that of

Rn = n−1/2
∑n

i=1 εi. This boils down to comparing the p-th moments of Zn to those of
|Rn|. From the proof of the Glivenko-Cantelli theorem, we have

E[Zpn] ≤ 2p
(

p

p− 1

)p
E[|Rn|p] ≤ 2p+2E[|Rn|p]

for any p ∈ [2,∞). For p = 1, Doob’s Lp maximal inequality is not applicable, so we use
the inequality E[Zn] ≤

√
E[Z2

n] ≤ 4
√
E[R2

n] and bound
√
E[R2

n] from below by E[|Rn|] up
to some constant. By Hölder’s inequality,

1 = E[R2
n] = E[|Rn|2/3|Rn|4/3] ≤ (E[|Rn|])2/3(E[|Rn|4])1/3 = 31/3(E[|Rn|])2/3,
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which implies E[|Rn|] ≥ 3−1/2 = 3−1/2
√
E[R2

n] and so

E[Zn] ≤
√
E[Z2

n] ≤ 4
√
E[R2

n] ≤ 4
√

3E[|Rn|] ≤ 8E[|Rn|].

Conclude that E[Zpn] ≤ 8pE[|Rn|p] for any p = 1, 2, . . . . By the Taylor expansion,

E[etZn ] = E
[
1 + tZn + · · ·+ tpZpn

p!
+ · · ·

]
≤ E

[
1 + 8t|Rn|+ · · ·+

8ptp|Rn|p

p!
+ · · ·

]
= E[e8t|Rn|].

In addition,
E[e8t|Rn|] ≤ E[e8tRn + e−8tRn ] = 2E[e8tRn ]

by Rn
d
= −Rn and

E[etRn ] =
n∏
i=1

E[etεi/
√
n] ≤ (et

2/(2n))n = et
2/2,

where we used

E[etεi ] =
et + e−t

2
= 1 +

t2

2!
+
t4

4!
+ · · · ≤ et2/2.

Hence we have E[etZn ] ≤ 2e32t2 . By Markov’s inequality,

P(Zn > r) = P(etZn > etr) ≤ 2e−tr+32t2 .

Taking t = r/64, we conclude:

Theorem 2.3 (Crude Dvoretzky-Kiefer-Wolfowitz inequality). For any r > 0,

P(‖F̂n − F‖∞ > r) ≤ 2e−nr
2/128. (*2)

Remark 2.3 (Chernoff bound). The argument of the proof is more important than the
result per se. Recalling the proof, we have derived a bound on the m.g.f. of Zn, used
Markov’s inequality to bound the deviation inequality, and optimized the free parameter.
The abstraction of this approach is called Chernoff’s bound ; for any r.v. X and r ∈ R,

P(X > r) ≤ inf
t>0

e−trE[etX ].

(The qualification t > 0 is needed since otherwise x 7→ etx is not increasing.) For example
if X ∼ N(0, 1) then E[etX ] = et

2/2 and so

P(X > r) ≤ inf
t>0

e−tr+t
2/2 = e−r

2/2

for r > 0. Since −X ∼ N(0, 1), we also have P(X < −r) = P (−X > r) ≤ e−r2/2 for r > 0.
Thus

P(|X| > r) = P(X > r) + P(X < −r) ≤ 2e−r
2/2

for r > 0. The RHS can be improved to e−r
2/2, though.
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Inequality (*2) is very crude but is good enough to show that the bound decreases
exponentially fast in n, which implies that ‖F̂n − F‖∞ concentrates around zero very
quickly as n increases. Dvoretzky et al. (1956) indeed prove the inequality

P(‖F̂n − F‖∞ > r) ≤ Ce−2nr2

for r > 0, where C is universal but not specified. Massart (1990) proves that the constant
C = 2, i.e.,

P(‖F̂n − F‖∞ > r) ≤ 2e−2nr2 , (*3)

which is known to be (asymptotically) sharp.
The sharp version of the DKW inequality (*3) leads to a simultaneous confidence band

for F .

Definition 2.2. A collection of random intervals {[L(x), U(x)] : x ∈ R} is a (simultaneous)
confidence band for F with level 1− α if

P(F (x) ∈ [U(x), L(x)] ∀x ∈ R) ≥ 1− α.

For given α ∈ (0, 1), solving 2e−2nr2 = α w.r.t. to r leads to

r =

√
log(2/α)

2n
.

So if we define2

Cn,α(x) =

[
F̂n(x)±

√
log(2/α)

2n

]
, x ∈ R,

then a simple algebra yields

P(F (x) ∈ Cn,α(x) ∀x ∈ R) ≥ 1− α,

which shows that Cn,α is a simultaneous confidence band for F with level 1−α. Remarkably,
the band Cn,α has correct coverage probability in the finite sample (no need to take n→∞).

Dvoretzky et al. (1956) use their inequality to prove the following result, which estab-
lishes the “asymptotic minimax optimality” of the empirical d.f.

Theorem 2.4 (Asymptotic minimax optimality of the empirical d.f.). Denote by P the
set of all d.f.’s on R and denote by Tn the set of all estimators for F based on X1, . . . , Xn.
Then

lim
n

supF∈P EF [‖F̂n − F‖∞]

infTn∈Tn supF∈P EF [‖Tn − F‖∞]
= 1.

This theorem shows that if nothing is known a priori about F , then the empirical d.f.
is the best possible estimator for F in a minimax sense.

2[a± b] = [a− b, a + b].

28



2.1.2 Donsker theorem

The Glivenko-Cantelli theorem shows that the empirical d.f. is uniformly consistent and
the DKW inequality leads to a finite sample confidence band for the d.f. In this section,
we consider weak convergence of the (classical) empirical process

x 7→ Gn(x) =
√
n{F̂n(x)− F (x)} = n−1/2

n∑
i=1

{I(Xi ≤ x)− F (x)}.

First of all, by the CLT, for each fixed x ∈ R,

Gn(x)
w→ N(0, F (x)(1− F (x))).

In addition, for any x1, . . . , xk ∈ R,

(Gn(xj))
k
j=1

w→ N(0,Σ), (*4)

where Σ = (F (xi ∧ xj)− F (xi)F (xj))1≤i,j≤k. We shall ask the question:

Is there a “uniform” version of the multivariate CLT (*4)?”

A short answer is “Yes” but this is a much more involved question than the multivariate
CLT since we have to deal with weak convergence of variables with values in an infinite
dimensional function space. For each ω ∈ Ω, the map (sample path)

x 7→ Gn(x, ω)

is a bounded function on R. Let `∞(R) denote the (Banach) space of bounded functions
on R equipped with the uniform norm ‖f‖∞ = supx∈R |f(x)|. We can think of Gn as a
function from Ω into `∞(R):

Ω 3 ω 7→ Gn(·, ω) ∈ `∞(R).

Next, we identify a limit process. A stochastic process (X(t))t∈T is a collection of
r.v.’s. A process (X(t))t∈T is Gaussian if for any t1, . . . , tk ∈ T , the joint distribution of
((X(t1), . . . , X(tk)) is Gaussian. For fixed ω ∈ Ω, the function

t 7→ X(t, ω)

is called a sample path or path of (X(t))t∈T .

Definition 2.3 (Brownian bridge). A standard Brownian bridge B◦ = (B◦(t))t∈[0,1] is a
zero-mean Gaussian process with continuous sample paths and covariance function

E[B◦(s)B◦(t)] = s ∧ t− st.

An F -Brownian bridge GF = (GF (x))x∈R is defined by GF (x) = B◦(F (x)).
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A standard Brownian bridge exists; indeed, the B◦ process can be constructed from a
standard Brownian motion B(t) = (B(t))t∈R+ by B◦(t) = B(t) − tB(1). The GF process
has mean zero and covariance function

E[GF (x)GF (y)] = F (x ∧ y)− F (x)F (y).

In addition, the GF process is sample-bounded ‖GF ‖∞ < ∞ a.s. The following theorem
can be thought of as an infinite dimensional extension of the multivariate CLT (*4).

Theorem 2.5 (Donsker theorem). Gn
w→ GF in `∞(R).

Remark 2.4 (Caveat). There is a subtle measurability problem we have ignored. In fact,
the empirical process Gn : Ω → `∞(R) is (in general) not A/B(`∞(T ))-measurable and
so for the above weak convergence to make sense, we have to extend the notion of weak
convergence to arbitrary maps; see Section 5. The statement of the theorem is correct under
the extended notion of weak convergence due to J. Hoffmann-Jørgensen. Importantly,
however, even if the map ω 7→ Gn(·, ω) is not measurable, for some continuous functional
g : `∞(R) → R, the map ω 7→ g(Gn(·, ω)) can be a proper r.v. In that case, we have
g(Gn)

w→ g(GF ) in the usual sense of weak convergence.

As an application, we derive the limit distribution of the Kolmogorov-Smirnov statistic
‖Gn‖∞.

Theorem 2.6. If F is continuous, then

‖Gn‖∞
w→ sup

t∈[0,1]
|B◦(t)| =: M.

In addition, for every λ > 0,

P (M > λ) = 2
∞∑
j=1

(−1)j−1e−2j2λ2 .

Proof. The continuous mapping theorem yields

‖Gn‖∞
w→ ‖GF ‖∞.

By construction, GF (x) = B◦(F (x)) and since F : [−∞,∞] → [0, 1] is onto by continuity
of F , we have

‖GF ‖∞ = sup
t∈[0,1]

|B◦(t)| = M.

The proof for the second result can be found in Proposition 12.3.4 in Dudley (2002).
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The above theorem also leads to an asymptotic confidence band for F . For given
α ∈ (0, 1), let qα denote the (1− α)-quantile of M , i.e.,

qα = inf {x : P (M ≤ x) ≥ 1− α} .

Then we have

P
(
F (x) ∈ [F̂n(x)± qα/

√
n] ∀x ∈ R

)
= P

(
‖
√
n(F̂n − F )‖∞ ≤ qα

)
= P(M ≤ qα) + o(1)

= 1− α+ o(1).

In contrast to the confidence band based on the DKW inequality, however, the justification
of the latter confidence band is asymptotic.

Another use of the Kolmogorov-Smirnov statistic ‖Gn‖∞, which is dual to confidence
band, is goodness-of-fit testing. Consider testing whether the underlying d.f. F coincides
with a given continuous d.f. F0 (such as U(0, 1) and N(0, 1)):

H0 : F = F0 vs. H1 : F 6= F0.

Under H0, we know ‖
√
n(F̂n − F0)‖∞

w→M . So reject H0 if

‖
√
n(F̂n − F0)‖∞ > qα.

The resulting test has asymptotic level α:

lim
n

PH0(‖
√
n(F̂n − F0)‖∞ > qα) = P(M > qα) = α.

2.2 Empirical quantile function

We turn to the analysis of the empirical quantile function. The Glivenko-Cantelli theorem
shows that ‖F̂n − F‖∞ → 0 a.s., which implies that F̂n(·, ω)

w→ F for almost all ω. Hence,
if F−1 is continuous at u ∈ (0, 1), then F̂−1

n (u) is consistent for F−1(u).

Theorem 2.7. If F−1 is continuous at u ∈ (0, 1), then F̂−1
n (u)→ F−1(u) a.s.

Next, we derive the limiting distribution of
√
n{F̂−1

n (u)− F−1(u)}.

Theorem 2.8. Pick any u ∈ (0, 1). If F has density f that is positive and continuous at
F−1(u), then √

n{F̂−1
n (u)− F−1(u)} w→ N

(
0, σ2

u

)
,

where

σ2
u =

u(1− u)

f(F−1(u))2
.
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Proof. To save the space, let θu = F−1(u) and θ̂u = F̂−1
n (u). Set s(x) =

√
F (x)(1− F (x)).

We use the following facts:

• θ̂u ≤ x⇔ u ≤ F̂n(x).

• By the Berry-Esseen bound,

sup
y

∣∣∣P(
√
n{F̂n(x)− F (x)} ≤ y)− Φ(y/s(x))

∣∣∣ ≤ A√
ns(x)3

.

For x ∈ R,

√
n(θ̂u − θu) ≤ x⇔ u ≤ F̂n(θu + x/

√
n)

⇔
√
n{F̂n(θu + x/

√
n)− F (θu + x/

√
n)} ≥

√
n{u− F (θu + x/

√
n)}︸ ︷︷ ︸

=yn

,

so that

P(
√
n(θ̂u − θu) ≤ x) = P

(√
n{F̂n(θu + x/

√
n)− F (θu + x/

√
n)} ≥ yn

)
.

Applying the Berry-Esseen bound to the RHS, we have∣∣∣P(
√
n(θ̂u − θu) ≤ x)− {1− Φ(yn/s(θu + x/

√
n))}

∣∣∣ ≤ A√
ns(θu + x/

√
n)3

.

Since s(θu + x/
√
n) → s(θu) =

√
u(1− u), yn → −f(θu)x, and Φ(−y) = 1 − Φ(y), we

conclude
P(
√
n(θ̂u − θu) ≤ x)→ Φ (x/σu) .

This completes the proof.

Remark 2.5. Little more effort leads to a Berry-Esseen type bound

sup
x

∣∣∣P(
√
n(θ̂u − θu)/σu ≤ x)− Φ(x)

∣∣∣ = O(n−1/2)

under additional regularity conditions, which is left as an exercise.

It is also possible to derive the following Bahadur representation:

√
n(θ̂u − θu) =

1

f(θu)

1√
n

n∑
i=1

{u− I(Xi ≤ θu)}+ oP(1).

This leads to the multivariate CLT for the empirical quantile function: for any u1, . . . , uk ∈
(0, 1) such that f is positive and continuous at θu for u ∈ {u1, . . . , uk}, we have(√

n(θ̂uj − θuj )
)k
j=1

w→ N(0,Σ),
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where the (i, j)-element of Σ is
ui ∧ uj − uiuj
f(θui)f(θuj )

.

A confidence interval for θu with asymptotic level 1− α is given by

[θ̂u ± σ̂uzα/2/
√
n],

where zα/2 = Φ−1(1 − α/2) and σ̂u is a consistent estimator of σu. The problem is that
σu depends on f(θu), which is not straightforward to estimate. There are several ways to
estimate f(θu); one way is to estimate f(x) by a kernel method and plug in x = θ̂u but
then the confidence interval depends on a user-chosen bandwidth. An alternative way to
construct confidence intervals for θu is to use the bootstrap, which can avoid to directly
estimate f(θu). We will discuss the bootstrap in Section 4.

2.3 Exercises

1. Follow the notation and assumption used in Section 2.1.2.

(a) Verify that the GF process has mean zero (i.e., E[GF (x)] = 0 for all x ∈ R) and
covariance function E[GF (x)GF (y)] = F (x ∧ y)− F (x)F (y).

(b) Show formally that for any x1, . . . , xk ∈ R,

(Gn(xj))
k
j=1

w→ N(0,Σ),

where Σ is the k × k matrix whose (i, j)-component is

F (xi ∧ xj)− F (xi)F (xj).

Conclude that
(Gn(xj))

k
j=1

w→ (GF (xj))
k
j=1.

2. (More on symmetrization) Consider the setting of Theorem 2.2. Let Φ : R+ → R+

be a nondecreasing convex function. Denote by ‖ · ‖F = supf∈F | · |. Show that

E

[
Φ

(
1

2

∥∥∥∥∥
n∑
i=1

εi{f(Xi)− E[f(Xi)]}

∥∥∥∥∥
F

)]

≤ E

[
Φ

(∥∥∥∥∥
n∑
i=1

{f(Xi)− E[f(Xi)]}

∥∥∥∥∥
F

)]
≤ E

[
Φ

(
2

∥∥∥∥∥
n∑
i=1

εif(Xi)

∥∥∥∥∥
F

)]
.

3. (Comparison with uniform empirical process) Let (Un(t))t∈[0,1] denote the empirical
process for U1, . . . , Un ∼ U(0, 1) i.i.d.:

Un(t) = n−1/2
n∑
i=1

{I(Ui ≤ t)− t}, t ∈ [0, 1].

Let ‖Un‖∞ = supt∈[0,1] |Un(t)|.
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(a) Show that ‖Gn‖∞
d
= ‖Un‖∞ if F is continuous.

(Hint). Xi
d
= F−1(Ui). Use the fact that F−1(u) ≤ x⇔ u ≤ F (x).

(b) Show that in general (i.e., F need not be continuous) ‖Un‖∞ stochastically
dominates ‖Gn‖∞ in the sense that

P(‖Gn‖∞ > λ) ≤ P(‖Un‖∞ > λ)

for λ > 0.

(Hint). In general the range of F is a subset of [0, 1].

(c) Let qUn,α denote the (1 − α)-quantile of ‖Un‖∞, which can be computed by
simulations. Show that a confidence band[

F̂n(x)± qUn,α/
√
n
]
, x ∈ R

has level 1− α for F in the finite sample.

4. Find the limiting distribution of the Kolmogorov-Smirnov statistic ‖Gn‖∞ when
P(X1 = 0) = 1− p and P(X1 = 1) = p for some 0 < p < 1.

5. The Cramér-von Mises statistic is defined by

CvMn = n

∫
(F̂n − F )2dF.

Show that if F is continuous, then

CvMn
w→
∫ 1

0
B◦(t)2dt.

Suggest a goodness-of-fit test based on the C-vM statistic.

6. (Azuma’s inequality) Probabilistic deviation or concentration inequalities are ex-
tremely important in modern statistics research. An excellent monograph on con-
centration inequalities is Boucheron et al. (2013). Azuma’s inequality (or Azuma-
Hoeffding inequality) is one of the most fundamental concentration inequalities.

Theorem 2.9 (Azuma (1967)). Let {Mn : n = 0, 1, . . . } be a martingale adapted to
a filtration {An : n = 0, 1, . . . } such that there exists a sequence of constants cn > 0
with |Mn −Mn−1| ≤ cn a.s. for n = 1, 2, . . . . Then for every r > 0,

P(Mn −M0 ≥ r) ≤ e
− r2

2
∑n
i=1

c2
i . (*)

We break the proof into the following steps. Consult Durrett (2010) Chapter 5 if you
are not familiar with martingales.
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(a) Let ξ be a r.v. such that |ξ| ≤ 1 a.s. and E[ξ] = 0. Show that E[etξ] ≤ et2/2 for
all t ∈ R.

(b) Use Part (a) to show that E[et(Mn−M0) | An−1] ≤ et(Mn−1−M0)et
2c2n/2 a.s.

(c) Derive Azuma’s inequality (*).

7. (McDiarmid (1989)) Let X1, . . . , Xn be independent r.v.’s taking values in a mea-
surable space (S,S) and let f : Sn → R be a measurable function (the product
space Sn is equipped with the product σ-field). Suppose that there exist constants
c1, . . . , cn > 0 such that for any i = 1, . . . , n and xi, x

′
i ∈ S,

sup
x1,...,xi−1,xi+1,...,xn

∣∣∣f(x1, . . . , xi−1, xi, xi+1, . . . , xn)

− f(x1, . . . , xi−1, x
′
i, xi+1, . . . , xn)

∣∣∣ ≤ ci.
Show that Y = f(X1, . . . , Xn) has finite mean and

P(Y ≥ E[Y ] + r) ≤ e
− r2

2
∑n
i=1

c2
i

for every r > 0.

In addition, use McDiarmid’s inequality to show the following: if X1, . . . , Xn ∼ F
i.i.d. for some d.f. F , then the empirical d.f. F̂n satisfies the inequality

P(‖F̂n − F‖∞ ≥ E[‖F̂n − F‖∞] + r) ≤ e−nr2/2

for r > 0. Finally, show that

‖F̂n − F‖∞ → 0 a.s.⇔ lim
n

E[‖F̂n − F‖∞] = 0⇔ ‖F̂n − F‖∞
P→ 0.

Remark 2.6 (Hoeffding’s inequality). Little more careful analysis shows that

P(Y ≥ E[Y ] + r) ≤ e
− 2r2∑n

i=1
c2
i . (**)

This implies Hoeffding’s inequality (Hoeffding 1963): if X1, . . . , Xn are independent
such that P(Xi ∈ [ai, bi]) = 1 for some constants −∞ < ai < bi < ∞ for each
i = 1, . . . , n, then

P

(
n∑
i=1

(Xi − E[Xi]) > r

)
≤ e
− 2r2∑n

i=1
(ai−bi)2
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for every r > 0 (note: if |Xi| ≤ ci and E[Xi] = 0, then Azuma’s inequality above
implies Hoeffding’s inequality since bi−ai = 2ci). Applying the same inequality with
Xi replaced by −Xi, we also have

P

(
n∑
i=1

(Xi − E[Xi]) < −r

)
≤ e
− 2r2∑n

i=1
(ai−bi)2 .

Combining the two inequalities, we obtain the two-sided inequality:

P

(∣∣∣∣∣
n∑
i=1

(Xi − E[Xi])

∣∣∣∣∣ > r

)
≤ 2e

− 2r2∑n
i=1

(ai−bi)2 .

In particular, if P(Xi ∈ [a, b]) = 1 for all i = 1, . . . , n, then

P

(∣∣∣∣∣ 1n
n∑
i=1

(Xi − E[Xi])

∣∣∣∣∣ > r

)
≤ 2e

− 2nr2

(a−b)2 ,

and the bound decreases exponentially fast as n→∞.

Hoeffding’s inequality requires the r.v.’s to be bounded. What happens when the
variables are not bounded? The following problem is concerned with this question.

8. (Marcinkiewicz-Zygmund inequality) Notation: ‖X‖Lp = (E[|X|p])1/p for p ∈ [1,∞).
We will prove the Marcinkiewicz-Zygmund inequality: for any p ∈ [1,∞), there exist
a universal constant A and a constant Bp that depends only on p such that for any
independent r.v.’s X1, . . . , Xn with mean zero,

A‖V 1/2
n ‖Lp ≤ ‖Sn‖Lp ≤ Bp‖V 1/2

n ‖Lp , (*3)

where Sn =
∑n

i=1Xi and Vn =
∑n

i=1X
2
i . The proof is broken into Parts (a) and (b).

(a) Let ε1, . . . , εn be independent Rademacher r.v.’s and let a1, . . . , an be constants.
Prove the Khinchin inequality : for any p ∈ [1,∞), there exist a universal con-
stant A′ and a constant B′p that depends only on p such that

A′

(
n∑
i=1

a2
i

)1/2

≤

∥∥∥∥∥
n∑
i=1

aiεi

∥∥∥∥∥
Lp

≤ B′p

(
n∑
i=1

a2
i

)1/2

.

Find explicit values of the constants A′ and B′p.

(Hint). To derive an upper bound, apply Hoeffding’s inequality to
∑n

i=1 aiεi
and relate the p-th moment to the tail probability.

E[|Y |p] = p

∫ ∞
0

yp−1P(|Y | > y)dy.

To derive a lower bound, we may focus on p = 1 (why?) and use Littlewood’s
inequality.
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(b) Derive the Marcinkiewicz-Zygmund inequality (*3). Find explicit values of the
constants A and Bp.

(Hint). Symmetrization.

(c) Show that

E[V p/2
n ] ≤

{∑n
i=1 E[|Xi|p] if 1 ≤ p < 2

np/2−1
∑n

i=1 E[|Xi|p] if p ∈ [2,∞)
.

Remark 2.7. If X1, . . . , Xn are i.i.d. with mean zero and E[|X1|p] < ∞ for some
p ∈ [2,∞), then E[|Sn/n|p] = O(n−p/2). Together with Markov’s inequality, we have

P (|Sn/n| > ε) ≤ ε−pO(n−p/2).

Takeaway: the more X1 has finite moments, the more the sample mean Sn/n con-
centrates around its population mean.

Remark 2.8 (Burkholder’s inequality). The Marcinkiewicz-Zygmund inequality is
a special case of Burkholder’s inequality which states that if {Mn : n ∈ Z+} is
a martingale adapted to a filtration {An : n ∈ Z+} with M0 = 0, then for any
p ∈ (0,∞), there exist constants Ap, Bp depending only on p such that

Ap(E[[M ]p/2n ])1/p ≤ (E[|Mn|p])1/p ≤ Bp(E[[M ]p/2n ])1/p,

where [M ]n =
∑n

m=1(Mm −Mm−1)2 is the quadratic variation process. See Hall &
Heyde (1980) for a proof. Burkholder’s inequality has an extension to continuous time
martingales known as the Burkholder-Davis-Gundy inequality, which is a fundamental
result in stochastic analysis.

9. (Hoeffding-type inequality for random vectors) Let X1, . . . , Xn be independent Rk-
valued r.v.’s with mean zero such that ‖Xi‖ ≤ ci/2 a.s. Let ν = (1/4)

∑n
i=1 c

2
i . Show

that

P

(∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ > t

)
≤ e−(t−

√
ν)2/(2ν)

for any t ≥
√
ν. You may use the sharp version of McDiarmid’s inequality (**). Does

the same inequality hold even if we replace Rk by a separable Hilbert space?

10. (Characterization of quantile) The quantile can be characterized as an optimal so-
lution to a certain minimization problem. For u ∈ (0, 1), the function

ρu(x) = {u− I(x ≤ 0)}x

is called the check function (Koenker & Bassett 1978) – draw the graph of the func-
tion. For example, if u = 1/2, then ρ1/2(x) = |x|/2. The check function is convex.
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(a) Prove Knight’s identity :

ρu(x− y)− ρu(x) = −y{u− I(x ≤ 0)}+ y

∫ 1

0
{I(x ≤ ys)− I(x ≤ 0)}ds.

Knight (1998).

(b) Let X be a r.v. with d.f. F . Show that θu = F−1(u) is an optimal solution to
the following minimization problem:

min
θ∈R

E[ρu(X − θ)].

(Hint). Working with X − θu instead of X, we may assume θu = 0. Show that
E[ρu(X − θ)− ρ(X)] ≥ 0 for any θ.

(c) For a given sample X1, . . . , Xn, show that the empirical u-quantile θ̂u = F̂−1
n (u)

is an optimal solution to the following minimization problem:

min
θ∈R

1

n

n∑
i=1

ρτ (Xi − θ).

11. (Berry-Esseen type bound for sample quantile) Add some regularity conditions to
Theorem 2.8 to derive a Berry-Esseen type bound for the sample quantile:

sup
x
|P(
√
n(θ̂u − θu) ≤ x)− Φ(x/σu)| = O(n−1/2).

12. (Derivation of Bahadur representation) Recall Gn(x) =
√
n{F̂n(x) − F (x)}. As we

will see later, the Donsker theorem implies and follows from the asymptotic equicon-
tinuity condition (AEC):

lim
δ→0

lim sup
n

P

 sup
x,y∈R

|F (x)−F (y)|<δ

|Gn(x)−Gn(y)| > ε

 = 0

for any ε > 0. This problem will derive the Bahadur representation for θ̂u from the
AEC. Fix u ∈ (0, 1). Assume the condition of Theorem 2.8.

(a) Verify the inequality
0 ≤ F̂n(θ̂u)− u ≤ n−1.

(b) Expand F̂n(θ̂u)− u into the three terms:

F̂n(θ̂u)− u = {F̂n(θu)− u}+ {F (θ̂u)− u}+ n−1/2{Gn(θ̂u)−Gn(θu)}.

Use the AEC to show that the last term on the RHS is oP(n−1/2).
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(c) Derive the Bahadur representation:

√
n(θ̂u − θu) =

1

f(θu)

1√
n

n∑
i=1

{u− I(Xi ≤ θu)}+ oP(1).

13. The sample interquartile range and mid-interquartile range are defined by Q̂ = θ̂0.75−
θ̂0.25 and M̂ = (θ̂0.75 + θ̂0.25)/2, respectively. For Q = θ0.75 − θ0.25 and M = (θ0.25 +
θ0.75)/2, find the limiting distributions of

√
n(Q̂−Q) and

√
n(M̂ −M) together with

their regularity conditions.

(Hint). Use the multivariate CLT for sample quantiles.
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3 U-statistics

3.1 Definition and examples

U -statistics are a general class of statistics containing the sample mean and variance as
special cases. This section discusses the properties of U -statistics with some applications.
Consider the following setting. Let X1, . . . , Xn be i.i.d. r.v.’s taking values in a measurable
space (S,S) with distribution P :

X1, . . . , Xn ∼ P i.i.d.

For a given measurable function h : Sm → R (m is fixed with n) such that

E[|h(X1, . . . , Xm)|] <∞,

we are interested in estimation of the parameter

θ = θ(P ) = E[h(X1, . . . , Xm)] =

∫
· · ·
∫
h(x1, . . . , xm)dP (x1) · · · dP (xm).

In what follows, we assume that h is symmetric, i.e.,

h(x1, . . . , xm) = h(xi1 , . . . , xim)

for any permutation xi1 , . . . , xim of x1, . . . , xm. This does not lose generality since even if
h is not symmetric, we can work with the symmetrized version of h:

h(x1, . . . , xm) =
1

m!

∑
σ

h(xσ(1), . . . , xσ(m)),

where
∑

σ is taken over all permutations of {1, . . . ,m}.

Definition 3.1 (Halmos (1946), Hoeffding (1948a)). The U -statistic with kernel h is de-
fined by

Un = Un(h) = U (m)
n (h) =

1(
n
m

) ∑
1≤i1<···<im≤n

h(Xi1 , . . . , Xim).

The m is called the degree (or order) of the kernel h or the U -statistic Un.

Remark 3.1. If h is not symmetric, then the U -statistic should be defined as

Un =
(n−m)!

n!

∑
1≤i1,...,im≤n

i1,...,im are distinct

h(Xi1 , . . . , Xim),

which coincides with
1(
n
m

) ∑
1≤i1<···<im≤n

h(Xi1 , . . . , Xim).
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By construction, the U -statistic Un is unbiased for θ(P ):

EP [Un] = θ(P )

for all P such that θ(P ) is finite. If m = 1, then Un(h) = U
(1)
n (h) is the sample mean of

h(X1), . . . , h(Xn):

U (1)
n (h) =

1

n

n∑
i=1

h(Xi).

So we are interested in the case where m ≥ 2.

Example 3.1 (Sample variance). If S = R and h(x1, x2) = (x1−x2)2/2, then correspond-
ing U -statistic is

Un =
2

n(n− 1)

∑
1≤i<j≤n

h(Xi, Xj) = · · · = 1

n− 1

n∑
i=1

(Xi −Xn)2,

which coincides with the sample variance.

Example 3.2 (Testing for independence). Suppose we are interested in testing indepen-
dence of two r.v.’s X and Y :

H0 : X and Y are independent vs. H1 : negation of H0.

We will construct a test based on a random sample:

(X1, Y1)︸ ︷︷ ︸
=Z1

, (X2, Y2)︸ ︷︷ ︸
=Z2

, · · · ∼ (X,Y ) i.i.d.

Examples of test statistics include the following. Let zi = (xi, yi) for i = 1, 2, . . .

• Kendall’s τ . Let
hK(z1, z2) = sgn{(x1 − x2)(y1 − y2)}

where sgn(x) = I(x > 0)− I(x < 0) is the sign function. Kendall’s τ is defined by

τ = Un(hK) =
1(
n
2

) ∑
1≤i<j≤n

hK(Zi, Zj).

Kendall (1938).

• Spearman’s ρ. Let

hS(z1, z2, z3) =
1

3!

∑
σ

3 sgn{(xσ(1) − xσ(2))(yσ(1) − yσ(3))}.
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Spearman’s ρ is defined by

ρ = Un(hS) =
1(
n
3

) ∑
1≤i1<i2<i3≤n

hS(Zi1 , Zi2 , Zi3).

Spearman (1904).

• Bergsma-Dassios’ t∗. Let

hBD(z1, . . . , z4) =
1

4!

∑
σ

a(xσ(1), . . . , xσ(4))a(yσ(1), . . . , yσ(4)),

where

a(x1, . . . , x4) = I(x1 ∨ x3 < x2 ∧ x4) + I(x1 ∧ x3 > x2 ∨ x4)

− I(x1 ∨ x2 < x3 ∧ x4)− I(x3 ∨ x4 < x1 ∧ x2).

Bergsma-Dassios’ t∗ is defined by

t∗ = Un(hBD) =
1(
n
4

) ∑
1≤i1<···<i4≤n

hBD(Zi1 , . . . , Zi4).

Bergsma & Dassios (2014).

• Hoeffding’s D. Let

hH(z1, . . . , z5) =
1

5!

∑
σ

b(xσ(1), . . . , xσ(5))b(yσ(1), . . . , yσ(5)),

where

b(x1, . . . , x5) =
1

4
{I(x1 ≥ x2)− I(x1 ≥ x3)}{I(x1 ≥ x4)− I(x1 ≥ x5)}.

Hoeffding’s D is defined by

D = Un(hH) =
1(
n
5

) ∑
1≤i1<···<i5≤n

hH(Zi1 , . . . , Zi5).

Hoeffding (1948b).

The population versions of Kendall’s τ etc. can be thought of as measures of the
dependence between X and Y . They are zero if X and Y are independent.

Lemma 3.1. Define

θK = E[hK(Z1, Z2)], θS = E[hS(Z1, Z2, Z3)],

θBD = E[hBD(Z1, . . . , Z4)], and θH = E[hH(Z1, . . . , Z5)].

If X and Y are independent, then θK = θS = θBD = θH = 0.

42



Proof. Exercise.

So e.g. if θK deviates from zero, then X and Y are not independent. This suggests a
test of the form

|Un(hK)| > cn,α ⇒ reject H0,

where the critical value cn,α should be chosen in such a way that

PH0(|Un(hK)| > cn,α) ≤ α+ o(1).

We will show that
√
nUn(hK)

w→ N(0, 4/9) under H0. So reject H0 if√
9n/4|Un(hK)| > zα/2

with zα/2 = Φ−1(1− α/2).
It is worth noting that independence of X and Y implies θK = 0 but the converse is

not true. The same is true for Spearman’s ρ. For Bergsma-Dassios’ t∗ and Hoeffding’s D,
the following are known:

• (Bergsma & Dassios 2014, Theorem 1) If (X,Y ) has a bivariate distribution that is
discrete or (absolutely) continuous, or a mixture of both, then θBD = 0 if and only
if X and Y are independent.

• (Hoeffding 1948b, Theorem 3.1) If (X,Y ) has continuous joint and marginal densi-
ties, then θH = 0 if and only if X and Y are independent.

So far we have taken U -statistics as granted, but another “natural” estimator for θ(P )
would be

1

n/m

n/m∑
j=1

h(X(j−1)m+1, . . . , Xjm)

assuming n is divisible by m. This naive estimator is the sample mean of independent
m-tuples, unbiased, and satisfies the CLT under moment conditions. However, there is a
reason why U -statistics should be used.

Theorem 3.1. Assume n ≥ m. Let P be a class of distributions on (S,S) that contains all
finitely discrete distributions and such that EP [h2(X1, . . . , Xm)] <∞ for all P ∈ P. Then
the U -statistic Un(h) is the minimum variance unbiased estimator for θ(P ) in P, i.e., if
T = T (X1:n) is another estimator for θ(P ) such that EP [T ] = θ(P ) for all P ∈ P, then
VarP (T ) ≥ VarP (Un(h)) for all P ∈ P.
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3.2 Hoeffding’s decomposition

Hoeffding’s decomposition is a fundamental technique in the analysis of U -statistics. We
write the integral of a function f w.r.t. a measure µ by

µf = µ(f) =

∫
fdµ,

whenever the integral exists. Denote by δx the Dirac measure at x. For example, δxf =
f(x).

For k = 0, 1, . . . ,m, define

Pm−kh(x1, . . . , xk) = E[h(x1, . . . , xk, Xk+1, . . . , Xm)]

=

∫
· · ·
∫
h(x1, . . . , xk, xk+1, . . . , xm)dP (xk+1) · · · dP (xm).

Keep in mind that Pm−kh is a function of k variables (P 0h = h and Pmh = E[h(X1, . . . , Xm)] =
θ). In addition, define

πkh(x1, . . . , xk) = πPm,kh(x1, . . . , xk)

= (δx1 − P ) · · · (δxk − P )︸ ︷︷ ︸
product measure

Pm−kh

for k = 1, . . . ,m.

Example 3.3 (m = 2 case). For example, if m = 2, then

π1h(x1) = (δx1 − P )Ph = Ph(x1)− P 2h

= E[h(x1, X2)]− E[h(X1, X2)],

π2h(x1, x2) = (δx1 − P )(δx2 − P )h = h(x1, x2)− Ph(x1)− Ph(x2) + P 2h

= h(x1, x2)− E[h(x1, X2)]− E[h(X1, x2)] + E[h(X1, X2)].

Recall that h is symmetric. Expand

h(x1, x2) = δx1δx2h = (δx1 − P + P )(δx2 − P + P )h

= π2h(x1, x2) + π1h(x1) + π1h(x2) + P 2h︸︷︷︸
=θ

.

Hence

Un − θ =
1(
n
2

) ∑
1≤i≤j≤n

{π2h(Xi, Xj) + π1h(Xi) + π1h(Xj)}

=
1(
n
2

) ∑
1≤i<j≤n

π2h(Xi, Xj) +
2

n

n∑
i=1

π1h(Xi)

= U (2)
n (πh2) + 2U (1)

n (π1h).

This is called the Hoeffding decomposition.
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The general case reads as follows.

Theorem 3.2 (Hoeffding decomposition). The U -statistic can be decomposed as

Un − θ =

m∑
k=1

(
m

k

)
U (k)
n (πkh).

The following theorem is important.

Theorem 3.3. Each πkh is P -canonical in the sense that

P (πkh)(x1, . . . , xk−1) = E[πkh(x1, . . . , xk−1, Xk)] ≡ 0.

Therefore, for any 1 ≤ k, ` ≤ m,

πkh(Xi1 , . . . , Xik︸ ︷︷ ︸
distinct

) and π`h(Xj1 , . . . , Xj`︸ ︷︷ ︸
distinct

)

are uncorrelated unless {i1, . . . , ik} = {j1, . . . , j`}. For example,

E[π1h(X1)π2h(X1, X2)] = 0 and E[π2h(X1, X2)π2h(X1, X3)] = 0.

Proof. Consider them = k = 2 case. Since π2h(x1, x2) = h(x1, x2)−Ph(x1)−Ph(x2)+P 2h,
applying P to π2h, we have

P (π2h)(x1) = Ph(x1)− Ph(x1)− P 2h+ P 2h ≡ 0.

The rest of the proof is straightforward.

In what follows, we assume

Pmh2 = E[h2(X1, . . . , Xm)] <∞. (*)

Define
ζk = Var(πkh(X1, . . . , Xk)) = E[{πkh(X1, . . . , Xk)}2].

Check that ζk < ∞ under (*) by Jensen’s inequality. The following corollary directly
follows from the previous theorem.

Corollary 3.1. The variance of Un is

Var(Un) =
m∑
k=1

(
m

k

)2

E[{U (k)
n (πkh)}2].

In addition,

E[{U (k)
n (πkh)}2] = ζk

(
n

k

)−1

.
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3.3 Limiting distributions

3.3.1 Nondegenerate case

Recall the Hoeffding decomposition:

Un − θ =
m∑
k=1

(
m

k

)
U (k)
n (πkh).

We have shown

E[{U (k)
n (πkh)}2] = ζk

(
n

k

)−1

= O(n−k),

which implies
U (k)
n (πkh) = OP(n−k/2)

by Markov’s inequality. Hence,

Un − θ = mU (1)
n (π1h) +

n∑
k=2

OP(n−k/2)︸ ︷︷ ︸
=OP(n−1)

.

Since

U (1)
n (π1h) =

1

n

n∑
i=1

π1h(Xi) and π1h(x1) = Pm−1h(x1)− Pmh︸ ︷︷ ︸
=θ

,

we arrive at the expansion:

Un − θ =
m

n

n∑
i=1

{Pm−1h(Xi)− θ}+OP(n−1).

The first term on the RHS is called the Hajék projection. Since the Hajék projection is
just the sample mean, we obtain:

Theorem 3.4.
√
n(Un − θ)

w→ N(0,m2ζ1) with ζ1 = Var(Pm−1h(X1)).

As an application, we derive the limiting distribution of Kendall’s τ .

Example 3.4 (Limiting null distribution of Kendall’s τ). Recall the kernel of Kendall’s τ :

hK(z1, z2) = sgn{(x1 − x2)(y1 − y2)}.
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Suppose that X and Y are independent and have continuous marginal d.f.’s, F and G,
respectively. Observe that

E[h(z1, Z2)] = P(X2 < x1)P(Y2 < y1) + P(X2 > x1)P(Y2 > y1)

− P(X2 < x1)P(Y2 > y1)− P(X2 > x1)P(Y2 < y1)

= F (x1)G(y1) + {1− F (x1)}{1−G(y1)}
− F (x1){1−G(y1)} − {1− F (x1)}G(y1)

= 4F (x1)G(y1)− 2F (x1)− 2G(y1) + 1.

By continuity of F and G, F (X) and G(Y ) are i.i.d. U(0, 1) variables and so

ζ1 = Var(4F (X)G(Y )− 2F (X)− 2G(Y ))

=
7 · 16

122
+

8

12
− 32

2 · 12
=

1

9
.

Conclude that √
nUn(hK)

w→ N(0, 4/9).

3.3.2 Degenerate case

In some applications, ζ1 = Var(Pm−1h(X1)) = 0, i.e., Pm−1h is constant. In that case, we
say that h or Un is P -degenerate or simply degenerate. If h is degenerate, then Un − θ =
OP(n−1) and n(Un− θ) converges weakly to a weighted sum of centered χ2

1-r.v.’s. We start
with discussing a simple example.

Example 3.5 (Degenerate kernel). If S = R, h(x1, x2) = x1x2, and E[X1] = 0, then
Ph(x1) = E[x1X2] = x1E[X2] = 0 and so h is degenerate. Let σ2 = E[X2

1 ]. In this case,
we can expand the corresponding U -statistic as

Un =
1(
n
2

) ∑
1≤i<j≤n

XiXj =
1

n(n− 1)

∑
1≤i 6=j≤n

XiXj

=
1

n(n− 1)


(

n∑
i=1

Xi

)2

−
n∑
i=1

X2
i


=

1

n− 1


(
n−1/2

n∑
i=1

Xi

)2

− n−1
n∑
i=1

X2
i


=

1

n− 1
{(
√
nXn)2 − σ2 + oP(1)}.

Since
√
nXn

w→ N(0, σ2) by the CLT, we have

nUn
w→ σ2(χ2

1 − 1).
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In general, if h is degenerate, then the Hoeffding decomposition is

Un − θ =

(
m

2

)
U (2)
n (π2h) +OP(n−3/2).

So multiplying n to both sides, we have

n(Un − θ) =

(
m

2

)
nU (2)

n (π2h) + oP(1).

The problem then boils down to deriving the limiting distribution of nU
(2)
n (π2h). For the

notational convenience, let

h2(x1, x2) = π2h(x1, x2) = Pm−2h(x1, x2)− θ.

The last identity uses Pm−1h ≡ θ. Recall that we have assumed Pmh2 <∞, which implies
P 2h2

2 <∞ by Jensen’s inequality.
To derive the limit distribution, we use the Hilbert-Schmidt theorem in functional

analysis (Reed & Simon 1981, Theorem VI.16). Assume that L2(P ) = L2(S,S, P ) is
separable (which follows if S is countably generated). By the Hilbert-Schmidt theorem,
there exist a sequence of reals {λj}Nj=1 with |λ1| ≥ |λ2| ≥ · · · > 0 (N can be N =∞) and

an orthonormal system {ψj}Nj=1 in L2(P ) such that

h2(x1, x2) =

N∑
j=1

λjψj(x1)ψj(x2).

The RHS converges in L2(P 2) if N =∞, i.e.,

lim
k

E

h2(X1, X2)−
k∑
j=1

λjψj(X1)ψj(X2)

2 = 0.

The functions {ψj}Nj=1 are orthonormal in L2(P ) in the sense that

Pψjψk = E[ψj(X1)ψk(X1)] =

{
1 if j = k

0 if j 6= k
.

The sequence {λj}Nj=1 is square-summable

P 2h2
2 =

N∑
j=1

λ2
j <∞.
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Remark 3.2 (Hilbert-Schmidt theorem). Let K : L2(P )→ L2(P ) be an integral operator
with kernel h2:

Kf(x) =

∫
f(y)h2(x, y)dP (y).

Check that
Kψj = λjψj .

So λj and ψj are an eigenvalue and an associated eigenfunction of K, respectively. Since
h2 is symmetric and square-integrable, the operator K is self-adjoint and Hilbert-Schmidt.
Any Hilbert-Schmidt operator is compact and we can apply the Hilbert-Schmidt theorem
to justify the expansion of h2.

Theorem 3.5. Suppose that h is P -degenerate. For Z1, Z2, · · · ∼ N(0, 1) i.i.d., we have

nU (2)
n (h2)

w→
N∑
j=1

λj(Z
2
j − 1),

where the RHS converges in L2. Therefore,

n(Un − θ)
w→
(
m

2

) N∑
j=1

λj(Z
2
j − 1).

Proof. We only prove the simple case where N <∞. In this case,

U (2)
n (h2) =

1

n(n− 1)

∑
1≤i 6=j≤n

h2(Xi, Xj) =
1

n(n− 1)

N∑
k=1

λk
∑

1≤i 6=j≤n
ψk(Xi)ψk(Xj)

=
1

n− 1

N∑
k=1

λk


(
n−1/2

n∑
i=1

ψk(Xi)

)2

− n−1
n∑
i=1

ψ2
k(Xi)

 .

Since {ψk}Nk=1 is orthonormal in L2(P ), we have n−1
∑n

i=1 ψ
2
k(Xi) = 1 + oP(1) and(

n−1/2
∑n

i=1 ψk(Xi)
)N
k=1

w→ (Zk)
N
k=1.

The continuous mapping theorem and Slutsky then show that

nU (2)
n (h2)

w→
N∑
k=1

λk(Z
2
k − 1).

This completes the proof for N <∞.
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Example 3.6 (Cramér-von Mises statistic). Let X1, . . . , Xn ∼ F i.i.d. for some d.f. F ,
and consider the Cramér-von Mises statistic

CvMn = n

∫
(F̂n − F )2dF.

We will find the limiting distribution of CvMn by using the preceding theorem. Assume
that F is continuous. Then it is not difficult to see that the distribution of CvMn does
not depend on F and so we may assume that F is the d.f. of U(0, 1), i.e., F (t) = t for
t ∈ [0, 1]. In what follows, it will be understood that

∫
=
∫ 1

0 . Decompose CvMn as

CvMn = n−1
∑
i 6=j

∫
(I(Xi ≤ t)− t)(I(Xj ≤ t)− t)dt︸ ︷︷ ︸

=h(Xi,Xj)

+n−1
n∑
i=1

∫
(I(Xi ≤ t)− t)2dt

= (n− 1)Un(h) + n−1
n∑
i=1

∫
(I(Xi ≤ t)− t)2dt.

The second term converges in probability (or a.s.) to

E
[∫

(I(X1 ≤ t)− t)2dt

]
=

∫
t(1− t)dt =

1

6

by the LLN. So the problem boils down to finding the limiting distribution of Un(h). The
kernel h is symmetric and degenerate. A simple algebra yields that

h(x1, x2) =
1

2
(x2

1 + x2
2)− x1 ∨ x2 +

1

3
.

We have to find nonzero eigenvalues of the integral operator K with kernel h, i.e.,

Kf(x1) =

∫
f(x2)h(x1, x2)dx2.

By degeneracy of h, K1 = 0 so that K has eigenvalue 0 and any eigenfunction ψ corre-
sponding to a nonzero eigenvalue is orthogonal to 1, i.e.,

∫
ψ(t)dt = 0. In addition, the

operator K is positive semidefinite in the sense that
∫
f(t)Kf(t)dt ≥ 0, which implies that

all eigenvalues are nonnegative. So for given λ > 0 consider to solve the eigenvalue problem

Kψ = λψ

subject to
∫
ψ(t)dt = 0. The above functional equation reduces to

1

2

∫
x2

2ψ(x2)dx2 − x1

∫ x1

0
ψ(x2)dx2 −

∫ 1

x1

x2ψ(x2)dx2 = λψ(x1).
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Differentiating both sides w.r.t. x1, we have

−
∫ x1

0
ψ(x2)dx2 = λψ′(x1). (*)

Differentiating both sides once again, we have −ψ = λψ′′. This is a second order ordinary
differential equation with constant coefficients. It is well known that a general solution is
given by

ψ(t) = α sin(t/
√
λ) + β cos(t/

√
λ)

for some α and β ∈ R. The equation (*) implies two boundary conditions ψ′(0) = ψ′(1) = 0.
This gives α = 0 and sin(1/

√
λ) = 1, i.e., λ = 1/(j2π2) for some j ∈ N. An associated

normalized eigenfunction is ψ(t) =
√

2 cos(jπt). Thus the eigenfunction expansion of h is

1

2
(x2

1 + x2
2)− x1 ∨ x2 +

1

3
=
∑
j

2

j2π2
cos(jπx1) cos(jπx2).

The RHS converges in L2([0, 1]2), but since the series j−2 is summable, it converges uni-
formly. Plugging in x1 = x2 = 0 yields a famous identity π2/6 =

∑
j j
−2.

Now, from the preceding theorem, we have

nUn(h)
w→
∞∑
j=1

1

j2π2
(Z2

j − 1).

Since
∑

j j
−2Z2

j converges with probability one (as E[
∑

j j
−2Z2

j ] =
∑

j j
−2 < ∞) and

π/6 =
∑

j j
−2, we have

CvMn
w→ π−2

∞∑
j=1

j−2Z2
j .

On the other hand, the Donsker theorem and the continuous mapping theorem yield

CvMn
w→
∫ 1

0
B◦(t)2dt.

Hence we obtain the expansion∫ 1

0
B◦(t)2dt

d
= π−2

∞∑
j=1

j−2Z2
j .

This expansion can be also proved by using the Karhunen-Loeve expansion of the Brownian
bridge.
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Example 3.7 (Limiting null distribution of Bergsma-Dassios’ t∗). Recall the kernel hBD

of Bergsma-Dassios’ t∗. Nandy et al. (2016) show that if X and Y are independent and
have continuous marginal d.f.’s, then hBD is degenerate and

nUn(hBD)
w→ 36

π4

∞∑
i,j=1

1

i2j2
(Z2

ij − 1),

where Zij are i.i.d. N(0, 1) variables.

3.4 Exercises

1. Follow the notation used in Section 3.3.1. Assume that E[h(X1, . . . , Xm)2] <∞. Let
bn/mc denote the integer part of n/m.

(a) Consider the following “naive” estimator of θ:

Tn =
1

bn/mc

bn/mc∑
j=1

h(X(j−1)m+1, . . . , Xjm).

Find the limiting distribution of
√
n(Tn − θ).

(b) Compare the limiting distribution of
√
n(Tn−θ) with that of

√
n(Un−θ). Which

do you think is a better estimator for θ based on this comparison?

2. Let X1, X2, . . . be i.i.d. r.v.’s with common distribution P . Gini’s mean difference
is defined by

Gn =
1(
n
2

) ∑
1≤i<j≤n

|Xi −Xj |.

Find the limiting distribution of Gn together with regularity conditions.

3. For a given symmetric function h : S2 → R, the V-statistic is defined by

Vn = Vn(h) =
1

n2

n∑
i,j=1

h(Xi, Xj).

Using Theorem 3.4, find the limiting distribution of Vn together with regularity con-
ditions.

4. Consider the kernels hK , hS , hBD, and hH used in Kendall’s τ , Spearman’s ρ, Bergsma-
Dassios’ t∗, and Hoeffding’s D, respectively.

(a) Show that if X and Y are independent, then θK = θS = θBD = θH = 0.
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(b) Show that if (X,Y ) has continuous joint and marginal densities, then θH = 0
implies independence of X and Y . See Hoeffding (1948b) Theorem 3.1.

5. For a given sample X1, . . . , Xn, let X(1) ≤ · · · ≤ X(n) denote the order statistics. The
rank Ri of Xi among X1, . . . , Xn is its position number in the order statistics, i.e.,

Xi = X(Ri).

For instance if n = 3 and X3 < X1 < X2, then R1 = 2, R2 = 3, and R3 = 1.

(a) Show that if X1, . . . , Xn ∼ F i.i.d. with continuous F , then the vector of ranks
R1:n = (R1, . . . , Rn) is uniformly distributed on the set of n! permutations of
1, . . . , n, i.e., for any distinct 1 ≤ i1, . . . , in ≤ n,

P((R1, . . . , Rn) = (i1, . . . , in)) =
1

n!
.

In particular, the distribution of the rank vector does not depend on F .

(b) Denote by RX1:n = (RX1 , . . . , R
X
n ) and RY1:n = (RY1 , . . . , R

Y
n ) the rank vectors for

X1:n = (X1, . . . , Xn) and Y1:n = (Y1, . . . , Yn), respectively. Assume that there
is no tie in X1:n and Y1:n. Show that Kendall’s τ , Spearman’s ρ, Bergsma-
Dassios’ t∗, and Hoeffding’s D depend on the sample only through the ranks. In
particular, check that if X and Y are independent and have continuous marginal
d.f.’s F and G, respectively, then the distributions of τ, ρ, t∗, and D do not
depend on F and G and hence are identical to those under F = G = U(0, 1).

6. (Limiting null distribution of Spearman’s ρ) Find the limiting distribution of Spear-
man’s ρ, ρ = Un(hS), when X and Y are independent and have continuous marginal
d.f.’s.

(Hint). hS is nondegenerate. You can assume X,Y ∼ U(0, 1).

7. (a) Let Xn,m, Xn, n,m = 1, 2, . . . be r.v.’s such that (i) Xn,m
w→ Zm as n→∞, (ii)

Zm
w→ Z as m → ∞, and (iii) limm lim supn P(|Xn,m − Xn| > ε) = 0 for any

ε > 0. Show that Xn
w→ Z as n→∞.

(b) Complete the proof of Theorem 3.5 for the N =∞ case.

8. (Stochastic inequalities for U -statistics) Consider a U -statistic

Un =
1(
n
m

) ∑
1≤i1<···<im≤n

h(Xi1 , . . . , Xim)

where h is symmetric.
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(a) For k = bn/mc (the largest integer ≤ n/m), let

W (x1, . . . , xn) =
1

k
{h(x1, . . . , xm)+h(xm+1, . . . , x2m)+· · ·h(xkm−m+1, . . . , xkm)}.

Verify that the following expression holds:

Un =
1

n!

∑
σ

W (Xσ(1), . . . , Xσ(n)),

where
∑

σ is taken over all permutations σ of {1, . . . , n}. This is called Hoeffd-
ing’s averaging.

(b) (Marcinkiewicz-Zygmund inequality) Show that for any p ∈ [2,∞) there exists
a (finite) constant Cp that depends only on p such that

E[|Un − θ|p] ≤ Cpk−p/2Pm|h|p.

Recall that Pm|h|p = E[|h(X1, . . . , Xm)|p].
(c) (Hoeffding’s inequality) Show that if |h− θ| ≤ c for some constant c > 0, then

for any r > 0,

P(Un − θ ≥ r) ≤ e−
kr2

2c2 .

(Hint) Assume θ = 0 w.l.o.g. and bound E[eλUn ] using Hoeffding’s averaging
and Jensen’s inequality.

9. Say that a σ-field S is countably generated if there exists a countable subcollection
C ⊂ S such that S = σ(C).

(a) Show that the Borel σ-field of a separable metric space is countably generated.

(b) Let (S,S, P ) be a probability space and assume that S is countably generated.
Show that for any r ∈ [1,∞), Lr(P ) = Lr(S,S, P ) is separable relative to the
Lr(P )-norm ‖ · ‖P,r.
(Hint). Assume w.l.o.g. that C is a field (why?). Show that for any A ∈ S
there exists a sequence of sets Bn ∈ C such that limn d(A,Bn) = 0 where
d(A,B) = P (|IA− IB|) =

∫
|IA− IB|dP (to prove this collect all such A ∈ S by

D and show that D is a σ-field). Then approximate any f ∈ Lr(P ) by a simple
function.

10. We have used an implication of the Hilbert-Schmidt theorem. Check the statement
of Reed & Simon (1981) Theorem VI.16 and show the following: if k : S × S → R
is symmetric and square-integrable w.r.t. P 2, then there exist a sequence of reals
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{λj}Nj=1 with |λ1| ≥ |λ2| ≥ · · · > 0 (N can be N = ∞) and an orthonormal system

{ψj}Nj=1 in L2(P ) such that

k(x1, x2) =
N∑
j=1

λjψj(x1)ψj(x2).

The RHS converges in L2(P 2) if N =∞.
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4 Bootstrap

4.1 Bootstrap consistency

Let (S,S, P ) be a probability space and let X1, . . . , Xn ∼ P i.i.d. We are interested in
constructing confidence intervals (CIs) for a scalar functional θ = θ(P ) of P such as mean
and quantiles. In many cases, there is an estimator θ̂n = θ̂n(X1:n) such that

Tn =

√
n(θ̂n − θ)
σ̂n

w→ T

for some σ̂n = σ̂n(X1:n) > 0. We have in mind that σ̂n is either σ̂n = 1 or a consistent
estimator for the asymptotic standard deviation of θ̂n.

Example 4.1 (Canonical examples). If
√
n(θ̂n − θ)

w→ N(0, σ2) and σ̂n = 1, then T ∼
N(0, σ2). If σ̂n

P→ σ, then T ∼ N(0, 1).

Let G be the d.f. of T , i.e.,
G(t) = P(T ≤ t).

In addition, for α ∈ (0, 1), let ξα = G−1(1− α). If G is known and continuous, then[
θ̂n − ξβσ̂n/

√
n, θ̂n − ξ1−ασ̂n/

√
n
]

(*)

is an asymptotic CI for θ with level 1− α− β. Indeed,

P(θ ∈ (*)) = P(ξ1−α ≤ Tn ≤ ξβ) = G(ξβ)−G(ξ1−α) + o(1) = 1− β − α+ o(1).

A typical choice of (α, β) is α = β = 0.025.
In some applications, F is unknown or difficult to estimate (e.g. quantile estimation)

and/or first-order normal approximation is not accurate. The bootstrap (Efron 1979) is
a generic method to estimate the sampling distribution of a statistic that can solve such
problems. Let Pn denote the empirical distribution of X1, . . . , Xn, i.e.,

Pn = n−1
n∑
i=1

δXi ,

where δx denotes the Dirac delta at x. Given X1:n = (X1, . . . , Xn), generate

X∗1 , . . . , X
∗
n ∼ Pn i.i.d.,

which is called a bootstrap sample. In what follows, P|X1:n
is the probability taken w.r.t.

the bootstrap sample given X1:n, i.e.,

P|X1:n
(X∗1:n ∈ A) = P⊗nn (A) =

∫
· · ·
∫
IA(x1, . . . , xn)dPn(x1) · · · dPn(xn).

56



Keep in mind that the RHS is random. Define

θ̂∗n = θ̂n(X∗1:n), σ̂∗n = σ̂n(X∗1:n), and T ∗n =

√
n(θ̂∗n − θ̂n)

σ̂∗n
.

Consider the d.f. of T ∗n evaluated w.r.t. the bootstrap sample given X1:n:

Ĝn(t) = P|X1:n
(T ∗n ≤ t).

The RHS is random and Ĝn is a random d.f. Call Ĝn the bootstrap distribution. Finally,
let ξ̂n,α be the (1− α)-quantile of Ĝn:

ξ̂n,α = Ĝ−1
n (1− α).

Heuristically, Ĝn should approximate G and so it is expected that

P(Tn ≤ ξ̂n,α) ≈ 1− α.

The LHS is unconditional probability. The bootstrap CI for θ is given by[
θ̂n − ξ̂n,βσ̂n/

√
n, θ̂n − ξ̂n,1−ασ̂n/

√
n
]
. (**)

Remark 4.1. In practice, it is rare to find ξ̂n,α explicitly and we compute ξ̂n,α by simula-
tions. Generate bootstrap samples B times independently:

X∗1,b, . . . , X
∗
n,b ∼ Pn, b = 1, . . . , B, i.i.d.

Correspondingly, define

θ̂∗n,b = θ̂n(X∗1:n,b), σ̂
∗
n,b = σ̂n(X∗1:n,b), and T ∗n,b =

√
n(θ̂∗n − θ̂n)

σ̂∗n
.

Since T ∗n,1, . . . , T
∗
n,B ∼ Ĝn i.i.d., we expect that

Ĝn(t) ≈ 1

B

B∑
b=1

I(T ∗n,b ≤ t).

So we can approximate ξ̂n,α by

ξ̂n,α ≈ inf

{
t :

1

B

B∑
b=1

I(T ∗n,b ≤ t) ≥ 1− α

}
.

We focus on two standard CIs, namely, percentile and percentile t-methods.
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• If σ̂n = 1, then the bootstrap CI (**) is called the percentile method. Denote by ζ̂n,α
the (1− α)-quantile of θ̂∗n under P|X1:n

:

ζ̂n,α = inf{t : P|X1:n
(θ̂∗n ≤ t)}.

By T ∗n =
√
n(θ̂∗n − θ̂n), we have

ξ̂n,α =
√
n(ζ̂n,α − θ̂n).

Hence, the bootstrap CI reduces to[
2θ̂n − ζ̂n,β, 2θ̂n − ζ̂n,1−α

]
.

• If
√
n(θ̂n − θ)

w→ N(0, σ2) and σ̂n
P→ σ, then the bootstrap CI (**) is called the

percentile t-method.

Assume that G is continuous. Say that the bootstrap distribution Ĝn is consistent if

sup
t
|Ĝn(t)−G(t)| P→ 0.

Consistency of the bootstrap distribution guarantees validity of the bootstrap CI.

Theorem 4.1. If G is continuous and Ĝn is consistent, then

P
(
θ ∈

[
θ̂n − ξ̂n,βσ̂n/

√
n, θ̂n − ξ̂n,1−ασ̂n/

√
n
])

= 1− α− β + o(1).

Proof. Let Gn(t) = P(Tn ≤ t). Since Gn
w→ G and G is continuous,

sup
t
|Gn(t)−G(t)| → 0

by Pólya’s theorem. Choose εn → 0 slow enough so that

sup
t
|Gn(t)−G(t)| ≤ εn and P(En) > 1− εn

with En = {supt |Ĝn(t)−G(t)| ≤ εn} ⊂ Ω. On the event En,

Ĝn(ξα−εn) ≥ G(ξα−εn)− εn = 1− (α− εn)− εn = 1− α,

which implies that ξ̂n,α ≤ ξα−εn on En. Hence,

P(Tn ≤ ξ̂n,α) ≤ P(Tn ≤ ξα−εn)︸ ︷︷ ︸
=Gn(ξα−εn )

+P(Ecn) ≤ G(ξα−εn) + 2εn = 1− α+ 3εn.
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Next, on the event En,

G(ξ̂n,α) ≥ Ĝn(ξ̂n,α)− εn ≥ 1− α− εn,

which implies that ξα+εn ≤ ξ̂n,α on En. Hence,

P(Tn ≤ ξ̂n,α) ≥ P(Tn ≤ ξα+εn)︸ ︷︷ ︸
=Gn(ξα+εn )

−P(Ecn) ≥ G(ξα+εn)− 2εn = 1− α− 3εn.

Conclude that P(Tn ≤ ξ̂n,α) = 1−α+ o(1). Likewise, P(Tn < ξ̂n,α) = 1−α+ o(1). Finally,

P
(
θ ∈

[
θ̂n − ξ̂n,βσ̂n/

√
n, θ̂n − ξ̂n,1−ασ̂n/

√
n
])

= P(Tn ≤ ξ̂n,β)− P(Tn < ξ̂n,1−α)

= 1− α− β + o(1).

This completes the proof.

Remark 4.2 (Conditional weak convergence implies unconditional weak convergence).

Suppose supt |Ĝn(t)−G(t)| P→ 0. Since the LHS is bounded by 2, we have

E[sup
t
|Ĝn(t)−G(t)|]→ 0

by the dominated convergence theorem. Since E[supt |Ĝn(t) − G(t)|] ≥ supt |E[Ĝn(t) −
G(t)|] = supt |P(T ∗n ≤ t) − G(t)|, we conclude that T ∗n

w→ G unconditionally. In words,
conditional weak convergence implies unconditional weak convergence. This fact is useful
when verifying inconsistency of the bootstrap. That is, if T ∗n does not converge weakly to
G unconditionally, then the bootstrap d.f. Ĝn is not consistent.

4.2 Examples

We discuss two simple applications of the percentile method and show their validity.

Example 4.2 (Sample mean). The first example is the sample mean: S = R, θ = E[X1],
and θ̂n = Xn. Validity of the percentile method follows from the next lemma.

Lemma 4.1 (Bootstrap CLT). If E[X2
1 ] <∞ and σ2 = Var(X1) > 0, then

sup
x∈R

∣∣∣P|X1:n

(√
n(X

∗
n −Xn) ≤ x

)
− Φ(x/σ)

∣∣∣ P→ 0.

Proof. Let σ̂2
n = n−1

∑n
i=1(Xi − Xn)2. Denote by E|X1:n

the expectation w.r.t. P|X1:n
.

Since

E|X1:n
[X∗i ] = Xn, E|X1:n

[(X∗i −Xn)2] = σ̂2
n, and E|X1:n

[|X∗i |3] = n−1
n∑
j=1

|Xj |3,
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applying the Berry-Esseen bound to X∗1:n, we have

sup
x∈R

∣∣∣P|X1:n

(√
n(X

∗
n −Xn) ≤ x

)
− Φ(x/σ̂n)

∣∣∣ ≤ An−1
∑n

i=1 |Xi|3√
nσ̂3

n

. (*3)

Since σ̂n
P→ σ and

n−1
n∑
i=1

|Xi|3 = max
1≤i≤n

|Xi| × n−1
n∑
i=1

|Xi|2 = oP(
√
n),

the RHS on (*3) is oP(1). Next, since∣∣∣∣∂Φ(x/σ)

∂σ

∣∣∣∣ ≤ |x|√
2πσ2

e−
x2

2σ2 ≤ B

σ

with

B =
1√
2π

sup
y≥0

ye−y
2/2 =

e−1/2

√
2π

,

we have

sup
x∈R
|Φ(x/σ̂n)− Φ(x/σ)| ≤ B

σ ∧ σ̂n
|σ̂n − σ|

P→ 0.

This completes the proof.

Remark 4.3. Inspection of the proof shows that

sup
x∈R

∣∣∣P|X1:n
(
√
n(X

∗
n −Xn) ≤ x)− Φ(x/σ)

∣∣∣→ 0 a.s.

So for almost every realization of X1, X2, . . . ,

√
n(X

∗
n −Xn)

w→ N(0, σ2)

conditionally on X1, X2, . . . .

Example 4.3 (Sample quantiles). Next, consider sample quantiles: S = R, θ = θu =
F−1(u) for some u ∈ (0, 1), and θ̂n,u = F̂−1

n (u). Since
√
n(θ̂n,u − θu)

w→ N(0, σ2
u) with

σ2
u = u(1−u)

f2(θu)
, validity of the percentile method follows from the next lemma.

Lemma 4.2. If F has density f that is positive and continuous at F−1(u), then

sup
x

∣∣∣P|X1:n

(√
n(θ̂∗n,u − θ̂n,u) ≤ x

)
− Φ(x/σu)

∣∣∣ P→ 0.
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Proof. We only give a sketch. By the Bahadur representation,

√
n(θ̂n,u − θu) =

1

f(θu)

√
n{u− F̂n(θu)}+ oP(1).

Let F̂ ∗n(x) = n−1
∑n

i=1 I(X∗i ≤ x). Similarly, we can show the Bahadur representation for

θ̂∗n,u, which is of the form

√
n(θ̂∗n,u − θu) =

1

f(θu)

√
n{u− F̂ ∗n(θu)}+ oP(1).

The oP(1) is evaluated unconditionally. Subtracting these expressions, we have

√
n(θ̂n,u − θ̂n,u) =

−1

f(θu)

√
n{F̂ ∗n(θu)− F̂n(θu)}︸ ︷︷ ︸

=U∗n

+oP(1).

Under P|X1:n
, I(X∗i ≤ θu), i = 1, . . . , n are i.i.d. with mean F̂n(θu) and variance F̂n(θu)(1−

F̂n(θu)) = u(1 − u) + oP(1). Applying the Berry-Esseen bound conditionally on X1:n, we
have

sup
x

∣∣P|X1:n
(U∗n ≤ x)− Φ(x/σu)

∣∣ P→ 0.

This implies the desired conclusion.

Example 4.4 (Bootstrap failure). The previous example is instructive in the sense that
the bootstrap should “work” for any estimator θ̂n that admits an asymptotic linear repre-
sentation:

θ̂n − θ = (sample mean) + oP(n−1/2).

Nondegenerate U -statistics admit such an asymptotic linear representation by Hoeffding’s
decomposition and in fact the bootstrap works for nondegenerate U -statistics under reg-
ularity conditions. However, the naive application of the bootstrap does not work for
degenerate U -statistics. See Arcones & Giné (1992).

Another example of estimator for which the bootstrap does not work is a nonsmooth
function of the sample mean. For instance let X1, . . . , Xn be i.i.d. with mean θ and variance
1, and we know a priori that θ ≥ 0. Since θ ≥ 0, a natural estimator is θ̂n = Xn∨0. Consider
Tn =

√
n(θ̂n − θ). The bootstrap version of Tn is T ∗n =

√
n(θ̂∗n − θ̂n) where θ̂∗n = X

∗
n ∨ 0.

We will show that the bootstrap d.f. is not consistent when θ = 0. If θ = 0, then

Tn = max{
√
nXn, 0},

and by the continuous mapping theorem, Tn
w→ Z ∨ 0 for Z ∼ N(0, 1). To show that the

bootstrap d.f. is not consistent, it suffices to verify that T ∗n does not converge weakly to
Z ∨ 0 unconditionally. Since

√
nθ̂∗n = max{

√
n(X

∗
n −Xn) +

√
nXn, 0},
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and (√
n(X

∗
n −Xn)√
nXn

)
w→
(
Z1

Z2

)
∼ N(0, I2)

(exercise), we have
T ∗n

w→ max{Z1 + Z2, 0} − Z2

unconditionally. The distribution of the RHS differs from that of Z∨0 and so the bootstrap
d.f. is not consistent.

4.3 Exercises

1. Let Ĝn be a random d.f. and G be a non-stochastic and continuous d.f. Show that

supt |Ĝn(t)−G(t)| P→ 0 if Ĝn(t)
P→ G(t) for each fixed t.

(Hint). Mimic the proof of Polya’s theorem; see e.g. Lemma 2.11 in van der Vaart
(1998).

2. In Example 4.2, show that

(
√
n(X

∗
n −Xn),

√
n(Xn − θ))T

w→ N

((
0

0

)
,

(
σ2 0
0 σ2

))
unconditionally. Find the unconditional limit distribution of

√
n(X

∗
n − θ).

(Hint). We may assume w.l.o.g. θ = 0 and σ2 = 1. Directly evaluate the joint d.f.

P
{√

n(X
∗
n −Xn) ≤ x,

√
nXn ≤ y

}
= E

[
P|X1:n

{
√
n(X

∗
n −Xn) ≤ x}I{

√
nXn ≤ y}

]
Show that the RHS converges to Φ(x)Φ(y) by using Lemma 4.1 and dominated
convergence theorem.

3. Generalize the bootstrap CLT to Rk. Now, Xi’s are i.i.d. Rk-valued r.v.’s with
covariance matrix Σ, and show that for almost every realization of X1, X2, . . . ,

√
n(X

∗
n −Xn)

w→ N(0,Σ)

conditionally on X1, X2, . . . .

(Hint). Cramér-Wold device but keep in mind that an uncountable union of nullsets
may not be a nullset.

4. (Bootstrap inconsistency for degenerate U -statistics): Let X1, X2, . . . be i.i.d. with
mean zero and unit variance. Consider the U -statistic

Un =
1

n(n− 1)

∑
i 6=j

XiXj .
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We know that nUn
w→ Z2 − 1 =: W for Z ∼ N(0, 1). Suppose we naively apply the

Bootstrap to Un:

U∗n =
1

n(n− 1)

∑
i 6=j

X∗iX
∗
j .

Show that
|P|X1:n

(n(U∗n − Un) ≤ t)− P(W ≤ t)|

does not converge in probability to 0 for a generic point t of R.

(Hint). Find the unconditional weak limit of n(U∗n − Un) and show that it differs
from W . Use the decomposition:

U∗n =
1

n− 1

(n−1/2
n∑
i=1

X∗i

)2

− n−1
n∑
i=1

(X∗i )2


=

1

n− 1

[
{
√
n(X

∗
n −Xn) +

√
nXn}2 − n−1

n∑
i=1

(X∗i )2

]

So

(n− 1)(U∗n − Un) = {
√
n(X

∗
n −Xn) +

√
nXn}2 − {

√
nXn}2 − (Y

∗
n − Y n)

where Yi = X2
i and Y ∗i = (X∗i )2. Find the (unconditional) limiting distribution of

{
√
n(X

∗
n −Xn) +

√
nXn}2 − {

√
nXn}2

and show that Y
∗
n − Y n

P→ 0.
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5 Stochastic Convergence in Metric Spaces

Sections 5 and 6 are a gentle introduction to modern empirical process theory. Compared
with the previous sections, they will include a lot of abstract mathematics. This is in-
evitable because we have to control variables with values in infinite dimensional function
spaces. It is true that the bar to enter empirical process theory is high but the revenue
is also high (or if you don’t know empirical process theory you would miss vast fields of
mathematical statistics, which is too bad). It is difficult to overestimate the importance of
empirical process theory in mathematical statistics. Empirical process theory gives a way
to study large sample properties of M -estimators in general and unified settings. Modern
analysis of infinite dimensional (or “high-dimensional”) statistical models such as nonpara-
metric and semiparametric models relies substantially on empirical process theory. So this
is a good opportunity to learn this extremely useful theory. Enjoy!

Recall that (Ω,A,P) is the underlying probability space.

5.1 Preliminaries

5.1.1 Metric spaces

In this section, we study weak convergence of maps from Ω into a metric space. In general,
for a given set D, a function d : D × D → R+ is a pseudometric or pseudodistance if it
satisfies for any x, y, z ∈ D,

(i) (nonnegativity) d(x, x) = 0;

(ii) (symmetry) d(x, y) = d(y, x);

(iii) (triangle inequality) d(x, z) ≤ d(x, y) + d(y, z).

If in addition d satisfies
d(x, y) = 0⇒ x = y,

then d is a metric or distance.
If D is a (real) vector space, a seminorm ‖ · ‖ : D→ R+ is a function that satisfies for

any α ∈ R, x, y ∈ D,

(i) (nonnegativity) ‖x‖ ≥ 0;

(ii) (homogeneity) ‖αx‖ = |α|‖x‖;

(iii) (triangle inequality) ‖x+ y‖ ≤ ‖x‖+ ‖y‖.

If ‖ · ‖ satisfies
‖x‖ = 0⇒ x = 0,
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then ‖·‖ is a norm. Any seminorm (norm) induces a pseudometric (metric) d(x, y) = ‖x−y‖
and the seminormed (normed) space (D, ‖ ·‖) can be thought of as a pseudometric (metric)
space.

A pseudometric generates a topology and the reader is assumed to be familiar with
basic concepts in topology (e.g., open sets, closed sets, interior, closure, boundary, etc.).
Let (D, d) be a pseudometric space. A sequence {xn}∞n=1 in D is Cauchy if d(xn, xm)→ 0 as
n,m→∞. The space D is complete if any Cauchy sequence in it converges. The space D is
compact if for any collection of open sets {Gi : i ∈ I} (the index set I can be uncountably
infinite) such that D =

⋃
i∈I Gi there exist a finite number of points i1, . . . , in ∈ I such

that D =
⋃n
j=1Gij . The open ball in D with center x and radius r is denoted by

B(x, r) = {y ∈ D : d(x, y) < r}.

The space D is totally bounded if for any ε > 0 there exist a finite number of points
x1, . . . , xn ∈ D (called an ε-net) such that D =

⋃n
i=1B(xi, ε). If D is totally bounded, then

it is separable (exercise). A subset A ⊂ D is complete/compact/totally bounded if (A, d)
is complete/compact/totally bounded, respectively.

In what follows, (D, d) is a metric space. The following theorem gives equivalent con-
ditions for compactness in a metric space. Consult Dudley (2002) Chapter 2 for a proof.

Theorem 5.1. For any A ⊂ D, the following are equivalent.

(i) A is compact.

(ii) A is sequentially compact; any sequence in A has a subsequence that converges to a
point in A.

(iii) A is totally bounded and complete.

Corollary 5.1. For any A ⊂ D, the following are equivalent.

(i) A is relatively compact, i.e., its closure A is compact.

(ii) A is relatively sequentially compact; any sequence in A has a convergent subsequence.

(iii) A is totally bounded and A is complete.

In a complete metric space, relative compactness, relative sequential compactness, and total
boundednsess are all equivalent.

Warning: In Rk equipped with the Euclidean distance, a set is totally bounded (com-
pact) if and only if it is bounded (and closed). This characterization does not carry over
to an infinite dimensional normed space. In fact:

Lemma 5.1. Let (D, ‖ · ‖) be a normed space. Then the closed unit ball {x ∈ D : ‖x‖ ≤ 1}
is compact if and only if the dimension of D is finite.
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Let B(D) be the Borel σ-field on D. A map X : Ω → D is a D-valued r.v. if it is
A/B(D)-measurable, i.e., X−1(B) ∈ A for all B ∈ B(D). It is tight if for any ε > 0 there
exists a compact set K = Kε in D such that P(X /∈ K) ≤ ε. Likewise, a Borel p.m. µ on D
is said to be tight if for any ε > 0 there exists a compact set K = Kε such that µ(Kc) ≤ ε.

Theorem 5.2 (Ulam). If D is complete and separable, then any D-valued r.v. X is tight.

A Banach space is a complete normed space (a Hilbert space is a complete inner product
space). Any r.v. with values in a separable Banach space (measurable relative to the Borel
σ-field) is tight.

Proof. Fix any ε > 0. Let {xj} be a countable dense subset of D. For any i ∈ N, there

exists Ni ∈ N such that P(X ∈
⋃Ni
j=1B(xj , 1/i)) ≥ 1 − ε/2i. Let Gi =

⋃Ni
j=1B(xj , 1/i).

The intersection G =
⋂∞
i=1Gi is totally bounded and such that P(X ∈ G) ≥ 1 − ε. By

completeness of D, K = G is compact and such that P(X ∈ K) ≥ 1− ε.

We discuss two examples of metric spaces that are relevant to empirical process theory.

Example 5.1 (`∞(T )). Let T be a nonempty set and let

`∞(T ) =

{
f : T → R such that ‖f‖T = sup

t∈T
|f(t)| <∞

}
.

The space `∞(T ) is a real vector space and (`∞(T ), ‖ ·‖T ) is complete, i.e., a Banach space.
Unfortunately, the space `∞(T ) is not separable unless T is finite (exercise).

Example 5.2 (Cu(T, d)). Let (T, d) be a totally bounded pseudometric space and let

Cu(T ) = Cu(T, d) = {f : T → R uniformly continuous}.

Any uniformly continuous function on a totally bounded pseudometric space is bounded
(exercise) and the space Cu(T ) is a vector subspace of `∞(T ). Attach the uniform norm
‖ · ‖T to Cu(T ); then Cu(T ) is a Banach space (since Cu(T ) is a closed subset of `∞(T );
recall that a uniform limit of a sequence of uniformly continuous functions is uniformly
continuous). In contrast to `∞(T ), however, (Cu(T ), ‖ · ‖T ) is separable. Separability of
Cu(T ) can be proved by using the Stone-Weierstrass theorem but the proof can be much
more elementary for T = [0, 1].

5.1.2 Stochastic processes

Recall that a stochastic process X = (X(t))t∈T is a collection of r.v.’s, i.e., each X(t) is a
real-valued r.v. For fixed ω ∈ Ω, the function

t 7→ X(t, ω)
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is called a sample-path or path of X. The finite dimensional distributions of X = (X(t))t∈T
are the collection of distributions of the form

L(X(t1), . . . , X(tk))︸ ︷︷ ︸
joint distribution of (X(t1), . . . , X(tk))

.

A process X is Gaussian if the finite dimensional distributions are Gaussian. A version
of X is another stochastic process Y = (Y (t))t∈T that has the same finite dimensional
distributions as X, i.e., for any t1, . . . , tk ∈ T ,

(X(t1), . . . , X(tk))
d
= (Y (t1), . . . , Y (tk)).

Kolmogorov’s extension theorem ensures the existence of a stochastic process for a given
consistent collection of finite dimensional distributions.

Theorem 5.3 (Kolmogorov’s extension theorem). Let T be nonempty. For any tt, . . . , tk ∈
T , let µt1,...,tk be a Borel probability measure on Rk. If the collection {µt1,...,tk : t1, . . . , tk ∈
T, k ∈ N . . . } is consistent in the sense that

• For any distinct t1, . . . , tk ∈ T and any permutation ti1 , . . . , tik of t1, . . . , tk,

µt1,...,tk({(x1, . . . , xk) : (xti1 , . . . , xtik ) ∈ B}) = µti1 ,...,tik (B), ∀B ∈ B(Rk).

• For any distinct t1, . . . , tk, tk+1 ∈ T ,

µt1,...,tk,tk+1
(B × R) = µt1,...,tk(B), ∀B ∈ B(Rk).

Then there exists a stochastic process X = (X(t))t∈T such that for any t1, . . . , tk ∈ T ,

(X(t1), . . . , X(tk)) ∼ µt1,...,tk .

We will prove Kolmogorov’s extension theorem when T = N in Section 5.5.1. The proof
for the general case is an exercise. Billingsley (1995, Section 35) is a lucid introduction
to Kolmogorov’s extension theorem. Dudley (2002) Theorem 12.1.2 covers a more general
version of Kolmogorov’s extension theorem allowing for processes with values in abstract
spaces. Indeed, it is not difficult to extend the above extension theorem to a stochastic
process with values in a standard Borel space (such as a complete separable metric space)
but it is impossible to relax the space to a general measurable space. A counterexample is
given in Wegner (1973).

Warning: No path property (such as continuity) is guaranteed for a stochastic process
constructed from Kolmogorov’s extension theorem. Additional work is needed to construct
a version with a desired path property. Often Kolmogorov’s extension theorem is used as
a first step in this construction. See also Step 1 of the proof of Theorem 5.9 ahead.

A zero-mean Gaussian process corresponds to a symmetric positive semidefinite func-
tion.
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Definition 5.1 (Positive semidefinite function). For a given nonempty set T , a symmetric
function K : T × T → R is said to be positive semidefinite if for any t1, . . . , tk ∈ T , the
k × k matrix (K(ti, tj))1≤i,j≤k is positive semidefinite.

A Gaussian distribution on a finite dimensional Euclidean space is uniquely determined
by specifying the mean vector and the covariance matrix. Hence the finite dimensional
distributions of a Gaussian process X = (X(t))t∈T are uniquely determined by specifying
the mean function t 7→ E[X(t)] and the covariance function

(s, t) 7→ Cov(X(s), X(t)).

The covariance function is symmetric and positive semidefinite. Conversely, we have:

Corollary 5.2. For a given symmetric positive semidefinite function K : T × T → R,
there exists a zero-mean Gaussian process X = (X(t))t∈T whose covariance function is K.

Proof. This is a simple application of Kolmogorov’s extension theorem. The detail is left
as an exercise.

As a little bit of digression, we will discuss a reproducing kernel Hilbert space (RKHS)
attached to a symmetric positive semidefinite function. RKHSs appear in several areas of
statistics and machine learning; see e.g. Giné & Nickl (2016) and Steinwart & Christmann
(2008). For a given symmetric positive semidefinite function K : T × T → R, consider the
set of functions

H0 =

{
f =

k∑
i=1

αiK(ti, ·) : α1, . . . , αk ∈ R, t1, . . . , tk ∈ T, k ∈ N

}
.

This is a real vector space. We attach to H0 the inner product: for f =
∑k

i=1 αiK(ti, ·)
and g =

∑`
j=1 βjK(t′j , ·),

〈f, g〉H =
k∑
i=1

∑̀
j=1

αiβjK(ti, t
′
j).

This definition is independent of the representations of f and g; indeed 〈f, g〉H =
∑k

i=1 αig(t′i).
It is not difficult to see that the map (f, g) 7→ 〈f, g〉H is indeed an inner product on H0.
The inner product satisfies the reproducing formula:

〈f,K(t, ·)〉H = f(t),

which in particular implies that the point evaluation f 7→ f(t) is continuous w.r.t. the
norm ‖ · ‖H =

√
〈·, ·〉H . The space H0 is in general not complete for ‖ · ‖H , and so we

extend H0 to the “closure” of H0. This can be achieved by taking the “completion” of
H0 w.r.t. ‖ · ‖H , but the completion is an abstract metric-topological operation. Instead
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we will use a corresponding zero-mean Gaussian process X = (X(t))t∈T with covariance
function K to explicitly construct this extension. Define

F =

{
k∑
i=1

αiX(ti) : α1, . . . , αk ∈ R, t1, . . . , tk ∈ T, k ∈ N

}

This is a vector subspace of L2(Ω,A,P). For h =
∑k

i=1 αiX(ti), observe that
∑k

i=1 αiK(ti, ·) =
E[hX(·)], and so the map

J :h 7→ E[hX(·)]
F → H0

is linear and onto. In addition, for h1 =
∑k

i=1 αiX(ti) and h2 =
∑`

j=1 βjX(t′j),

E[h1h2] =
∑
i,j

αiβjK(ti, t
′
j) =

〈
k∑
i=1

αiK(ti, ·),
∑̀
j=1

βjK(t′j , ·)

〉
H

= 〈Jh1, Jh2〉H .

Therefore the map J is a linear isometric isomorphism from F onto H0.3 Now let F denote
the closure of F in L2(Ω,A,P). We can extend J to F by Jh = E[hX(·)] for h ∈ F , which
is one-to-one (Jh1 = Jh2 ⇒ h1 = h2) and onto H := J(F ). To see that J is one-to-one,
suppose Jh1 = Jh2; this implies that E[h1h] = E[h2h] for all h ∈ F , and so h1 = h2 as F
is dense in F (by definition). Further, extend the inner product 〈·, ·〉H to H by

〈Jh1, Jh2〉H = E[h1h2].

By construction, the extended map J : F → H is a linear isometric isomorphism, and by
completeness of F , the space H is complete for ‖ · ‖H , i.e., a Hilbert space. Indeed, if Jhn
is Cauchy in H, then ‖hn − hm‖L2 = ‖Jhn − Jhm‖H → 0; so by completeness of F , there
exists h ∈ F such that ‖Jhn − Jh‖H = ‖hn − h‖L2 → 0. Conclude that H is complete for
‖ · ‖H .

Definition 5.2 (RKHS). The RKHS attached to K is the Hilbert space of functions on
T defined by

H = {t 7→ E[hX(t)] : h ∈ F}

with inner product
〈E[h1X(·)],E[h2X(·)]〉H = E[h1h2].

The function K is called the reproducing kernel of H.

3A map ϕ from a metric space (D, d) into another metric space (D′, d′) is an isometry or isometric if
d′(ϕ(x), ϕ(y)) = d(x, y) for all x, y ∈ D. A surjective isometry is called an isometric isomophism.
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By construction, the reproducing formula 〈f,K(t, ·)〉H = f(t) continues to hold for all
f ∈ H, and thus the point evaluation f 7→ f(t) is continuous on H. The following lemma
will be useful to determine RKHSs for given covariance functions.

Lemma 5.2. Let (H ′, 〈·, ·〉H′) be a real Hilbert space of functions on T with the property
that K(t, ·) ∈ H ′ and 〈f,K(t, ·)〉H′ = f(t) for all t ∈ T and f ∈ H ′. Then H ′ coincides
with the RKHS attached to K: (H ′, 〈·, ·〉H′) = (H, 〈·, ·〉H).

Proof. LetH0 be as defined above. If 〈f, g〉H′ = 0 for all g ∈ H0 then f = 0 by the reproduc-
ing formula (pick g = K(t, ·)). This implies that H0 is dense in H ′. Since 〈f, g〉H′ = 〈f, g〉H
for all f, g ∈ H0 and H0 is dense in H and H ′, we conclude that (H ′, 〈·, ·〉H′) = (H, 〈·, ·〉H).
To see this, pick any f ∈ H ′ and fn ∈ H0 such that ‖fn − f‖H′ → 0. Since fn is Cauchy
in H ′ and the norm ‖ · ‖H′ agrees with ‖ · ‖H on H0, fn is Cauchy in H. So we can find
g ∈ H such that ‖fn − g‖H → 0. By the reproducing formula, we have for any t ∈ T ,
f(t) = limn〈fn,K(t, ·)〉H′ = limn〈fn,K(t, ·)〉H = g(t). Conclude that H ′ ⊂ H. Likewise,
we have H ⊂ H ′. By the density argument, we also see that 〈·, ·〉H′ = 〈·, ·〉H .

Example 5.3 (RKHS attached to K(s, t) = s∧t). Consider K(s, t) = s∧t on [0, 1]× [0, 1].
This is the covariance function of a Brownian motion (B(t))t∈[0,1]. We will show the
following4:

Theorem 5.4. The RKHS attached to K(s, t) = s ∧ t is

H =

{
f : f : [0, 1]→ R is absolutely continuous with f(0) = 0 and

∫ 1

0
|f ′(t)|2dt <∞

}
with inner product

〈f, g〉H =

∫ 1

0
f ′(t)g′(t)dt.

The space H is called the (classical) Cameron-Martin space.

Proof. By the preceding lemma, it suffices to show that (H, 〈·, ·〉H) is a Hilbert space with
the property that K(t, ·) ∈ H and 〈f,K(t, ·)〉 = f(t), but this is not difficult to verify.

In general it is nontrivial to verify that a given function K : T × T → R is positive
semidefinite.

Lemma 5.3. (a) If K1 and K2 are symmetric and positive semidefinite, then the pointwise
addition K3 = K1 +K2 and pointwise product K4 = K1K2 are also symmetric and positive
semidefinite.

(b) If K is symmetric and positive semidefinite, then for any function f on T , the
function Kf (s, t) = f(s)K(s, t)f(t) is symmetric and positive semidefinite.

4A function f : [a, b] → R is absolutely continuous if there exists an integrable function g : [a, b] → R
such that f(x) = f(a) +

∫ x
a
g(y)dy for all x ∈ [a, b]. In such a case f is differentiable almost everywhere on

[a, b] and f ′ = g a.e. For instance a Lipschitz continuous function on [a, b] is absolutely continuous.
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Proof. (a) Let X1 and X2 be independent, zero-mean Gaussian processes with covariance
functions K1 and K2, respectively. Then the processes X3(t) = X1(t) +X2(t) and X4(t) =
X1(t)X2(t) have covariance functions K3 and K4, respectively.

(b) Let X be a zero-mean Gaussian process with covariance function K. Then the
process Xf (t) = f(t)X(t) has covariance function Kf .

Example 5.4. The function K1(x, y) = xT y on Rd is symmetric and positive definite (the
corresponding Gaussian process is X(x) = xTZ for Z ∼ N(0, Id)).

Next we will show that K2(x, y) = ex
T y is (symmetric and) positive semidefinite. By

the Taylor expansion,

K2(x, y) =

∞∑
j=0

(xT y)j

j!
.

For each j, the function (x, y) 7→ (xT y)j/j! is positive semidefinite, so is each finite series∑k
j=1(xT y)j/j!. Thus the pointwise limit K2(x, y) = limk

∑k
j=1(xT y)j/j! is also positive

semidefinite.

Another way to construct a positive semidefinite function is to use the Fourier analysis.
Suppose K is of the form

K(x, y) = ϕ(x− y), x, y ∈ Rd,

where ϕ is the Fourier transform of some symmetric, nonnegative, and integrable function
f on Rd, i.e.,

ϕ(x) =

∫
Rd
eitxf(t)dt =

∫
Rd

cos(tx)f(t)dt.

Indeed, K is symmetric, and for any x1, . . . , xk ∈ Rd and α1, . . . , αk ∈ R,

k∑
j,`=1

αjα`K(xj , x`) =

∫
Rd

∣∣∣∣∣∣
k∑
j=1

αje
itxj

∣∣∣∣∣∣
2

f(t)dt ≥ 0.

Thus K is positive semidefinite.

Example 5.5. Consider ϕ(x) =
∏d
j=1 1/(1 + x2

j ) for x = (x1, . . . , xd)
T ∈ Rd. Since

ϕ(x) is the characteristic function of independent Laplace random variables, the function
K(x, y) = ϕ(x− y) is symmetric and positive semidefinite.

5.1.3 `∞- and C-spaces

Both `∞- and C-spaces are fundamental spaces in empirical process theory. Since they are
metric spaces, we equip them with the Borel σ-fields. We shall ask the following question:
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Is a stochastic process with paths in an `∞- or C-space automatically measur-
able as a map into the `∞- or C-space?

The question is nontrivial.
We first consider the Cu(T ) space. As usual, B(Cu(T )) denotes the Borel σ-field on

Cu(T ) (relative to the uniform norm ‖ · ‖T ).

Lemma 5.4. Let (T, d) be a totally bounded pseudometric space. Then any stochastic pro-
cess X = (X(t))t∈T whose paths are uniformly continuous is automatically a tight Cu(T )-
valued r.v. The distribution of X defined on B(Cu(T )) is uniquely determined by the finite
dimensional distributions of X.

Proof. In addition to the Borel σ-field, we consider an alternative σ-field. A cylinder set
in Cu(T ) is a set of the form

{f ∈ Cu(T ) : (f(t1), . . . , f(tk)) ∈ B}

for some t1, . . . , tk ∈ T and B ∈ B(Rk). The cylinder σ-field C is the σ-field generated by
the cylinder sets in Cu(T ). By construction, X is A/C-measurable. Indeed,

X is A/C-measurable

⇔ {(X(t1), . . . , X(tk)) ∈ B} ∈ A ∀B ∈ B(Rk), ∀t1, . . . , tk ∈ T
⇔ each X(t) is A/B-measurable.

We will show that C = B(Cu(T )), which implies that X is A/B(Cu(T ))-measurable, i.e., X
is a Cu(T )-valued r.v. Tightness of X follows from Ulam’s theorem. The last claim follows
from the π-λ theorem (the cylinder sets are a π-system that generates C = B(Cu(T ))).

It remains to prove C = B(Cu(T )). Since the map (coordinate projection)

f 7→ (f(t1), . . . , f(tk)), Cu(T )→ Rk

is continuous, it is B(Cu(T ))/B(Rk)-measurable. Each cylinder set is the inverse image
under a coordinate projection and so B(Cu(T ))-measurable. This shows C ⊂ B(Cu(T )).
To show the converse, let T0 be a countable dense subset of T . For any g ∈ Cu(T ),

{f ∈ Cu(T ) : ‖f − g‖T ≤ ε} =
⋂
t∈T0

{f ∈ Cu(T ) : |f(t)− g(t)| ≤ ε},

so that any closed ball and thus any open ball in Cu(T ) are C-measurable. Since Cu(T ) is
separable, every open set in Cu(T ) can be written as a countable union of open balls and
so is C-measurable. This shows B(Cu(T )) ⊂ C.

Example 5.6 (Wiener measure). Consider a Brownian motion B = (B(t))t∈[0,1] on [0, 1].
Since a continuous function on [0, 1] is automatically uniformly continuous, we drop the
subscript u from Cu([0, 1]). By definition B has paths in C([0, 1]) and so is A/B(C([0, 1]))-
measurable. Its distribution µ = P ◦B−1 is called the Wiener measure.
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We are lucky in the Cu(T ) space. The `∞-space is different. In fact,

A stochastic process X = (X(t))t∈T with paths in `∞(T ) need not be A/
B(`∞(T ))-measurable (i.e., may not be an `∞(T )-valued r.v.).

We have already seen the same problem in the classical empirical process; a counterexample
is now given.

Example 5.7 (Bounded stochastic process need not be measurable as a map into the `∞

space). Let (Ω,A,P) = ([0, 1],B([0, 1])) and let X(t, ω) = I[0,t](ω) = I[ω,1](t) for t ∈ [0, 1].
X = (X(t))t∈T is a stochastic process with bounded paths. Denote by Bs the open ball
in `∞([0, 1]) with center I[s,1] and radius 1/2. Then X(·, ω) ∈ Bs if and only if ω = s, so
that for any subset A of [0, 1], X−1(

⋃
s∈ABs) = {ω : X(·, ω) ∈

⋃
s∈ABs} = A. Therefore,

if A /∈ A, then X−1(
⋃
s∈ABs) /∈ A, but since

⋃
s∈ABs is open in `∞([0, 1]), the map

ω 7→ X(·, ω) is not A/B(`∞([0, 1]))-measurable.

The point is that the cylinder σ-field C′ on `∞(T ) is (in general) strictly smaller than
B(`∞(T )), i.e., C′ ( B(`∞(T )). This implies that A/B(`∞(T ))-measurability is a more
severe requirement than A/C′-measurability. We will come back to processes with bounded
paths in Section 5.3.

5.2 Weak convergence

Let (D, d) be a metric space. In this section, we will discuss weak convergence of maps
Xn : Ω → D. As discussed in the (classical) Donsker theorem, we want to allow Xn to
be non measurable. So we extend the notion of weak convergence to arbitrary maps Xn :
Ω→ D. This requires the outer expectation. For an arbitrary map Y : Ω→ R = [−∞,∞],
the outer expectation is defined by

E∗[Y ] = inf{E[W ] : W ≥ Y,W : Ω→ R measurable and E[W ] exists}.

Likewise, define the outer and lower probabilities as

P∗(A) = inf{P(B) : B ⊃ A,B ∈ A},
P∗(A) = 1− P∗(Ac) = sup{P(B) : B ⊂ A,B ∈ A}.

By definition, P∗(A) ≥ P∗(A). The following definition originates from J. Hoffmann-
Jørgensen.5 Say that a D-valued r.v. X is separable if there exists a separable Borel subset
S of D such that P(X ∈ S) = 1.

5The results of this and next sections and the foundational results on empirical process theory were
mostly developed by Dudley (1966, 1967a, 1978, 1984), Hoffmann-Jørgensen (1984), Giné & Zinn (1984,
1986), Andersen & Dobrić (1987)...
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Definition 5.3 (Weak convergence). Let Xn : Ω→ D be arbitrary maps and let X : Ω→ D
be a separable D-valued r.v. Then Xn converge weakly to X, Xn

w→ X, if limn E∗[g(Xn)] =
E[g(X)] for all g ∈ Cb(D).

Example 5.8. Let xn be a sequence of non-stochastic points in D. We shall verify

d(xn, x)→ 0⇔ xn
w→ x.

There is no measurability question. The ⇒ direction is trivial. For the reverse direction,
for any ε > 0 let gε(y) = max{0, 1 − ε−1d(x, y)} and observe that gε(xn) → gε(x) = 1.
This implies lim supn d(xn, x) ≤ ε, showing d(xn, x)→ 0.

Before discussing the definition, we shall verify that the distribution of the limit variable
is unique, which follows from the following lemma.

Lemma 5.5. Let µ and ν be Borel p.m.’s on D such that
∫
gdµ =

∫
gdν for all g ∈ Cb(D).

Then µ = ν.

Proof. Pick any closed set F ⊂ D and for ε > 0, consider gε(x) = max{1− ε−1d(x, F ), 0}.
Then gε ∈ Cb(D) and gε ↓ IF as ε ↓ 0 and so

µ(F ) = lim
ε↓0

∫
gεdµ = lim

ε↓0

∫
gεdν = ν(F )

by the dominated convergence theorem. Since {F : F ⊂ D closed} is a π-system that
generates B(D), we have µ = ν.

Since Xn need not be measurable, the outer expectation is necessary for g(Xn). On
the other hand, the definition requires the limit variable X : Ω → D to be (i) measurable
and (ii) separable. From the first condition (measurability), there is no need to add a star
to E[g(X)]. The second condition (separability) could be dropped from the definition but
is kept for some (deep) technical reason. Separability of a r.v. is equivalent to tightness if
D is complete.

Lemma 5.6. Let D be complete and X be a D-valued r.v. Then X is separable if and only
if X is tight.

Proof. Exercise. The proof is almost identical to Ulam’s theorem (Theorem 5.2).

The above definition of weak convergence coincides with what we have defined before
whenever Xn are measurable. If Xn are not measurable, however, weak convergence of Xn

is no longer tied with convergence of probability measures (since Xn do not induce Borel
probability measures) and weak convergence depends on the probability space (Ω,A,P) on
which Xn are defined since the outer expectation depends on (Ω,A,P).
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Remark 5.1. We can trivially define weak convergence of Xn to a separable p.m. Say
that a Borel p.m. µ on D is separable if there exists a separable Borel subset S of D such
that µ(S) = 1. We say that Xn converges weakly to µ, Xn

w→ µ, if

lim
n

E∗[g(Xn)] =

∫
gdµ ∀g ∈ Cb(D).

This is equivalent to Xn
w→ X for X ∼ µ.

The following version of the continuous mapping theorem is immediate from the defi-
nition.

Theorem 5.5 (Continuous mapping theorem). Let Xn : Ω → D be arbitrary maps and
g : D→ D′ be continuous where D′ is another metric space. If Xn

w→ X for some separable
D-valued r.v. X, then g(X) is separable in D′ and g(Xn)

w→ g(X).

We are not going into detail on the outer expectation but the reader may find the
following lemma useful.

Lemma 5.7 (Measurable cover). Let Y : Ω → R be any map. Then (i) there exists an
a.s.-unique measurable map Y ∗ : Ω→ R such that Y ∗ ≥ Y and if W : Ω→ R is measurable
and W ≥ Y a.s., then W ≥ Y ∗ a.s. We call Y ∗ the measurable cover of Y . (ii) Provided
that E[Y ∗] exists, we have E∗[Y ] = E[Y ∗]. (iii) For any x ∈ R, P∗(Y > x) = P(Y ∗ > x).

Proof. (i). Let W = {W : Ω→ R,W measurable and W ≥ Y } and let

ϕ(x) =


−1 x = −∞
x

1+|x| −∞ < x <∞
1 x = +∞

.

Choose a sequence Wm ∈ W such that E[ϕ(Wm)] ↓ infW∈W E[ϕ(W )] =: α ≥ −1. Define

Y ∗ = lim
n

min
1≤m≤n

Wm.

Then Y ∗ : Ω→ R is measurable with Y ∗ ≥ Y . We note that

E
[
ϕ

(
min

1≤m≤n
Wm

)]
= E

[
min

1≤m≤n
ϕ(Wm)

]
≤ E[ϕ(Wn)]

and so E[ϕ(Y ∗)] ≤ α by the dominated convergence theorem, but E[ϕ(Y ∗)] ≥ α by the
definition of α. Conclude that E[Y ∗] = α. For any W ∈ W, min{W,W1, . . . ,Wn} ↓W ∧Y ∗
and so E[ϕ(W ∧ Y ∗)] = α = E[ϕ(Y ∗)], which implies that W ≥ Y ∗ a.s. since ϕ is strictly
increasing.
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(ii). If E[Y ∗] exists, by the definition of the outer expectation, we have E∗[Y ] ≤ E[Y ∗],
but by the definition of the measurable cover, the reverse inequality also holds.

(iii). We first note that for any A ⊂ Ω, there exists B ∈ A with B ⊃ A such that
P∗(A) = P(B). Indeed, choose a sequence Bn ∈ A with Bn ⊃ A such that P(Bn) ↓ P∗(A)
and take B =

⋂
nBn.

Next, since {Y > x} ⊂ {Y ∗ > x}, we have P∗(Y > x) ≤ P(Y ∗ > x). To prove the
reverse inequality, pick A ∈ A with A ⊃ {Y > x} such that P∗(Y > x) = P(A). Then
Y ∗ ≤ x a.s. on Ac since otherwise W = Y ∗IA + xIAc would be a measurable map from
Ω into R such that W ≥ Y and W < Y ∗ with positive probability, which violates the
definition of the measurable cover. Thus we have P(Y ∗ > x) ≤ P(A) = P∗(Y > x).

Remark 5.2. If Y ≤W for some measurable W such that E[W+] <∞, then E[Y ∗] exists
and equals E∗[Y ]. For example, if Y is bounded from above, we always have E∗[Y ] = E[Y ∗].

The Portmanteau theorem gives several equivalent conditions for weak convergence.

Theorem 5.6 (Portmanteau theorem). The following are equivalent.

(i) Xn
w→ X.

(ii) limn E∗[g(Xn)] = E[g(X)] for all g ∈ BL(D) = {bounded Lipschitz functions on D}.

(iii) lim supn P∗(Xn ∈ F ) ≤ P(X ∈ F ) for any closed F ⊂ D.

(iv) lim infn P∗(Xn ∈ G) ≥ P(X ∈ G) for any open G ⊂ D.

(v) For any Borel B ⊂ D such that P(X ∈ ∂B) = 0,

lim
n

P∗(Xn ∈ B) = lim
n

P∗(Xn ∈ B) = P(X ∈ B).

Proof. We prove the following directions: (i) ⇒ (ii) ⇒ (iii) ⇔ (iv), (iii) + (iv) ⇒ (v) ⇒
(i). The direction (i) ⇒ (ii) is trivial (Cb(D) ⊃ BL(D)). The equivalence between (iii) and
(iv) follows from taking complements. For (iii) + (iv) ⇒ (v), observe that

lim sup
n

P∗(Xn ∈ A) ≤ lim sup
n

P∗(Xn ∈ A) ≤ P(X ∈ A)

= P(X ∈ A◦) ≤ lim inf
n

P∗(Xn ∈ A◦) ≤ lim inf
n

P∗(Xn ∈ A),

where A and A◦ denote the closure and interior of A, respectively.
(ii)⇒ (iii): Let F ⊂ D be closed and for any ε > 0, let gε(x) = max{0, 1− ε−1d(x, F )}.

Then gε ∈ BL(D) and IF ≤ gε ≤ IF ε] with F ε] = {x ∈ D : d(x, F ) ≤ ε}. Thus we have

lim sup
n

P∗(Xn ∈ F ) ≤ lim
n

E∗[gε(Xn)] = E[gε(X)] ≤ P(X ∈ F ε]).
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Since F is closed, letting ε ↓ 0, we have P(X ∈ F ε]) ↓ P(X ∈ F ).
(v) ⇒ (i): Pick any g ∈ Cb(D). By scaling, we may assume 0 ≤ g ≤ 1. By Fubini’s

theorem,

E∗[g(Xn)] = E[g(Xn)∗] =

∫ 1

0
P(g(Xn)∗ > r)dr =

∫ 1

0
P∗(g(Xn) > r)dr,

E[g(X)] =

∫ 1

0
P(g(X) > r)dr.

Since ∂{g > r} ⊂ {g = r} and the set of r ∈ [0, 1] such that P(g(X) = r) > 0 is at most
countable, P∗(g(Xn) > r)→ P(g(X) > r) for all but countable r ∈ [0, 1] and so∫ 1

0
P∗(g(Xn) > r)dr →

∫ 1

0
P(g(X) > r)dr

by the dominated convergence theorem. This completes the overall proof.

Finally, we extend convergence in probability and almost sure convergence to arbitrary
maps. Let X,Xn : Ω→ D be arbitrary maps.

• (Convergence in outer probability): d(Xn, X)∗
P→ 0.

• (Outer almost sure convergence): d(Xn, X)∗ → 0 a.s.

There are some other versions of “almost sure convergence” to non measurable maps and
some care is needed; see van der Vaart & Wellner (1996) Section 1.9.

The following result should be immediate. Let Xn, Yn : Ω → D be arbitrary maps, X
be a separable D-valued r.v., and c ∈ D be non-stochastic .

(a) d(Xn, X)∗ → 0 a.s. ⇒ d(Xn, X)∗
P→ 0.

(b) d(Xn, X)∗
P→ 0 if and only if for any subsequence n′ there exists a further subsequence

n′′ such that d(Xn′′ , X)∗ → 0 a.s.

(c) d(Xn, X)∗
P→ 0 ⇒ Xn

w→ X.

(d) d(Xn, c)
∗ P→ 0⇔ Xn

w→ c.

(e) Xn
w→ X and d(Xn, Yn)∗

P→ 0 ⇒ Yn
w→ X.

For instance consider to prove (e). Pick any closed set F ⊂ D. Then

P∗(Yn ∈ F ) ≤ P∗(Xn ∈ F ε]) + P(d(Xn, Yn)∗ > ε).

Letting n→∞ and ε ↓ 0, we have lim supn P∗(Yn ∈ F ) ≤ P(X ∈ F ), implying Yn
w→ X.

77



Remark 5.3 (σ-fields on the product space). Let (D, d) and (D′, d′) be metric spaces. The
product space D× D′ may have two σ-fields. The one is the product σ-field B(D)⊗ B(D′)
that is the σ-field generated by the sets {A×B : A ∈ B(D), B ∈ B(D′)}. The other is the
Borel σ-field B(D×D′) induced from the product topology. If D and D′ are separable then
both σ-fields coincide. So, if D is separable and X,Y are D-valued r.v.’s, then d(X,Y ) is a
proper r.v. If D is a separable (real) normed space and X,Y are D-valued r.v.’s, then the
addition X + Y and scalar multiplication αX for any α ∈ R are measurable.

5.3 Sample-bounded stochastic process

In this section, we discuss characterizations of weak convergence of sample-bounded stochas-
tic processes (SBPs). A stochastic process X = (X(t))t∈T is sample-bounded if

sup
t∈T
|X(t, ω)| <∞ ∀ω ∈ Ω.

If X is sample-bounded, it can be thought of as a map from Ω into `∞(T ):

Ω 3 ω 7→ X(·, ω) ∈ `∞(T ).

We start with finding conditions under which X is a tight `∞(T )-valued r.v., which gives
a characterization of a limit process. Since (`∞(T ), ‖ · ‖T ) is complete, any `∞(T )-valued
r.v. is separable if and only if it is tight.

Theorem 5.7. Let X = (X(t))t∈T be an SBP. Then X is a tight `∞(T )-valued r.v. if and
only if there exists a pseudometric d such that (T, d) is totally bounded and X has sample
paths a.s. uniformly d-continuous.6 If X is a tight `∞(T )-valued r.v., then the distribution
of X defined on B(`∞(T )) is uniquely determined by the finite dimensional distributions.

Proof. Suppose first that X is a tight `∞(T )-valued r.v. Let µ be the distribution of X.
By tightness, there exists a sequence of compact sets Kn in `∞(T ) with Kn ↑ K such that
µ(K) = 1. Define dn(s, t) := sup{|f(t)− f(s)| : f ∈ Kn}. We will show that

d(s, t) =
∞∑
n=1

2−n(1 ∧ dn(s, t))

is a desired pseudometric. Let ε > 0. Choose m in such a way that
∑∞

n=m+1 2−n ≤ ε/4
and let {f1, . . . , fr} be an ε/4-net of Km, i.e., for any f ∈ Km, there exists fi such that
‖f−fi‖T ≤ ε/4 (such a net exists by compactness of Km). In addition, {(f1(t), . . . , fr(t)) :
t ∈ T} ⊂ Rr is totally bounded. Hence, there exists a finite set Tε = {tj : 1 ≤ j ≤ N}

6That is, there exists Ω0 ⊂ Ω with P(Ω0) = 1 such that the paths t 7→ X(t, ω) are uniformly d-continuous
for all ω ∈ Ω0.
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such that for any t ∈ T there exists tj with max1≤i≤r |fi(t) − fi(tj)| ≤ ε/4. The set Tε is
an ε-net of (T, d). Indeed, for t ∈ T and tj ∈ Tε as above, we have

dm(t, tj) = sup
f∈Km

|f(t)− f(tj)| ≤ max
1≤i≤r

|fi(t)− fi(tj)|+ ε/2 ≤ 3ε/4,

which implies d(t, tj) ≤
∑m

n=1 2−ndn(t, tj) + ε/4 ≤ ε. This shows that (T, d) is totally
bounded. In addition, any f ∈ K is uniformly d-continuous since f ∈ K implies that
f ∈ Kn for some n and |f(t) − f(s)| ≤ dn(s, t) ≤ 2nd(s, t) whenever d(s, t) ≤ 1. Since
P(X ∈ K) = µ(K) = 1, almost all sample paths of X are uniformly d-continuous.

Conversely, suppose that (T, d) is totally bounded and X has sample paths a.s. uni-
formly continuous. We may assume that all sample paths of X are uniformly continuous.
We know that X is a tight Cu(T )-valued r.v. Since the inclusion map Cu(T ) 3 f 7→ f ∈
`∞(T ) is continuous, X is a tight `∞(T )-valued r.v.

Remarkably, any tight `∞(T )-valued r.v. concentrates on Cu(T, d) for some pseudomet-
ric d such that (T, d) it totally bounded, and vice versa. The conclusion sounds counter-
intuitive but the point is that the construction of the pseudodistance depends on X. For
instance consider a non-stochastic bounded function X = (I[0,1/2](t))t∈[0,1] on T = [0, 1].
Clearly X is A/B(`∞([0, 1]))-measurable (the inverse image under X is ∅ or Ω) and tight (a
singleton is compact). The path of X is not continuous relative to the Euclidean distance
but is continuous relative to the “cheated” pseudometric d(s, t) = |I[0,1/2](s) − I[0,1/2](t)|
(note: d makes [0, 1] compact).

In our application, a limit process is Gaussian. It is possible to know what is d for a
Gaussian process. Indeed, if X is Gaussian, the pseudometric d can be taken to be ρp for
any p ∈ [1,∞), where

ρp(s, t) = (E[|X(t)−X(s)|p])1/p.

A typical choice is p = 2.

Theorem 5.8. Pick any p ∈ [1,∞). A Gaussian process X = (X(t))t∈T is a tight `∞(T )-
valued r.v. if and only if (T, ρp) is totally bounded and X has sample paths a.s. uniformly
ρp-continuous.

The proof can be found in Section 5.5.3.
Before proceeding, we wish to clarify the following: while the distribution of a tight

`∞(T )-valued r.v. is determined by the finite dimensional distributions, weak convergence
of finite dimensional distributions does not imply weak convergence in `∞(T ) (the reverse
direction follows from the continuous mapping theorem since the coordinate projection
f 7→ (f(t1), . . . , f(tk)) is continuous).

Example 5.9 (Finite dimensional convergence does not imply weak convergence in `∞(T )).
Let xn = (xn(t))t∈T ∈ `∞(T ) be non-stochastic. We have shown that xn

w→ x in `∞(T ) if
and only if ‖xn − x‖T → 0 (uniform convergence). On the other hand, finite dimensional
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convergence is equivalent to pointwise convergence, i.e., xn(t) → x(t) for each t. The
reader should be able to come up with an example where pointwise convergence holds but
uniform convergence fails. Takeaway: while finite dimensional convergence can identify the
(possible) limit, it does not ensure weak convergence in `∞(T ) as the latter is a stronger
mode of convergence.

Finally we study characterizations of weak convergence of SBPs that are verifiable in
applications. The following theorem is fundamental.

Theorem 5.9. Let Xn = (Xn(t))t∈T be SBPs. Then the following are equivalent:

(i) There exists a tight `∞(T )-valued r.v. X such that Xn
w→ X.

(ii) For any t1, . . . , tk ∈ T , (Xn(t1), . . . , Xn(tk)) converges weakly, and there exists a
pseudometric d such that (T, d) is totally bounded and for any ε > 0,

lim
δ→0

lim sup
n

P∗
(

sup
d(s,t)<δ

|Xn(t)−Xn(s)| > ε

)
= 0. (*)

If Condition (ii) holds, then the distribution of the limit process X defined on B(`∞(T )) is
uniquely determined by the weak limits of the finite dimensional distributions of Xn.

Condition (*) is referred to as the asymptotic equicontinuity condition (AEC). In appli-
cations, showing convergence of finite dimensional distributions is easy but verification of
the AEC is hard since we have to bound the supremum of (the increment of) the empirical
process. Maximal inequalities give bounds on the supremum of the empirical process and
will be used to verify the AEC.

Proof. (ii) ⇒ (i).
Step 1. We shall prove that there exists a tight `∞(T )-valued r.v. X such that for any

t1, . . . , tk ∈ T ,
(Xn(t1), . . . , Xn(tk))

w→ (X(t1), . . . , X(tk)). (*)

By Kolmogorov’s extension theorem, there exists a stochastic process X = (X(t))t∈T such
that (*) holds. We wish to verify that X has a version that is a tight `∞(T )-valued r.v.
Let T0 be a countable dense subset of T and let Tm be finite such that Tm ↑ T0. by the
Portmanteau theorem,

P
(

max
d(s,t)<δ;s,t∈Tm

|X(t)−X(s)| > ε

)
≤ lim inf

n
P
(

max
d(s,t)<δ;s,t∈Tm

|Xn(t)−Xn(s)| > ε

)
≤ lim inf

n
P

(
sup

d(s,t)<δ;s,t∈T0
|Xn(t)−Xn(s)| > ε

)
.
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Taking m→∞ and using the AEC, we can find δr → 0 as r →∞ such that

P

(
sup

d(s,t)<δr;s,t∈T0
|X(t)−X(s)| > ε

)
≤ 2−r.

By the Borel-Cantelli lemma, X|T0 (the restriction of X to T0) has sample paths a.s. uni-
formly continuous. We may assume that all sample paths of X|T0 are uniformly continuous.
The process X|T0 has a continuous extension to T by uniform continuity on T0 by Lemma
5.8 below, which is a desired version.

Lemma 5.8. Let (T, d) be a pseudometric space and let T0 be a dense subset of T . If
f : T0 → R is uniformly continuous, then there exists a unique uniformly continuous
function f̂ : T → R such that f̂ |T0 = f .

The proof of the lemma is left as an exercise.
Step 2. By total boundedness, for any τ > 0, there exist t1, . . . , tN(τ) such that

T =
⋃N(τ)
i=1 B(ti, τ). Then, for any t ∈ T , there exists πτ (t) ∈ {t1, . . . , tN(τ)} such that

d(πτ (t), t) < τ . Define

Xn,τ (t) = Xn(πτ (t)), Xτ (t) = X(πτ (t)), t ∈ T.

Pick any g ∈ BL(`∞(T )). We may assume |g| ≤ 1 and |g(x)− g(y)| ≤ d(x, y). Then

|E∗[g(Xn)]− E[g(X)]|
≤ |E∗[g(Xn)]− E[g(Xn,τ )]|+ |E[g(Xn,τ )]− E[g(Xτ )]|+ |E[g(Xτ )]− E[g(X)]|
=: In,τ + IIn,τ + IIIτ .

First, since πτ (t) takes only N(τ) values, the finite dimensional convergence implies Xn,τ
w→

Xτ in `∞(T ). Next, since X has uniformly continuous paths, limτ→0 ‖Xτ −X‖T = 0. We
have seen limn IIn,τ = 0 for each fixed τ > 0 and limτ→0 IIIτ = 0. It remains to prove
limτ→0 lim supn In,τ = 0. For any ε > 0,

|E∗[g(Xn)]− E[g(Xn,τ )]| ≤ ε+ 2P∗(‖Xn −Xn,τ‖T > ε).

The second term is approaching zero as n→∞ first and then τ → 0 by the AEC.
(i) ⇒ (ii). Convergence of the finite dimensional distributions follows from continuity

of the coordinate projection `∞(T ) 3 f 7→ (f(t1), . . . , f(tk)) ∈ Rk. Choose a pseudometric
d such that (T, d) is totally bounded and X has sample paths a.s. d-uniformly continuous.
For δ, ε > 0, let Fδ,ε = {f ∈ `∞(T ) : supd(s,t)<δ |f(s)− f(t)| ≥ ε}. The set Fδ,ε is closed in
`∞(T ) and so by the Portmanteau theorem,

lim sup
n

P∗(Xn ∈ Fδ,ε) ≤ P(X ∈ Fδ,ε).

By our choice of d, the RHS = o(1) as δ → 0. This shows the AEC.
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The proof of Theorem 5.9 implies the following corollary.

Corollary 5.3. (a) If Condition (i) holds, then for any pseduometric ρ such that (T, ρ)
is totally bounded and X has sample paths a.s. uniformly ρ-continuous, the AEC (*)
holds with d = ρ.

(b) If Condition (ii) holds, then the limit process X has sample paths a.s. uniformly
d-continuous.

This corollary gives a guidance on which pseudometric we should choose when verifying
the AEC. In our application, X is Gaussian and we know its finite dimensional distributions.
In such a case, d = ρ2 or a similar pseudometric is a natural choice. Conversely, if we know
that the weak convergence Xn

w→ X holds and X is Gaussian, then Part (a) of the corollary
tells us that the AEC (*) holds with d = ρ2. The latter fact is often used in asymptotic
analysis of M -estimators.

Weak convergence in `∞(T ) is “metrizable”. This fact is useful when formulating
consistency of the bootstrap for the empirical process. For a metric space (D, d), let

BL1(D) = {f : D→ R : ‖f‖D ≤ 1, |f(x)− f(y)| ≤ d(x, y) ∀x, y ∈ D}.

For an arbitrary map X : Ω→ D and a separable D-valued r.v. Y : Ω→ D, define

dBL(X,Y ) = dBL(D)(X,Y ) = sup{|E∗[g(X)]− E[g(Y )]| : g ∈ BL1(D)}.

Call dBL(X,Y ) the bounded Lipschitz distance between X and Y . We first verify that the
bounded Lipschitz distance metrizes weak convergence in a separable metric space.

Lemma 5.9. Let (D, d) be a separable metric space and let X,Xn be D-valued r.v.’s. Then
Xn

w→ X if and only if dBL(Xn, X)→ 0.

Proof. The “if” direction follows from the Portmanteau theorem. Assume Xn
w→ X. Call

a Borel subset B of D an X-continuity set if P(X ∈ ∂B) = 0. Pick any ε > 0. We can
choose a partition {Aj}∞j=1 of D consisting of X-continuity sets with diameter at most ε.
To see this, let {xj} be a countable dense subset of D and set A1 to be any X-continuity
ball with center x1 and radius between ε/2 and ε. Next construct Aj inductively. Choose

kj = min{k : xk ∈
⋃j−1
i=1 Ai} and let A′j be an X-continuity ball with center xkj and radius

between ε/2 and ε; then set Aj = A′j \
⋃j−1
i=1 Ai.

Pick any g ∈ BL1(Rk) and let ğ =
∑∞

j=1 g(xj)IAj . By construction, ‖g − ğ‖D ≤ ε.
Conclude that

|E[g(Xn)]− E[g(X)]| ≤ 2ε+ |E[ğ(Xn)]− E[ğ(X)]|

≤ 2ε+
∞∑
j=1

|P(Xn ∈ Aj)− P(X ∈ Aj)| .

The RHS is independent of g and 2ε + o(1) by the Portmanteau theorem and Scheffé’s
theorem.
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Remark 5.4. It is more natural to think of dBL as a metric on the space P(D) of all Borel
probability measures on D if D is separable. Assume that D is separable and define

dBL(µ, ν) = sup

{∣∣∣∣∫ gd(µ− ν)

∣∣∣∣ : g ∈ BL1(D)

}
, µ, ν ∈ P(D),

which is called the bounded Lipschitz metric on P(D). The metric dBL is indeed a metric
on P(D) and metrizes weak convergence, i.e., µn

w→ µ if and only if dBL(µn, µ) → 0 for
µn, µ ∈ P(D). The topology generated by dBL is called the weak topology.

Theorem 5.10. Let Xn = (Xn(t))t∈T be SBPs and let X be a tight `∞(T )-valued r.v.
Then Xn

w→ X if and only if dBL(`∞(T ))(Xn, X)→ 0.

Proof. The “if” direction follows from by the Portmanteau theorem. Assume Xn
w→ X.

Pick any g ∈ BL1(`∞(T )). From Step 2 in the proof of Theorem 5.9,

|E[g∗(Xn)]− E[g(X)]|
≤ |E∗[g(Xn)]− E[g(Xn,τ )]|+ |E[g(Xn,τ )]− E[g(Xτ )]|+ |E[g(Xτ )]− E[g(X)]|.

The second term is bounded by dBL(RN(τ))((Xn(ti))
N(τ)
i=1 , (X(ti))

N(τ)
i=1 ) and the third term is

bounded by E[2∧ ‖Xτ −X‖T ]. For any ε > 0, the first term is bounded by ε+ 2P∗(‖Xn−
Xn,τ‖T > ε). Conclude that

dBL(Xn, X) ≤ ε+ 2P∗(‖Xn −Xn,τ‖T > ε)

+ dBL(RN(τ))((Xn(ti))
N(τ)
i=1 , (X(ti))

N(τ)
i=1 ) + E[2 ∧ ‖Xτ −X‖T ].

Taking n→∞, τ → 0, and then ε→ 0, we have limn dBL(Xn, X) = 0.

Remark 5.5. The conclusion of Theorem 5.10 continues to hold for maps Xn with values
in a general metric space D and a separable D-valued r.v. X; see van der Vaart & Wellner
(1996) p. 73.

5.4 Weak convergence in separable metric space: Prohorov’s theorem

We have mainly discussed weak convergence of non-measurable maps into a non-separable
metric space but skipped standard theory of weak convergence in a separable metric space,
most importantly Prohorov’s theorem. This is because our purpose of the present section
is a preparation for empirical process theory. Still I feel guilty to have entirely skipped
weak convergence theory in a separable metric space and I decided to cover Prohorov’s
theorem in this small section.

In this section, we assume that (D, d) is a separable metric space and consider weak
convergence of Borel probability measures on D. Denote by P(D) the set of all Borel
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probability measures on D. We have already defined the weak topology on P(D), which is
a metric topology metrized by the bounded Lipschitz metric dBL:

dBL(µ, ν) = sup

{∣∣∣∣∫ gd(µ− ν)

∣∣∣∣ : g ∈ BL1(D)

}
, µ, ν ∈ P(D).

Prohorov’s theorem asserts that relative compactness is equivalent to uniform tightness in
P(D). Say that a set Π ⊂ P(D) is uniformly tight if for any ε > 0 there exists a compact
set K = Kε ⊂ D such that µ(Kc) ≤ ε for all µ ∈ Π.

Theorem 5.11 (Prohorov’s theorem). Let (D, d) be separable and let Π ⊂ P(D). Then:

(a) Π is relatively compact (w.r.t. the weak topology) if it is uniformly tight.

(b) If in addition D is complete, then Π is uniformly tight if it is relatively compact.

Since the weak topology on P(D) is a metric topology, relative compactness is equivalent
to relative sequential compactness. A set Π ⊂ P(D) is relatively sequentially compact if
any sequence {µn} ⊂ Π has a weakly convergent subsequence.

Corollary 5.4. Assume that (D, d) is complete and separable. Then a sequence {µn} ⊂
P(D) is weakly convergent if and only if it is uniformly tight and the weakly convergent
subsequences have the common limit.

Proof. The “only if” direction is immediate from Prohorov’s theorem Part (b). We shall
prove the “if” direction. Let µ denote the common limit of the weakly convergent subse-
quences. Pick any subsequence {µnk} of {µn}. The subsequence {µnk} is also uniformly
tight. By Prohorov’s theorem Part (a), there exists a further subsequence {µnk(`)} that

is weakly convergent. By assumption µnk(`)
w→ µ. We have proved: any subsequence of

{µn} has a further subsequence that converges weakly to µ. This implies that µn
w→ µ.

Indeed, for an = dBL(µn, µ), if lim supn an > 0, then we could choose a positive constant ε
and a subsequence ank such that ank ≥ ε for all k, but ank has a further subsequence that
converges to 0 and so a contradiction arises.

We turn to proving Theorem 5.11. In the proof of Theorem 5.11, we will repeatedly
use the following fact.

Lemma 5.10. Let D0 ⊂ D and let B(D0) be the Borel sigma field on D0 w.r.t. the relative
topology on D0 (D0 need not be a measurable subset of D). Then:

(a) B(D0) coincides with the restriction of B(D) to D0: B(D0) = {A ∩ D0 : A ∈ B(D)}.

(b) Let µ ∈ P(D). If µ∗(D0) = 1, then the map µ0 : B(D0)→ [0, 1] defined by

µ0(A ∩ D) = µ(A), A ∈ B(D)

is a well-defined probability measure on B(D0).
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Proof. Exercise.

Proof of Theorem 5.11. Part (a). Assume first that D is compact. Then C(D) = {f : D→
R continuous} is separable relative to the uniform norm and we can choose a countable
subset {fj}∞j=1 ⊂ C(D) in such a way that 0 ≤ fj ≤ 1 for all j and the set of all finite linear
combinations of {fj}∞j=1,

Span{fj}∞j=1 =


k∑
j=1

λjfj : λj ∈ R, j = 1, . . . , k, k ∈ N

 ,

is dense in C(D). For any {µn} ⊂ P(D), there exists a subsequence {µnk} such that finite
limits limk

∫
fmdµnk exist for all m (use the diagonal argument). Since Span{fj}∞j=1 is

dense in C(D), for any f ∈ C(D), a finite limit

lim
k

∫
fdµnk =: L(f)

exists. By construction, L is nonnegative linear functional on C(D) (i.e., f ≥ 0⇒ L(f) ≥ 0)
and by the Riesz representation theorem, there exists a unique finite Borel measure µ on
D such that

L(f) =

∫
fdµ, f ∈ C(D).

The measure µ has total mass 1 (as L(1) = 1) and µnk
w→ µ (k → ∞). This shows that

P(D) is compact if D is compact.
If D need not be compact, then choose a metric d̂ such that d̂ is equivalent to d and

(D, d̂) is totally bounded (see Exercise 5.5.20), and let D be a completion of (D, d̂), which
is compact. Pick any {µn} ⊂ Π and define (cf. Lemma 5.10)

µn(A) = µn(A ∩ D), A ∈ B(D).

By compactness of D, there exists a weakly convergent subsequence {µnk} with µnk
w→ µ in

P(D) for some µ ∈ P(D). The rest is to verify that the restriction of µ to D is a well-defined
probability measure and we need uniform tightness for this part. The difficulty is that D
need not be a Borel subset of D (think of D as a non-Lebesgue measurable dense subset of
[0, 1]; then D = [0, 1] is a completion of D but D /∈ B([0, 1])).

By uniform tightness of Π, there exists a sequence of compact sets K` ⊂ D such that
µnk(K`) ≥ 1− 1/` for all k and `. Each K` is also compact in D and by the Portmanteau
theorem, µ(K`) ≥ lim supk µnk(K`) = lim supk µnk(K`) ≥ 1 − 1/`. So we have µ(K) = 1
with K =

⋃
`K`, which implies µ∗(D) = 1. Now, define µ : B(D)→ [0, 1] by

µ(A ∩ D) = µ(A), A ∈ B(D).
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Since µ∗(D) = 1, µ is a well-defined Borel probability measure on D (cf. Lemma 5.10).
We will show that µnk

w→ µ in P(D). Each f ∈ Cu(D, d̂) extends to a unique continuous

function f on D (cf. Lemma 5.8). Since µnk
w→ µ in P(D) and µnk(K) = µnk(K) = µ(K) =

µ(K) = 1,∫
fdµnk =

∫
fIKdµnk =

∫
fIKdµnk =

∫
fdµnk →

∫
fdµ =

∫
fdµ.

Conclude that µnk → µ in P(D) as desired.
Part (b). We first show that for any sequence of open sets Gn ↑ D and for any ε > 0,

there exists n such that µn(Gn) > 1 − ε ∀µ ∈ Π. If such n did not exist, then for every
n there exists µn ∈ Π such that µn(Gn) ≤ 1 − ε, and by relative compactness of Π,
there exists a subsequence µnk with µnk

w→ µ. However, by the Portmanteau theorem,
µ(Gn) ≤ lim infk µnk(Gn) ≤ 1 − ε for all n, so that µ(D) ≤ 1 − ε, which contradicts the
fact that µ is a probability measure.

Pick any countable dense subset {xm} of D and for each n, k ∈ N, define

Gkn =
n⋃

m=1

B(xm, 1/k).

We note that
⋃∞
n=1G

k
n = D. Thus from the previous paragraph,

∀ε > 0, ∀k ∈ N, ∃nk ∈ N s.t. µ(Gknk) > 1− ε/2k ∀µ ∈ Π.

The set K =
⋂
kG

k
nk

has complement Kc ⊂
⋃
k(G

k
nk

)c and so µ(Kc) ≤ ε for all µ ∈ Π. It
remains to prove that K is compact and we need completeness of D for this part. Since D
is complete and K is a closed subset of D, K is complete. Next, for any k,

K ⊂
n⋃

m=1

B(xm, 2/k),

so that K is totally bounded. This shows that K is compact.

Remark 5.6 (Banach-Alaoglu theorem). For a metric space (D, d) and a Borel p.m. on
D,

Cb(D) 3 f 7→ µ(f) =

∫
fdµ

defines a continuous linear functional on Cb(D), where we equip Cb(D) with the uniform
norm. In this way, µ can be identified with an element of Cb(D)∗ (the dual space of Cb(D)).
From the functional analysis perspective, weak convergence in probability theory is weak-∗
convergence in Cb(D)∗. In general, for a Banach space B with its dual space B∗, let 〈x, x∗〉
denote the action of x∗ ∈ B∗ to x ∈ B. Then for a given sequence {x∗n} ⊂ B∗, x∗n → x∗ in
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the weak-∗ topology if 〈x, x∗n〉 → 〈x, x∗〉 for all x ∈ B. It is then clear that µn
w→ µ if and

only if µn → µ in the weak-∗ topology as elements of Cb(D)∗.
The first half of the proof of Part (a) of Prohorov’s theorem can be deduced from the

(sequential) Banach-Alaoglu theorem, which asserts that the closed unit ball of the dual
space of a separable normed space is sequentially compact in the weak-∗ topology. Indeed, if
D is compact, then C(D) is separable relative to the uniform norm, and since |µ(f)| ≤ ‖f‖D
for all µ ∈ P(D) and f ∈ C(D), P(D) is contained in the closed unit ball of C(D)∗. Since
P(D) is closed as a subset of C(D)∗ in the weak-∗ topology, by the Banach-Alaoglu theorem,
P(D) is sequentially compact in the weak-∗ topology as a subset of C(D)∗. This implies
Part (a) of Prohorov’s theorem when D is compact.

Finally, we will briefly discuss weak convergence in C(K) = {f : K → R continuous}
for a compact metric space (K, e), which is complete and separable for the uniform norm.
From Prohorov’s theorem, a given sequence {µn} ⊂ P(C(K)) is weakly convergent if and
only if (i) {µn} is uniformly tight and (ii) the weakly convergent subsequences have the
common limit. Condition (ii) is implied by the finite dimensional convergence. Next, we
note that since C(K) is complete, we can replace “compact” by “totally bounded” in the
definition of uniform tightness (the closure of a totally bounded set in C(K) is compact).
So to derive a primitive condition for uniform tightness, we need to know what is a totally
bounded set in C(K). The Arzelà-Ascoli theorem gives such a characterization.

Theorem 5.12 (Arzelà-Ascoli). A set F ⊂ C(K) is totally bounded if and only if (i) F
is uniformly bounded at one point, i.e., supf∈F |f(x)| <∞ for some x ∈ K, and (ii) F is
uniformly equicontinuous,

∀ε > 0,∃δ > 0, e(x, y) < δ ⇒ |f(x)− f(y)| < ε ∀f ∈ F.

Proof. See Dudley (2002) Chapter 2.

Remark 5.7. Since C(K) is complete, the following three conditions are equivalent for a
set F ⊂ C(K):

(i) F is relatively compact.

(ii) Any sequence of functions in F has a uniformly convergent subsequence.

(iii) F is totally bounded.

By Prohorov’s theorem and the Arzelà-Ascoli theorem, we can derive a characterization
of uniform tightness for a sequence of Borel p.m.’s on C(K).

Theorem 5.13. A given sequence {µn} ⊂ P(C(K)) is uniformly tight if and only if the
following two conditions are satisfied.
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(i) For some x ∈ K,
lim
α→∞

inf
n
µn ({f : |f(x)| ≤ α}) = 1.

(ii) For any ε > 0,

lim
δ→0

lim sup
n

µn

({
f : sup

e(x,y)<δ
|f(x)− f(y)| > ε

})
= 0.

Condition (ii) is a historical predecessor of the AEC in the `∞-space. Condition (i) is
implied by the finite dimensional convergence. Thus we have:

Corollary 5.5. Let Xn, n ∈ N be a sequence of C(K)-valued r.v.’s Then the following two
conditions are equivalent.

(i) There exists a C(K)-valued r.v. X such that Xn
w→ X.

(ii) For any t1, . . . , tk ∈ K, (Xn(t1), . . . , Xn(tk)) converges weakly, and for any ε > 0,

lim
δ→0

lim sup
n

P

(
sup

e(s,t)<δ
|Xn(t)−Xn(s)| > ε

)
= 0.

Alternatively we can also deduce the conclusion of Corollary 5.5 from Theorem 5.9.

Proof of Theorem 5.13. Let wf (δ) = supe(x,y)<δ |f(x)− f(y)|.
The “only if” part. If {µn} is uniformly tight, then for any η > 0 there exists a totally

bounded Borel set F ⊂ C(K) such that µn(F ) ≥ 1 − η for all n ∈ N. By the Arzelà-
Ascoli theorem, F ⊂ {f : |f(x)| ≤ α} for sufficiently large α, and for any ε > 0 we have
F ⊂ {f : wf (δ) ≤ ε} for sufficiently small δ > 0. Thus we have

inf
n
µn({f : |f(x)| ≤ α}) ≥ inf

n
µn(F ) ≥ 1− η,

lim inf
n

µn({f : wf (δ) ≤ ε}) ≥ inf
n
µ(F ) ≥ 1− η.

The “if” part. We first show that for any fixed ε > 0,

lim
δ↓0

sup
n
µn({f : wf (δ) > ε})︸ ︷︷ ︸

=ψn(δ)

= 0.

For any given η > 0, by Condition (ii), there exist δ1(η) > 0 and n1(η) ∈ N such that
n ≥ n1(η)⇒ ψn(δ(η)) ≤ η. Meanwhile, for fixed n, ψn(δ)→ 0 as δ ↓ 0, and so there exists
δ2(η) > 0 such that δ ≤ δ2(η)⇒ ψn(δ) ≤ η for all n ≤ n1(δ). Thus for δ3(η) = δ1(η)∨δ2(η),
we have δ ≤ δ3(η)⇒ ψn(δ) ≤ η for all n ∈ N. This implies limδ↓0 supn ψn(δ) = 0.
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Next, for any η > 0 and k ∈ N, there exists δk = δk(η) > 0 such that

inf
n
µn({f : wf (δk) ≤ 1/k}) ≥ 1− η/2k+1.

In addition, by Condition (i), for sufficiently large α,

inf
n
µn({f : |f(x)| ≤ α}) ≥ 1− η/2.

Then the set

F = Fη =

(⋂
k

{f : wf (δk) ≤ 1/k}

)⋂
{f : |f(x)| ≤ α}

is totally bounded by the Arzelà-Ascoli theorem, and µn(F ) ≥ 1 − η for all n ∈ N by
construction. This shows that {µn} is uniformly tight.

5.5 Supplements

5.5.1 Kolmogorov’s extension theorem

In this section, we prove Kolmogorov’s extension theorem when T = N. Our proof uses
a regular conditional distribution (r.c.d.). In general, for a given r.v. X with values in a
measurable space (S,S) and a sub σ-field A0 of A, an r.c.d. of X given A0 is a function
µ : Ω× S → [0, 1] such that

(i) For each B ∈ S, the map ω 7→ µ(ω,B) is a version of P(X ∈ B | A0).

(ii) For each ω ∈ Ω, the map B 7→ µ(ω,B) is a probability measure.

See Durrett (2010) Section 5.1.3. An r.c.d. need not exist (there is a counterexample)!
Fortunately, under a mild condition on S (e.g., if S is a complete separable metric space),
then an r.c.d exists. We don’t need this level of generality and prove the existence of an
r.c.d. when (S,S) = (R,B) for completeness.

Lemma 5.11. An r.c.d. exists when (S,S) = (R,B).

Proof. For each q ∈ Q, determine a version of P(X ≤ q | A0). By countability of Q, the
set

Ω0 =
{
ω ∈ Ω : P(X ≤ q | A0)(ω) ≤ P(X ≤ q′ | A0)(ω) ∀q, q′ ∈ Q s.t. q < q′,

sup
q∈Q

P(X ≤ q | A0)(ω) = 1, and inf
q∈Q

P(X ≤ q | A0)(ω) = 0
}

has probability one. For any d.f. G,

F (x | A0)(ω) =

{
infq>x;q∈Q P(X ≤ q | A0)(ω) if ω ∈ Ω0

G(x) otherwise
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is a d.f. as a function of x for each ω. For each ω, let µ(ω, ·) denote the distribution on R
corresponding to d.f. F (· | A0)(ω). The rest is to verify that (ω,B) 7→ µ(ω,B) is an r.c.d.
of X given A0. By construction, for each fixed ω ∈ Ω, the map B 7→ µ(ω,B) is a p.m.
So it suffices to verify that the map ω 7→ µ(ω,B) is a version of P(X ∈ B | A0) for each
B ∈ B. To this end, define

C = {B ∈ B : ω 7→ µ(ω,B) is A0-measurable and µ(ω,B) = P(X ∈ B | A0)(ω) a.s.},
D = {(−∞, x] : x ∈ R}.

By construction, D ⊂ C. In addition, C is a λ-system while D is a π-system that generates
B. Thus by the π-λ theorem, we have C = B. This completes the proof.

Next, let X1, . . . , Xk, Y be r.v.’s (not necessarily independent) and we define an r.c.d.
of Y given X1:k = (X1, . . . , Xk). For a while, assume (Ω,A,P) = (Rk+1,B(Rk+1), ν) with
ν = L(X1:k, Y ) and (X1:k(ω), Y (ω)) = (x1:k, y) for ω = (x1:k, y). Pick an r.c.d. (ω,B) 7→
µ(ω,B) of Y given σ(X1:k). By definition, for each fixed B ∈ B, the map ω 7→ µ(ω,B)
is σ(X1:k)-measurable and so there exists a measurable function x1:k 7→ ν2,1(x1:k, B) such
that µ(ω,B) = ν2,1(X1:k(ω), B) for all ω ∈ Ω. For ν1 = L(X1:k), we have

ν(A×B) = P(X1:k ∈ A, Y ∈ B) = E[P(Y ∈ B | σ(X1:k));X
−1
1:k(A)]

= E[ν2,1(X1:k, B);X−1
1:k(A)] =

∫
X−1

1:k(A)
ν2,1(X1:k, B)dP

=

∫
A
ν2,1(x1:k, B)dν1(x1:k) =

∫
A

∫
B
ν2,1(x1:k, dy)dν1(x1:k).

Using the π-λ theorem, we can extend the above identity to

ν(E) =

∫∫
IE(x1:k, y)ν2,1(x1:k, dy)dν1(x1:k) ∀E ∈ B(Rk+1). (*)

To show this, let E denote the set of E ∈ B(Rk+1) such that (*) holds, and observe that E
is a λ-system that contains the π-system {A×B : A ∈ B(Rk), B ∈ B)}. Since the preceding
π-system generates the product σ-field B(Rk) × B = B(Rk+1), we conclude E = B(Rk+1)
by the π-λ theorem.

The expression (*) will be symbolically denoted as

dν(x1:k, y) = ν2,1(x1:k, dy)dν1(x1:k).

In summary, we have proved:

Theorem 5.14. There exists a map ν2,1 : Rk × B → [0, 1] such that

(i) For each B ∈ B, the map x1:k 7→ ν2,1(x1:k, B) is measurable.
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(ii) For each x1:k ∈ Rk, the map B 7→ ν2,1(x1:k, B) is a probability measure.

(iii) It holds that dν(x1:k, y) = ν2,1(x1:k, dy)dν1(x1:k).

The map ν2,1 is called an r.c.d. of Y given X1:k.

We are now in position to prove Kolmogorov’s extension theorem when T = N.

Theorem 5.15 (Kolmogorov’s extension theorem when T = N). For each n ∈ N, let µn
be a Borel probability measure on Rn. If {µn : n ∈ N} is consistent in the sense that

µn+1(B × R) = µn(B) ∀B ∈ B(Rn),∀n ∈ N,

then there exists a stochastic process (Xt)t∈N such that

(X1, . . . , Xn) ∼ µn

for each n.

Proof. For (ξ1:n, ξn+1) ∼ µn+1, let µn+1,n(x1:n, dxn+1) denote an r.c.d. of ξn+1 given ξ1:n.
The “conditional d.f.” of ξn+1 given ξ1:n is given by

Fn+1(xn+1 | x1:n) = µn+1,n(x1:n, (−∞, xn+1]).

Define the quantile function for Fn+1(· | x1:n) by

F−1
n+1(u | x1:n) = inf{xn+1 : Fn+1(xn+1 | x1:n) ≥ u}.

Generate U1, U2, · · · ∼ U(0, 1) i.i.d. Denote by F1 the d.f. of µ1. Construct recursively

X1 = F−1
1 (U1), Xn+1 = F−1

n+1(Un+1 | X1:n).

We will show that (Xt)t∈N is a desired stochastic process. We know that X1 ∼ µ1. By the
definition of Fn+1, for any fixed x1, . . . , xn ∈ R,

P(F−1
n+1(Un+1 | x1:n) ∈ B) = µn+1,n(x1:n, B), B ∈ B.

Since Un+1 and X1:n are independent, we have for any A ∈ B(Rn) and B ∈ B,

P(X1:n ∈ A,Xn+1 ∈ B) = P(X1:n ∈ A,F−1
n+1(Un+1 | X1:n) ∈ B)

= E[µn+1,n(X1:n, B)I(X1:n ∈ A)].

This implies P(Xn+1 ∈ B | X1:n) = µn+1,n(X1:n, B) a.s. and so µn+1,n(x1:n, dxn+1) is an
r.c.d. of Xn+1 given X1:n. So we have for any E ∈ B(Rn),

P(X1:n ∈ E) =

∫∫
· · ·
∫
IE(x1:n)µn,n−1(x1:n−1, dxn) · · ·µ2,1(x1, dx2)dµ1(x1)︸ ︷︷ ︸

=dµ2(x1,x2)

= · · · =
∫
IE(x1:n)dµn(x1:n) = µn(E).

That is, (X1, . . . , Xn) ∼ µn. This completes the proof.
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The process X = (Xt)t∈N defines a distribution on a σ-field on RN. The appropriate
σ-field is the cylinder σ-field

BN = σ({B × R× R× · · · : B ∈ B(Rn), n ∈ N}),

which makes X A/BN-measurable. As usual, the distribution of X is defined by

µ = P ◦X−1 on BN,

which satisfies
µ(B × R× R× · · · ) = µn(B) ∀B ∈ B(Rn),∀n ∈ N. (*)

By the π-λ theorem, the distribution µ on BN satisfying (*) is unique. Indeed, suppose
two p.m.’s µ and ν on BN satisfy (*). Then the collection {A ∈ BN : µ(A) = ν(A)} is a
λ-system that contains the π-system {B × R × R × · · · : B ∈ B(Rn), n ∈ N}. Since the
preceding π-system generates BN, we conclude that µ = ν by the π-λ theorem. Thus we
have proved:

Corollary 5.6. If {µn : n ∈ N} is consistent, then there exists a unique p.m. µ on BN
such that (*) holds.

The proof of Theorem 5.15 uses the following fact, which is worthwhile to be stated as
a separate lemma.

Lemma 5.12. Let (X1, . . . , Xk) be a Rk-valued r.v. and for j = 1, . . . , k, let Fj(xj | x1:j−1)
denote the conditional d.f. of Xj given X1:j−1 (when j = 1, F1 denotes the marginal d.f.
of X1). Denote by F−1

j (u | x1:j−1) the conditional quantile function of Xj given X1:j−1.
Define recursively

G1(u1) = F−1
1 (u), Gj(u1:j) = F−1

j (uj | G1(u1), . . . , Gj−1(u1:j−1)), j = 2, . . . , k

for u1, . . . , uk ∈ (0, 1). Then for U1, . . . , Uk ∼ U(0, 1) i.i.d., we have

(X1, . . . , Xj , . . . , Xk)
d
= (G1(U1), . . . , Gj(U1:j), . . . , Gk(U1:k)).

In words, any random vector can be generated from independent uniform r.v.’s on (0, 1).
The map

(u1, . . . , uk) 7→ (G1(u1), . . . , Gk(u1:k))

is called the Knothe-Rosenblatt rearrangement from U(0, 1)k to L(X1, . . . , Xk).
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5.5.2 Separability of C-space

This section proves separability of C-spaces. The proof uses completion of a metric space.
An isometry from a metric space (D, d) into another metric space (D′, d′) is a map ϕ :
D→ D′ such that d′(ϕ(x), ϕ(y)) = d(x, y) for any x, y ∈ D. Any isometry is one-to-one. A
surjective isometry is called an isometric isomorphism. Two metric spaces D and D′ are
isometric if there exists an isometric isomorphism between them.

Theorem 5.16 (Completion of metric space). For any metric space (D, d), there exist a
complete metric space (D, d) and an isometry ϕ : D → D such that ϕ(D) is dense in D.
Then D is called a completion of D.

Consult Dudley (2002) Chapter 2 for a proof. Since D and ϕ(D) are isometric, we may
identify D with ϕ(D) and think of D as a subset of D.

Lemma 5.13. Let (T, d) be a totally bounded pseudometric space. Then (Cu(T ), ‖ · ‖T ) is
a separable Banach space.

Proof. Completeness of Cu(T ) is not difficult. To prove separability, we first verify that
we may assume that d is a metric. To see this, define the equivalence relation ∼ on T by
s ∼ t ⇔ d(s, t) = 0 and let [t] = {s ∈ T : s ∼ t} for the equivalence class of t ∈ T . Define
the metric on the quotient space T/ ∼= {[t] : t ∈ T} by d̂([s], [t]) = d(s, t) for s, t ∈ T .
Then d̂ is a well-defined metric on T/ ∼ and T/ ∼ is totally bounded. For each f ∈ Cu(T ),
define f̂([t]) = f(t) for t ∈ T ; then f̂ is well-defined since f(s) = f(t) whenever s ∼ t by
continuity of f and f̂ is uniformly continuous. Since the map Cu(T ) 3 f 7→ f̂ 3 Cu(T/ ∼)
is isometrically isomorphic, separability of Cu(T ) follows from that of Cu(T/ ∼).

Hence we may assume that d is a metric. Suppose first that T is compact. In this
case a continuous function on T is automatically (bounded and) uniformly continuous and
thus we drop the subscript “u” in Cu(T ). Let {tm} be a countable dense subset of T and
consider the map h : T → [0, 1]N defined by

h(t) =

(
d(t, tm)

1 + d(t, tm)

)
m∈N

.

Then h is a homeomorphism from T onto h(T ) where [0, 1]N is equipped with the product
topology ([0, 1]N is a compact metric space; the space [0, 1]N is called the Hilbert cube). So
it suffices to show that C(T ) is separable when T is a closed subset of [0, 1]N. In this case,
the set of finite linear combinations of monomials of the form (x1, x2, . . . ) 7→ xα1

1 · · ·xαnn
with nonnegative integers α1, . . . , αn is dense in C(T ) by the Stone-Weierstrass theorem
(Dudley 2002, Theorem 2.4.11) and so the set of those linear combinations with rational
coefficients is also dense in C(T ), which shows separability of C(T ) when T is compact.

If T is totally bounded, let T be a completion of T ; then T is compact by total bounded-
ness of T . Since C(T ) is separable and the map C(T ) 3 f 7→ f |T ∈ Cu(T ) is isometrically
isomorphic (cf. Lemma 5.8), Cu(T ) is separable.
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5.5.3 Proof of Theorem 5.8

The “only if” part is trivial. Conversely suppose X is a tight `∞(T )-valued r.v. Choose a
pseudometric d such that (T, d) is totally bounded and X has sample paths a.s. uniformly
d-continuous. We may assume that all sample paths of X are uniformly d-continuous.
Let sn and tn be two sequences in T such that d(sn, tn) → 0. By uniform d-continuity of
paths of X, X(tn) −X(sn) → 0. Gaussianity of X implies E[|X(tn) −X(sn)|p] → 0, i.e.,
ρp(sn, tn) → 0. This implies that for any ε > 0 there exists δ > 0 such that d(s, t) < δ ⇒
ρp(s, t) < ε. Thus total boundedness of (T, d) implies that of (T, ρp).

It remains to show that almost all sample paths of X are uniformly ρp-continuous.
Paths of X are uniformly d-continuous by construction and ρp(s, t) = 0 whenever d(s, t) = 0
by the previous paragraph. So we may assume w.l.o.g. that d is a metric; see the first
paragraph in the proof of Lemma 5.13. By completion of (T, d) and continuous extension
of X to the completion, we may further assume that (T, d) is compact and paths of X are
d-continuous. Pick any ω ∈ Ω. If the path t 7→ X(t, ω) is not uniformly ρp-continuous,
then there exist ε > 0 and sequences sn and tn such that ρp(sn, tn) → 0 but |X(sn, ω) −
X(tn, ω)| ≥ ε for all n. Since (T, d) is compact, sn and tn have subsequences sn′ and
tn′ that converge in d to limits s and t, resp. Since the path t 7→ X(t, ω) is uniformly
d-continuous, we have |X(s, ω) − X(t, ω)| = limn′ |X(sn′ , ω) − X(tn′ , ω)| ≥ ε. From the
previous paragraph, we also have ρp(sn′ , s) → 0 and ρp(tn′ , t) → 0, and so ρp(s, t) = 0 by
the triangle inequality. The discussion so far shows

{ω ∈ Ω : t 7→ X(t, ω) is not uniformly ρp-continuous}
⊂ {ω ∈ Ω : ∃s, t ∈ T s.t. ρp(s, t) = 0 but X(s, ω) 6= X(t, ω)} =: N.

It suffices to show that N is a nullset. Take a countable d-dense subset A of {(s, t) ∈
T × T : ρp(s, t) = 0}. Since all sample paths of X are d-continuous, N reduces to

N = {ω ∈ Ω : ∃(s, t) ∈ A s.t. X(s, ω) 6= X(t, ω)}.

By the definition of ρp, for every fixed (s, t) ∈ A, we have X(s, ω) = X(t, ω) for almost all
ω. Conclude that N is a nullset.

5.5.4 Gaussian random variables in Banach spaces

For a Banach space B, a tight B-valued r.v. X is Gaussian if F (X) is Gaussian for
every F ∈ B∗ where B∗ is the dual space of B, i.e., B∗ is the set of all continuous linear
functionals on B. Recall that (`∞(T ), ‖ · ‖T ) is a real Banach space. If X = (X(t))t∈T is a
Gaussian process and at the same time a tight `∞(T )-valued r.v., we may wonder whether
X is Gaussian in the Banach space sense. It turns out that the concepts of Gaussianity in
the Banach space and process senses are equivalent for tight r.v.’s. Hence, we don’t need
to distinguish these two.
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Lemma 5.14. Let X = (X(t))t∈T be a tight `∞(T )-valued r.v. Then X is Gaussian in the
Banach space sense if and only if it is a Gaussian process.

Proof. The “only if” part is trivial. For t ∈ T , the coordinate projection at t is πt :
f 7→ f(t). If X is Gaussian in the Banach space sense, then for any a1, . . . , ak ∈ R and
t1, . . . , tk ∈ T , the map `∞(T ) 3 f 7→

∑k
j=1 ajπtj (f) is a continuous linear functional so

that
∑k

j=1 ajπtj (X) =
∑k

j=1 ajX(tj) is Gaussian. This implies that (X(t1), . . . , X(tk)) is
jointly Gaussian.

Now, we turn to the “if” part. Pick any pseudometric d on T such that (T, d) is totally
bounded and X has sample paths a.s. uniformly d-continuous. As before we may assume
w.l.o.g. that d is a metric (the map f 7→ f̂ used in the proof of Lemma 5.13 is linear
isometric isomorphism). Since P(X ∈ Cu(T )) = 1 and the restriction of each element in
`∞(T )∗ to Cu(T ) is an element of Cu(T )∗, it suffices to show that F (X) is Gaussian for every
F ∈ Cu(T )∗. Let (T , d) be a completion of (T, d). Each f ∈ Cu(T ) extends uniquely to a
continuous function f on T (cf. Lemma 5.8) and the extension f 7→ f is a linear isometric
isomorphism from Cu(T ) onto C(T ) = Cu(T , d). Hence, each F ∈ Cu(T )∗ corresponds to
a unique element F in C(T )∗ by F (f) = F (f) for all f ∈ Cu(T ). Now, since T is compact,
the Riesz representation theorem (Dudley (2002) Theorem 7.4.1) shows that for every
F ∈ Cu(T )∗, there exists a finite signed Borel measure µ on T such that F (f) =

∫
T fdµ for

all f ∈ Cu(T ). By compactness of T , there exist disjoint sets Bm
j , j = 1, . . . , Nm in T with

radius at most 1/m such that T =
⋃Nm
j=1B

m
j , and pick any tmj ∈ Bm

j . Since T is dense in

T , we may assume tmj ∈ T . Define µm =
∑Nm

j=1 a
m
j δtmj with amj = µ(Bm

j ), where δt denotes
the Dirac measure at t. Observe that

F (f) =

∫
T
fdµ = lim

m

∫
T
fdµm = lim

m

Nm∑
j=1

amj f(tmj )

for every f ∈ Cu(T ). Therefore, we have F (X) = limm
∑Nm

j=1 a
m
j X(tmj ) and since the RHS

is a limit of Gaussian r.v.’s, F (X) is Gaussian.

5.5.5 Radon measure

Tight p.m.’s are sometimes called Radon. We will clarify the relation (indeed equivalence)
between tight and Radon measures.

Let (D, d) be a metric space and denote by B(D) the Borel σ-field on D. Let µ be a
(not necessarily probability) measure on B(D).

Definition 5.4. Let A ∈ B(D).

• Say that µ is outer regular on A if

µ(A) = inf{µ(U) : U ⊃ A, U : open}.
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• Say that µ is inner regular on A if

µ(A) = sup{µ(K) : K ⊂ A, K : compact}.

If µ is inner regular (outer regular) on every A ∈ B(D), then µ is said to be inner regular
(outer regular, resp.). The measure µ is said to be regular if µ is inner and outer regular.
Say that µ is Radon if µ is locally finite (i.e., every point in D has an open neighborhood
whose µ-measure is finite) and inner regular. When µ is finite, say that µ is tight if µ is
inner regular on D.

Remark 5.8. The definition of a Radon measure is bit shaky. I follow here the definition
given in Bogachev (2007) p.154.

Remark 5.9. If D is locally compact, then µ is locally finite if and only if µ(K) <∞ for
any compact set K in D.

From these definitions, it is clear that when µ is finite,

regular⇒ Radon⇒ tight,

but they are indeed equivalent.

Theorem 5.17. If µ is finite, then µ is outer regular. If in addition µ is tight, then µ is
regular.

Proof. Let C = {A ∈ B(D) : µ is outer regular on A and Ac}. If A is open, then µ is
outer regular on A, and if we define Un = {x : d(x,Ac) < 1/n}, then Un is open with
Un ↓ Ac. This implies µ(Ac) = limn µ(Un) so µ is outer regular on Ac. Conclude that
{open sets} ⊂ C. It remains to show that C is a σ-field. It is trivial to verify that D ∈ C
and A ∈ C ⇒ Ac ∈ C. Suppose An ∈ C, n = 1, 2, . . . and let A =

⋃∞
n=1An. For given ε > 0

and n = 1, 2, . . . , choose an open set Un ⊂ An such that µ(Un \ An) ≤ ε/2n. If we set
U =

⋃∞
n=1 Un, then U \ A ⊂

⋃∞
n=1(Un \ An) so µ(U \ A) ≤ ε. This implies that µ is outer

regular on A. Likewise, µ is outer regular on Ac and so A ∈ C. Therefore we have proved
C = B(D).

Next, suppose µ is tight. Then for given ε > 0, there exists a compact set K such
that µ(Kc) ≤ ε. Pick any A ∈ B(D). Since µ is outer regular on Ac, there exists an
open set U ⊃ Ac such that µ(U \ Ac) ≤ ε. Set F = U c and observe that F ⊂ A and
A\F = A∩F c = A∩U = U \Ac, and so µ(A\F ) ≤ ε. Now the set L = K ∩F is compact
and such that µ(A\L) = µ((A∩Kc)∪ (A∩F c)) ≤ µ(Kc) +µ(A\F ) ≤ 2ε. This completes
the proof.
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5.6 Exercises

1. Read Dudley (2002) Chapter 2 if you are not familiar with metric spaces.

2. A pseudometric space can be identified with a metric space by the quotient map, but
there is still some subtlety in a pseudometric space. For instance: (van der Vaart
1998, p.255) states “A subset of a complete semimetric space is compact if and only
if it is totally bounded and closed” (semimetric = pseudometric). Can you give a
counterexample?

3. For any continuous function f : D → R on a metric space (D, d) and r > 0, verify
that ∂{x : f(x) < r} ⊂ {x : f(x) = r} but the inclusion can be strict, i.e., ∂{x :
f(x) < r} ( {x : f(x) = r}. Keep in mind that ∂B(x, r) can be strictly smaller than
{y : d(y, x) = r}.

4. Show that a totally bounded pseudometric space is separable.

5. Completeness is a concept that depends on a (pseudo)metric. Give an example of a
pair of two metrics d, d′ on a set T that generate the same topology and such that T
is complete for d but not for d′.

6. (`∞(T ), ‖ · ‖T )

(a) Show that `∞(T ) is a Banach space.

(Hint). Let {fn}∞n=1 be a Cauchy sequence in `∞(T ): ‖fn − fm‖T → 0 as
n,m→∞. For any fixed x ∈ R, {fn(x)}∞n=1 is Cauchy in R and so a finite limit
f(x) = limn fn(x) exists. Show that ‖fn − f‖T → 0.

(b) Show that `∞(T ) is not separable unless T is finite.

7. (Cu(T ), ‖ · ‖T )

(a) Show that any uniformly continuous function on a totally bounded pseudometric
space is bounded.

(b) Show that Cu(T ) is separable when T = [0, 1] and d = Euclidean distance
by explicitly constructing a countable dense subset and without using Stone-
Weierstrass.

(c) Even if T is totally bounded, Cb(T ) (the space of all bounded continuous func-
tions on T ) need not be separable for the uniform norm ‖ ·‖T . Give an example.

8. Show that the Borel σ-field on a metric space (D, d) coincides with the smallest σ-field
on D for which all bounded continuous functions D→ R are measurable.

9. Let X1, X2, · · · ∼ N(0, 1) i.i.d. Let H be a Hilbert space with complete orthonormal
set {ej}. Let X =

∑
j Xjej/j (that converges in H a.s.). Find for each ε > 0 a

compact set K ⊂ H such that P(X /∈ K) ≤ ε.
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10. (Proof of Kolmogorov’s extension theorem in the general case) Assume the conclusion
of Kolmogorov’s extension theorem when T = N (read Section 5.5.1). Let RT denote
the set of all real functions on T . A cylinder set in RT is a set of the form

{x ∈ RT : (x(t1), . . . , x(tk)) ∈ B}

for some t1, . . . , tk ∈ T and B ∈ B(Rk). The σ-field BT generated by the cylinder sets
in RT is called the cylinder σ-field on RT . Any stochastic process X = (X(t))t∈T is
A/BT -measurable. Assume the condition of Theorem 5.3. Show the following.

(a) For each countable S = {t1, t2, . . . } ⊂ T ,

BS =
{
{x ∈ RT : (x(t1), x(t2), . . . ) ∈ B} : B ∈ BN

}
is a σ-field and BN =

⋃
S⊂T

S: countable
BS .

(b) Pick any countable subset S of T . There exists a unique probability measure
µS on (RT ,BS) such that for any distinct t1, . . . , tk ∈ S,

µS({x ∈ RT : (x(t1), . . . , x(tk)) ∈ B}) = µt1,...,tk(B), ∀B ∈ B(Rk).

(c) Define the map µ : BT → [0, 1] by

µ(A) = µS(A) if A ∈ BS for some countable S ⊂ T.

The map µ is a well-defined probability measure on (RT ,BT ) such that

µ({x ∈ RT : (x(t1), . . . , x(tk)) ∈ B}) = µt1,...,tk(B)

∀B ∈ B(Rk) and for any distinct t1, . . . , tk ∈ T .
(*)

The measure µ with property (*) is unique.

Now, on the probability space (Ω,A,P) = (RT ,BT , µ), define

X(t, ω) = x(t) for ω = (x(t))t∈T ∈ Ω = RT .

Conclude that X = (X(t))t∈T ∼ µ is a desired stochastic process.

11. Let C([0, 1]) denote the set of continuous real functions on [0, 1]. Show that C([0, 1]) /∈
B[0,1].

12. Prove Corollary 5.2.

13. Fill the detail of the proof of Theorem 5.4.
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14. Find the RKHS attached to K(s, t) = s ∧ t − st on [0, 1] × [0, 1] (the covariance
function of a standard Brownian bridge).

15. Show that the following functions on Rd ×Rd are (symmetric and) positive semidef-
inite.

(a) (Polynomial) K(x, y) = (xT y + 1)m for some positive integer m.

(b) (Gaussian RBF) K(x, y) = e−‖x−y‖
2/(2σ2) for some σ > 0.

(c) (Laplace) K(x, y) = e−‖x−y‖1/σ for some σ > 0 where ‖x‖1 =
∑d

j=1 |xj | for

x = (x1, . . . , xd)
T .

16. Prove Lemma 5.6.

17. Let (D, d) and (D′, d′) be metric spaces. The product space D × D′ may have two
σ-fields. The one is the product σ-field B(D)⊗B(D′) that is the σ-field generated by
the sets {A × B : A ∈ B(D), B ∈ B(D′)}. The other is the Borel σ-field B(D × D′)
induced from the product topology. Show that if D and D′ are separable then both
σ-fields coincide.

18. (a) Prove Lemma 5.8.

(b) Give an example of a function f that is continuous (but not uniformly continu-
ous) on a dense subset of [0, 1] but does not extend to a continuous function on
[0, 1].

19. (Measurability of M -estimators) While we have extended stochastic convergence
to non measurable maps, we feel safer if our estimator is measurable. There is a
deep mathematical result called “measurable selection theorem” that guarantees the
existence of a measurable estimator in a very general M -estimation setting; consult
Dudley (1999) Chapter 5. Here we focus on a rather simple setting that does not
require such a deep result. Let Θ be a compact set in Rd and let F : S × Θ → R
be a function such that F (x, θ) is measurable in x and continuous in θ. Show that
there exists a measurable map θ̂ : S → Θ such that F (x, θ̂(x)) = minθ∈Θ F (x, θ) for
all x ∈ S.

Jenrich (1969).

20. (a) The product topology in [0, 1]N is metrizable by the metric (no need to show
this):

e(x, y) =
∞∑
j=1

|xj − yj |
2j

, x = (xj)
∞
j=1, y = (yj)

∞
j=1 ∈ [0, 1]N.

Show that [0, 1]N is compact for e (without using Tychonoff’s theorem).
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(b) For any separable metric space (T, d), there exists another metric d̂ such that
d̂ is equivalent to d (i.e., they generate the same topology7) and T is totally
bounded for d̂.

(Hint). Consider the map h : T → [0, 1]N appearing in the proof of Lemma 5.13
and set d̂(s, t) = e(h(s), h(t)).

Remark 5.10. We have discussed the bounded Lipschitz metric dBL on the space
of all Borel probability measures on a separable metric space and call the topology
generated from dBL the weak topology. There are other equivalent metrics that are
convenient for specific problems. The next question is concerned with such a metric.

21. Let (D, d) be a separable metric space and let P(D) denote the set of all Borel
probability measures on D. From the previous problem, there exists a metric d̂ such
that d̂ is equivalent to d and D is totally bounded for d̂. The set BL1(D, d̂) = {f :
D→ R : |f | ≤ 1, |f(x)− f(y)| ≤ d̂(x, y) ∀x, y ∈ D} is separable for the uniform norm
(as BL1(D, d̂) ⊂ Cu(D, d̂)) and choose a countable dense subset {gj}. Define

ρ(µ, ν) =
∞∑
j=1

1

2j

∣∣∣∣∫ gjd(µ− ν)

∣∣∣∣ , µ, ν ∈ P(D).

(a) Show that ρ is a metric on P(D) that metrizes weak convergence, i.e., for any
µ, µn ∈ P(D),

µn
w→ µ⇔ ρ(µn, µ)→ 0.

(b) (Varadarajan’s theorem) Pick any P ∈ P(D) and let X1, . . . , Xn ∼ P i.i.d. The
empirical distribution Pn is defined by

Pn(B,ω) =
1

n

n∑
i=1

δXi(ω)(B), B ∈ B(D),

where δx is the Dirac measure at x. Show that there exists Ω0 ⊂ Ω with
P(Ω0) = 1 such that for all ω ∈ Ω0, Pn(·, ω)

w→ P .

(c) Show that P(D) is separable for the weak topology.

(Hint).

(a) By the definition,

lim
n
ρ(µn, µ) = 0⇔ lim

n

∫
gjdµn =

∫
gjdµ ∀j.

7Equivalently, for any t, tn ∈ T , d(tn, t)→ 0 if and only if d̂(tn, t)→ 0.
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So the direction “µn
w→ µ ⇒ limn ρ(µn, µ) = 0” is trivial (why?). Suppose

limn ρ(µn, µ) = 0 and we want to show that µn
w→ µ. Pick any g ∈ BL(D, d̂). It

suffice to show that limn

∫
gdµn =

∫
gdµ. By scaling, we may assume w.l.o.g.

that g ∈ BL1(D, d̂) (why?). Then approximate g by some gj .

(b) Choose Ω0 = {ω ∈ Ω : limn

∫
gjdPn =

∫
gjdP ∀j} (recall that Pn depends on

ω). Verify that P(Ω0) = 1 (hint:
∫
gjdPn = n−1

∑n
i=1 gj(Xi)).

(c) Use the result of Part (b).

We can think of random variables with values in P(D) and such random variables are
called “random (probability) measures”. Random measures appear in several fields
of statistics; e.g. Dirichlet process priors. The next question is concerned with the
Borel σ-field on P(D).

22. Assume that D is a separable metric space and (as usual) let B(P(D)) denote the Borel
σ-field on P(D) relative to the weak topology. For A ∈ B(D), define the projection
πA : P(D)→ [0, 1] by πA(µ) = µ(A). Show that B(P(D)) coincides with the smallest
σ-field for which all projections πA, A ∈ B(D) are measurable. Conclude that a map
Q : ω 7→ Q(·, ω),Ω → P(D) is A/B(P(D))-measurable if and only if ω 7→ Q(A,ω) is
a r.v. for each A ∈ B(D).

23. Read the proof of Theorem 5.8 and prove the following. Let ϕ(x) = x/(1 + |x|). If
X is a tight `∞(T )-valued r.v., then T is totally bounded for d(s, t) = E[|ϕ(X(t))−
ϕ(X(s))|] and X has sample paths a.s. uniformly d-continuous.

24. (a) Prove Lemma 5.10.

(b) Ulam’s theorem does not hold if we drop completeness from D. From mea-
sure theory, there exists a non-Lebesgue measurable subset D of [0, 1] such that
λ∗(D) = 0 and λ∗(D) = 1, where λ∗ and λ∗ denote the inner and outer measures
for the Lebesgue measure λ, resp. Equip D with the Euclidean metric. D is not
complete. Define a Borel probability measure µ on D by

µ(A ∩ D) = λ(A), A ∈ B([0, 1]).

Show that µ is not tight.

25. In Proholov’s theorem, even if D is not separable, any uniformly tight sequence of
p.m.’s {µn} ⊂ P(D) has a weakly convergent subsequence. Show this.

26. (a) Let (D, d) be a metric space and let D0 ⊂ D. Equip D0 with the same metric d.
Let Xn : Ω → D be arbitrary maps with values in D0 (i.e., Xn(ω) ∈ D0 for all
ω ∈ Ω), and let X : Ω → D be a measurable map with values in D0. Assume
that X is separable. Then Xn

w→ X in D0 if and only if Xn
w→ X in D.
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(b) Prove Corollary 5.5 by using Theorem 5.9 and the preceding question.

27. Weak convergence and uniform tightness can be trivially generalized to Borel p.m.’s
on a (not necessarily metrizable) topological space. In general the Borel σ-field on a
topological space is the σ-field generated by the open sets. Let H be a real separable
Hilbert space with complete orthonormal system {xj}∞j=1. If we equip H with the
weak topology instead of the norm topology, then the p.m.’s

µn = n−3
n3∑
j=1

δnxj , n ∈ N

are not uniformly tight, but µn
w→ δ0. Show this.

Topsøe (1974).
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6 Empirical Process Theory

In this section we consider the general empirical process indexed by a function class.
Let X1, X2, . . . be i.i.d. r.v.’s taking values in a measurable space (S,S) with com-
mon distribution P and let F be a class of measurable functions f : S → R such that
P |f | =

∫
|f |dP <∞ for all f ∈ F . The empirical process indexed by F is defined by

f 7→ Gnf =
1√
n

n∑
i=1

{f(Xi)− Pf}.

The classical empirical process corresponds to F = {I(−∞,t] : t ∈ R}. We assume that there
exists a measurable envelope F : S → R+ such that F (x) ≥ supf∈F |f(x)| for all x ∈ S.
We also assume PF <∞ at least. Then, the empirical process (Gnf)f∈F can be thought
of a map from Ω into `∞(F).

Example 6.1 (Envelope functions). For F = {I(−∞,t] : t ∈ R}, F = 1 is an envelope
function. For F = {x 7→ xI(x ≤ t) : t ∈ R}, F (x) = |x| is an envelope function. In general,
the minimum envelope is given by F = supf∈F |f | (as long as it is finite and measurable),
but any nonnegative function that is majorizing the minimum envelope function does the
job.

The goals of the present section are the following (ignoring measurability).

• The first goal is to derive bounds on

E[‖Gnf‖F ] = E

[
sup
f∈F
|Gnf |

]
Such inequalities are called maximal inequalities. Maximal inequalities are of funda-
mental importance beyond application to limit theorems. They are used to establish
rates of reminder terms in parametric or semiparametric M -estimators and derive
rates of convergence of M - and nonparametric estimators. We will focus on maximal
inequalities based on the chaining method. The maximal inequalities are essentially
controlled by the complexity of the indexing class called “metric entropy” (logarithm
of the covering number).

• The second goal is to find conditions under which the Uniform Law of Large Numbers
(ULLN) holds

‖Pnf − Pf‖F = sup
f∈F
|Pnf − Pf | → 0 a.s.,

where Pn denotes the empirical distribution w.r.t. X1, . . . , Xn, i.e.,

Pnf =
1

n

n∑
i=1

f(Xi).
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• The third goal is to find conditions under which the Uniform Central Limit Theorem
(UCLT) holds

(Gnf)f∈F
w→ GP in `∞(F)

for some limit process GP = (GP f)f∈F .

• The last goal is to derive bounds on covering numbers for F . Specifically, we will
discuss VC subgraph and type classes.

To avoid measurability problems, we assumethat F is countable or pointwise measur-
able. The following definition is taken from van der Vaart & Wellner (1996).

Definition 6.1 (Pointwise measurability). A function class F is pointwise measurable
(PM) if there exists a countable subclass G ⊂ F such that for any f ∈ F there exists a
sequence gm ∈ G with gm → f pointwise.

If F is PM and PF < ∞, then {f − Pf : f ∈ F} is PM as well (by the dominated
convergence theorem) and

‖Pnf − Pf‖F = ‖Pnf − Pf‖G .

The RHS is the supremum on a countable set and so is a proper r.v. In effect, when studying
maximal inequalities for the empirical process, we may assume that F is countable, which
makes our lives much simple.

Remark 6.1 (PM condition). The main reason to assume the pointwise measurability
is to ensure Fubini’s theorem when using the symmetrization inequality. In fact, it is
known that Fubini’s theorem does not hold for the outer expectation. Consult van der
Vaart & Wellner (1996) Chapter 2.3 for details. The same chapter discusses alternative
measurability conditions on the function class.

Remark 6.2 (Notation). The following notation is used. For a probability measure Q on
(S,S),

Qf =

∫
fdQ.

Let ‖ · ‖Q,r denote the Lr(Q)-norm: ‖f‖rQ,r = Q|f |r. We write . if the LHS is bounded by
the RHS up to a universal constant.

6.1 Maximal inequalities

The purpose of this section is to derive maximal inequalities for the empirical process. We
first consider the following simple problem: suppose that we have arbitrary r.v.’s ξ1, . . . , ξN
(not necessarily independent). Then we are interesting in bounding E[max1≤i≤N |ξi|]:

E
[

max
1≤i≤N

|ξi|
]
≤ (something).
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For instance if ξi have finite p-th moments, then

E
[

max
1≤i≤N

|ξi|
]
≤
(
E
[

max
1≤i≤N

|ξi|p
])1/p

≤

(
E

[
N∑
i=1

|ξi|p
])1/p

=

(
N∑
i=1

E[|ξi|p]

)1/p

≤ N1/p max
1≤i≤N

‖ξi‖Lp .

So as long as max1≤i≤N ‖ξi‖Lp is bounded in N , the size of max1≤i≤N |ξi| is O(N1/p).
The preceding argument is bounding max by sum, which is arguably crude. Somewhat
surprisingly, however, the preceding bound is almost sharp.

Example 6.2. Let ξ1, . . . , ξN be i.i.d. with P(ξi = N) = 1/N and P(ξi = 0) = 0. Then
max1≤i≤N ξi is N with probability 1− (1− 1/N)N , and so

E
[

max
1≤i≤N

ξi

]
= N

(
1− (1− 1/N)N

)
≈ N(1− e−1).

On the other hand, since E[ξi] = 1, the preceding bound yields E [max1≤i≤N ξi] ≤ N whose
rate matches with the exact rate.

We are interested here in extending the preceding maximal inequality to the more
general class than Lp, e.g., the class of r.v.’s having Gaussian-like tails (such r.v.’s will be
called sub-Gaussian). To this end, we will define the Orlicz norm.

Definition 6.2 (Young modulus and Orlicz norm). A strictly increasing convex function
ψ : R+ → R+ with ψ(0) = 0 is called a Young modulus. The associated Orlicz norm of a
r.v. ξ is defined by

‖ξ‖ψ = inf{C > 0 : E[ψ(|ξ|/C)] ≤ 1}.

The following are some remarks on the Orlicz norm.

• We note that the map C 7→ E[ψ(|ξ|/C)] is nonincreasing in C, and the inf is attained
in the definition of the Orlicz norm: E[ψ(|ξ|/‖ξ‖ψ)] ≤ 1. This follows from the
monotone convergence theorem. The Orlicz norm can be often found by solving the
equation

E[ψ(|ξ|/C)] = 1

w.r.t. C.
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• The Orlicz norm is a norm on the space Lψ of all r.v.’s ξ with ‖ξ‖ψ <∞ modulo a.s.
equivalence (exercise).

• If ψ(x) = xp for some p ∈ [1,∞), then the Orlicz norm coincides with the Lp-norm:

‖ξ‖ψ = ‖ξ‖Lp = (E[|ξ|p])1/p.

Next we define a sub-Gaussian r.v.

Definition 6.3 (Sub-Gaussian r.v.). Let ψ2(x) = ex
2 − 1. A r.v. ξ with ‖ξ‖ψ2 < ∞ is

called sub-Gaussian.

We note that
‖ξ‖ψ2 = inf{C > 0 : E[eξ

2/C2
] ≤ 2}.

Example 6.3. (Sub-Gaussian r.v.’s)

• A Gaussian r.v. is sub-Gaussian! In fact ‖N(0, 1)‖ψ2 =
√

8/3.

• If ξ is bounded |ξ| ≤ C a.s. then ‖ξ‖ψ2 ≤ C/
√

log 2.

By the Taylor expansion, we can show

‖ξ‖Lp ≤ (dp/2e!)
1

2dp/2e ‖ξ‖ψ2 ≤
√
dp/2e‖ξ‖ψ2 .

If C = ‖ξ‖ψ2 <∞, then

P(|ξ| > x) = P(e(ξ/C)2 > e(x/C)2) ≤ e−(x/C)2E[e(ξ/C)2 ] = 2e−(x/C)2 ,

namely, |ξ| has a Gaussian tail. Conversely, we have:

Lemma 6.1. If P(|ξ| > x) ≤ Ke−Cx
2

for x > 0 for some constants K and C, then
‖ξ‖ψ2 ≤ ((1 +K)/C)1/2.

Proof. By Fubini’s theorem,

E[eDξ
2 − 1] = E

[∫ |ξ|2
0

DeDsds

]
=

∫ ∞
0

P(|ξ| > s1/2)DeDsds

≤ KD
∫ ∞

0
e−(C−D)sds =

KD

C −D
.

Solving KD
C−D = 1 yields D = C

1+K . By definition, ‖ξ‖ψ2 ≤ (1/D)1/2.

The following theorem is fundamental.
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Theorem 6.1. Let ψ be a Young modulus. For arbitrary r.v.’s ξ1, . . . , ξN , we have

E
[

max
1≤i≤N

|ξi|
]
≤ ψ−1(N) max

1≤i≤N
‖ξi‖ψ.

Proof. By Jensen’s inequality,

E
[
max
i
|ξi|/C

]
≤ ψ−1

(
E
[
max
i
ψ(|ξi|/C)

])
≤ ψ−1

(∑
i

E [ψ(|ξi|/C|)]

)
.

Choosing C = maxi ‖ξi‖ψ, we have

E
[
max
i
|ξi|/C

]
≤ ψ−1(N).

This completes the proof.

The following corollary is immediate.

Corollary 6.1.

E
[

max
1≤i≤N

|ξi|
]
≤
√

log(1 +N) max
1≤i≤N

‖ξi‖ψ2 .

For p ∈ (0,∞), define ψp(x) = ex
p − 1. For p ∈ [1,∞), ψp is a Young modulus and so

E
[

max
1≤i≤N

|ξi|
]
≤ (log(1 +N))1/p max

1≤i≤N
‖ξi‖ψp .

For p ∈ (0, 1), ψp is not convex (and so not Young modulus), but still define ‖ξ‖ψp =
inf{C > 0 : E[ψp(|ξ|/C)] ≤ 1}. Then a version of the preceding inequality continues to
holds: for any p ∈ (0,∞), there exists a constant Cp that depends only on p such that

E
[

max
1≤i≤N

|ξi|
]
≤ Cp(log(1 +N))1/p max

1≤i≤N
‖ξi‖ψp .

Exercise.
Next we derive a bound on the supremum of a generic stochastic process (X(t))t∈T by

using covering numbers. Recall that ‖X‖T = ‖X(t)‖T = supt∈T |X(t)|.

Definition 6.4 (Covering number). Let (T, d) be a pseudometric space. For ε > 0, an
ε-net of T is a subset Tε of T such that for every t ∈ T there exists tε ∈ Tε with d(t, tε) ≤ ε.
The ε-covering number N(T, d, ε) of T is defined by

N(T, d, ε) = inf{Card(Tε) : Tε is an ε-net of T}.
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By definition, the map ε 7→ N(T, d, ε) is nonincreasing and

N(T, d, ε) <∞ ∀ε > 0⇔ (T, d) is totally bounded.

The covering number N(T, d, ε) is not monotonic in T , i.e., N(S, d, ε) 6≤ N(T, d, ε) even if
S ⊂ T . However, N(S, d, 2ε) ≤ N(T, d, ε). Finally, if T is finite, then

N(T, d, ε) ≤ Card(T ).

The logarithm of the covering number logN(T, d, ε) is called the metric entropy. The
metric entropy can be thought of as a measure of the “complexity” of the space T with
pseudometric d (in the empirical process case T will be a function class and d be an Lr-
seminorm for some distribution or the uniform norm).

Theorem 6.2 (Entropy integral bound; Dudley (1967b) and Pisier (1986)). Let (T, d) be a
countable pseudometric space with diameter D = sup{d(x, y) : x, y ∈ T} and let (X(t))t∈T
be a sub-Gaussian stochastic process in the sense that

‖X(t)−X(s)‖ψ2 ≤ d(s, t), ∀s, t ∈ T.

Then we have for any t0 ∈ T ,

E[‖X‖T ] . E[|X(t0)|] +

∫ D

0

√
logN(T, d, ε)dε.

Proof. We prove the theorem when T is finite, D = 1, and X(t0) = 0. For each k = 0, 1, . . . ,
let Tk := {tk1, . . . , tkNk} be a minimal 2−k-net of T with Nk := N(T, d, 2−k). We may assume

T0 = {t0}. For each k, let πk : T → Tk be a map such that d(t, πk(t)) ≤ 2−k for all t ∈ T .
In addition, since T is finite, there exists kT such that d(t, πk(t)) = 0 for all t ∈ T and
k ≥ kT , which implies that X(t) = X(πk(t)) a.s. for all t ∈ T and k ≥ kT . Hence for each
t ∈ T ,

X(t) =

kT∑
k=1

{X(πk(t))−X(πk−1(t))} a.s.

Now, since d(πk(t), πk−1(t)) ≤ d(πk(t), t) + d(t, πk−1(t)) ≤ 3 · 2−k, we have

E[‖X‖T ] ≤
kT∑
k=1

E
[
max
t∈T
|X(πk(t))−X(πk−1(t))|

]

≤
kT∑
k=1

E
[

max
s∈Tk−1,t∈Tk;d(s,t)≤3·2−k

|X(t)−X(s)|
]
.
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Since the cardinality of the set {(s, t) : s ∈ Tk−1, t ∈ Tk, d(s, t) ≤ 3 · 2−k} is at most
Nk−1Nk ≤ N2

k , we have by Theorem 6.1,

E
[

max
s∈Tk−1,t∈Tk;d(s,t)≤3·2−k

|X(t)−X(s)|
]
≤ 3
√

log(1 +N2
k )2−k.

Since D by assumption, Nk ≥ 2 whenever k ≥ 2, so that log(1 + N2
k ) . logNk whenever

k ≥ 2. Since log(1 +N2
1 ) . logN2, we have

E[‖X‖T ] .
∞∑
k=2

√
logNk2

−k.

Since f(ε) =
√

logN(T, d, ε) is nonincreasing in ε, we have that

∞∑
k=1

f(2−(k−1)) (2−(k−1) − 2−k)︸ ︷︷ ︸
=2−k

≤
∫ 1

0
f(ε)dε.

The LHS is 2−1
∑∞

k=0 f(2−k)2−k, so that

∞∑
k=0

f(2−k)2−k ≤ 2

∫ 1

0
f(ε)dε.

This completes the proof.

Remark 6.3. The argument of the proof is called the chaining method.

Corollary 6.2. If X = (X(t))t∈T is a Gaussian process, then for any t0 ∈ T ,

E[‖X‖T ] . E[|X(t0)|] +

∫ σ

0

√
logN(T, ρ2, ε)dε,

where ρ2(s, t) = (E[(X(t)−X(s))2])1/2 and σ2 = supt E[X2(t)].

Proof. This follows from ‖X(t)−X(s)‖ψ2 . ρ2(s, t).

Corollary 6.3. Let ε1, . . . , εn be independent Rademacher r.v.’s and let T be a bounded
subset of Rn with norm ‖t‖n,2 = (n−1

∑n
i=1 t

2
i )

1/2. Consider the Rademacher process

X(t) =
1√
n

n∑
i=1

εiti, t = (t1, . . . , tn)T ∈ T.

Then we have

E[‖X‖T ] .
∫ σn

0

√
logN(T ∪ {0}, ‖ · ‖n,2, τ)dτ,

where σn = supt∈T ‖t‖n,2.
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Remark 6.4. If T is finite, then

E[‖X‖T ] . σn
√

log(1 + Card(T )).

The proof uses the following version of Hoeffding’s inequality: for any constants a1, . . . , an ∈
R,

P

(∣∣∣∣∣
n∑
i=1

aiεi

∣∣∣∣∣ > x

)
≤ 2e−x

2/(2
∑n
i=1 a

2
i ).

For completeness we will prove this version of Hoeffding’s inequality. The proof is appli-
cation of Chernoff’s inequality, and so we try to bound the moment generating function of
X =

∑n
i=1 aiεi. For any λ ∈ R,

E[eλX ] =

n∏
i=1

E[eλaiεi ] =

n∏
i=1

(
eλai + e−λai

2

)
︸ ︷︷ ︸

≤eλ
2a2
i
/2

≤ eλ2
∑n
i=1 a

2
i /2.

By Chernoff’s inequality,

P(X > x) ≤ inf
λ>0

e−λx+λ2
∑n
i=1 a

2
i /2 = e−x

2/(2
∑n
i=1 a

2
i ).

Since −X d
= X, we also have

P(−X > x) ≤ e−x2/(2
∑n
i=1 a

2
i ).

Conclude that

P(|X| > x) = P(X > x) + P(−X > x) ≤ 2e−x
2/(2

∑n
i=1 a

2
i ).

Proof of Corollary 6.3. Assume without loss of generality T 3 0. Hoeffding’s inequality
yields

P(|X(t)| > x) ≤ 2e−x
2/(2‖t‖2n,2),

which implies
‖X(t)−X(s)‖ψ2 ≤

√
6‖t− s‖n,2.

See Lemma 6.1. The norm
√

6‖ · ‖n,2 is equivalent to ‖ · ‖n,2. The diameter of (T, ‖ · ‖n,2)
is bounded by 2σn. From the previous theorem, we have

E[‖X‖T ] .
∫ σn

0

√
logN(T, ‖ · ‖n,2, τ)dτ.

This completes the proof.
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Finally, we will derive maximal inequalities for the empirical process. Define the uni-
form entropy integral

J(δ,F , F ) =

∫ δ

0
sup
Q∈Pfd

√
1 + logN(F , ‖ · ‖Q,2, ε‖F‖Q,2)dε,

where Pfd denotes the collection of finitely discrete distributions on S. The following is
van der Vaart & Wellner (1996) Theorem 2.14.1.

Theorem 6.3 (Global maximal inequality). Let F be a countable function class with
envelope F . Then

E[‖Gnf‖F ] . ‖F‖P,2J(1,F , F ). (*)

Proof. By symmetrization,

E [‖Gnf‖F ] ≤ 2E

[∥∥∥∥∥ 1√
n

n∑
i=1

εif(Xi)

∥∥∥∥∥
F

]
.

Conditionally on X1:n = (X1, . . . , Xn), apply the previous corollary to the RHS with
T = {(f(X1), . . . , f(Xn)) : f ∈ F}. We note that for t = (f(X1), . . . , f(Xn)),

‖t‖2n,2 =
1

n

n∑
i=1

t2i =
1

n

n∑
i=1

f2(Xi) = ‖f‖2Pn,2,

and σn = supt∈T ‖t‖n,2 = supf∈F ‖f‖Pn,2. Then, using supf∈F ‖f‖Pn,2 ≤ ‖F‖Pn,2, we have

E

[∥∥∥∥∥ 1√
n

n∑
i=1

εif(Xi)

∥∥∥∥∥
F

| X1:n

]
.
∫ ‖F‖Pn,2

0

√
1 + logN(F , ‖ · ‖Pn,2, τ)dτ

= ‖F‖Pn,2
∫ 1

0

√
1 + logN(F , ‖ · ‖Pn,2, τ‖F‖Pn,2)dτ︸ ︷︷ ︸

≤J(1,F ,F )

≤ ‖F‖Pn,2J(1,F , F ).

The conclusion follows from Fubini’s theorem and E[‖F‖Pn,2] ≤ ‖F‖P,2 by Jensen’s in-
equality.

Corollary 6.4 (Finite class). If F is finite, then

E[‖Gnf‖F ] . ‖F‖P,2
√

1 + log Card(F).

Proof. This follows from the fact that N(F , ‖ · ‖Q,2, τ‖F‖Q,2) ≤ Card(F).
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The RHS on (*) depends on the L2(P )-norm of the envelope function F , which may
be large compared with the maximum L2(P )-norm of functions in F , namely,

σ = sup
f∈F
‖f‖P,2.

In such a case, the following theorem will be more useful. The following theorem is due to
van der Vaart & Wellner (2011) when F is bounded and Chernozhukov et al. (2014) when
F is is allowed to be unbounded.

Theorem 6.4 (Local maximal inequality). Suppose that 0 < ‖F‖P,2 < ∞ and let σ2

be any positive constant such that supf∈F Pf
2 ≤ σ2 ≤ ‖F‖2P,2. Set δ = σ/‖F‖P,2 and

B =
√
E[max1≤i≤n F 2(Xi)]. Then

E[‖Gnf‖F ] . ‖F‖P,2J(δ,F , F ) +
BJ2(δ,F , F )

δ2
√
n

.

We will not prove the theorem since the proof is technical, but prove the version of the
theorem when F is finite, which reads as follows.

Corollary 6.5 (Finite class). If F is finite, then

E[‖Gnf‖F ] . σ
√

1 + log Card(F) +
B(1 + log Card(F))√

n
.

Proof. Let N = Card(F) and assume w.l.o.g. that N ≥ 2. Let F = {f1, . . . , fN}. By
symmetrization, we have

E[‖Gnf‖F ] ≤ 2E

[
max

1≤j≤N

∣∣∣∣∣ 1√
n

n∑
i=1

εifj(Xi)

∣∣∣∣∣
]
.

Fix X1:n. Then by Theorem 6.1,

E

[
max

1≤j≤N

∣∣∣∣∣ 1√
n

n∑
i=1

εifj(Xi)

∣∣∣∣∣ ∣∣∣ X1:n

]
.
√

logN max
1≤j≤N

‖fj‖Pn,2.

We note that

‖fj‖2Pn,2 =
1

n

n∑
i=1

f2
j (Xi) = Pf2

j +
1

n

n∑
i=1

(f2
j (Xi)− Pf2

j ) ≤ σ2 + n−1/2Gnf
2
j .

Using symmetrization and Theorem 6.1 again, we have

E
[

max
1≤j≤N

|Gnf
2
j |
]
≤ 2E

[
max

1≤j≤N

∣∣∣∣∣ 1√
n

n∑
i=1

εif
2
j (Xi)

∣∣∣∣∣
]
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and

E

[
max

1≤j≤N

∣∣∣∣∣ 1√
n

n∑
i=1

εif
2
j (Xi)

∣∣∣∣∣ ∣∣∣ X1:n

]
.
√

logN max
1≤j≤N

‖f2
j ‖Pn,2.

Since ‖f2
j ‖Pn,2 ≤ max1≤i≤n F (Xi)‖fj‖Pn,2, we have by the Cauchy-Schwarz inequality that

E
[

max
1≤j≤N

‖fj‖2Pn,2
]
. σ2 + n−1/2

√
logNE

[
max

1≤i≤n
F (Xi)‖fj‖Pn,2

]
≤ σ2 + n−1/2B

√
logN

√
E
[

max
1≤j≤N

‖fj‖2Pn,2

]
.

If the second term on the RHS is smaller than the first term, then we have

E
[

max
1≤j≤N

‖fj‖2Pn,2
]
. σ2.

Otherwise, we have

E
[

max
1≤j≤N

‖fj‖2Pn,2
]
. n−1/2B

√
logN

√
E
[

max
1≤j≤N

‖fj‖2Pn,2

]
,

which gives √
E
[

max
1≤j≤N

‖fj‖2Pn,2

]
. n−1/2B

√
logN.

In either case, we have√
E
[

max
1≤j≤N

‖fj‖2Pn,2

]
. σ + n−1/2B

√
logN.

Conclude that
E[‖Gnf‖F ] .

√
logN(σ + n−1/2B

√
logN).

This completes the proof.

Example 6.4 (Comparison of global and local maximal inequalities). Let X1, . . . , Xn ∼ X
i.i.d. where X is Rd-valued with d ≥ 2. Consider to estimate Σ = E[XXT ]. We estimate
Σ by

Σ̂ =
1

n

n∑
i=1

XiX
T
i .

We shall measure the accuracy of the estimator by the `∞-norm: for any d × d-matrix
A = (ajk)1≤j,k≤d, define

‖A‖∞ = max
1≤j,k≤d

|ajk|.
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We have in mind that d is large (i.e., d = dn → ∞) and are interested in conditions on d
under which

∆n := E[‖Σ̂− Σ‖∞]→ 0.

We will assume that each coordinate Xj has ψ2-norm bounded by 1 for the sake of sim-
plicity:

‖Xj‖ψ2 ≤ 1 ∀j = 1, . . . , d.

For j, k = 1, . . . , d, define

fj,k(x) = xjxk, x = (x1, . . . , xd)
T ∈ Rd,

and consider the function class F = {fj,k : 1 ≤ j, k ≤ d} whose cardinality is d2. An
envelope function is

F (x) = max
1≤j≤d

x2
j .

Since ‖X4
j ‖ψ1/2

= ‖Xj‖4ψ2
≤ 1, we have

‖F‖2P,2 = E
[

max
1≤j≤p

X4
j

]
. (log d)2 max

1≤j≤d
‖X4

j ‖ψ1/2
≤ (log d)2.

So the global maximal inequality gives

∆n = n−1/2E[‖Gnf‖F ] .
(log d)3/2

√
n

,

and the RHS is o(1) if log d = o(n1/3). On the other hand, σ2 = max1≤j≤d Pf
2
j .

max1≤j≤d ‖Xj‖2ψ2
≤ 1, while

B =

√
E
[

max
1≤i≤n

F 2(Xi)

]
=

√
E
[

max
1≤i≤n

max
1≤j≤d

X4
j

]
. log(nd).

So the local maximal inequality gives

∆n .

√
log d

n
+

(log(nd)) log d

n
,

and the RHS is o(1) if log d = o(n1/2), which is a better condition than the preceding one.

Next we consider function classes whose covering numbers can be bounded by polyno-
mials of 1/ε.

Corollary 6.6 (VC type class). If that there exist constants A ≥ e and V ≥ 1 such that

sup
Q∈Pfd

N(F , ‖ · ‖Q,2, ε‖F‖Q,2) ≤ (A/ε)V , 0 < ∀ε ≤ 1, (**)

then

E[‖Gnf‖F ] .
√
V σ2 log (A‖F‖P,2/σ) +

V B√
n

log (A‖F‖P,2/σ) .

114



Proof. Observe that

J(δ,F , F ) ≤
∫ δ

0

√
1 + V log(A/ε)dε ≤ A

√
V

∫ ∞
A/δ

√
1 + log ε

ε2
dε.

Integration by parts yields that for c ≥ e∫ ∞
c

√
1 + log ε

ε2
dε =

[
−
√

1 + log ε

ε

]∞
c

+
1

2

∫ ∞
c

1

ε2
√

1 + log ε
dε

≤
√

1 + log c

c
+

1

2

∫ ∞
c

√
1 + log ε

ε2
dε,

by which we have ∫ ∞
c

√
1 + log ε

ε2
dε ≤ 2

√
1 + log c

c
≤ 2
√

2
√

log c

c
.

Since A/δ ≥ A ≥ e, we have

J(δ,F , F ) ≤ 2
√

2V δ
√

log(A/δ).

Applying the previous theorem, we obtain the desired conclusion.

Remark 6.5 (Comparison with global maximal inequality). If Condition (**) is met, then
the global maximal inequality (Theorem 6.3) yields

E[‖Gnf‖F ] . ‖F‖P,2
√
V logA.

Assume that the first term on the bound given in the preceding corollary is dominant; then
the local maximal inequality leads to a better bound if

σ
√

log(‖F‖P,2/σ)� ‖F‖P,2.

A function class satisfying (**) is called a VC type class. Examples of VC type classes
will be discussed in Section 6.4. In the present section, we only discuss three simple
examples. The second example appears in M -estimation (Θ is a parameter space and fθ
is a loss function).

Example 6.5 (Classical empirical process). The function class F = {I(−∞,t] : t ∈ R}
satisfies

N(F , ‖ · ‖Q,r, ε) ≤ (2/ε)r 0 < ∀ε ≤ 1

for any Q and r ∈ [1,∞). Exercise.

Example 6.6 (Lipschitz in parameter functions).

115



Lemma 6.2. Let Θ ⊂ Rd be a nonempty bounded set with diameter D and let F = {fθ :
θ ∈ Θ} be a function class such that

|fθ(x)− fθ′(x)| ≤M(x)‖θ − θ′‖, ∀x ∈ S, ∀θ, θ′ ∈ Θ (*3)

for some M : S → R+. Then

sup
Q∈Pfd

N(F , ‖ · ‖Q,r, ε‖M‖Q,r) ≤
(

1 +
4D

ε

)d
for any r ∈ [1,∞).

Proof. Let Q be any finitely discrete distribution. By (*3), we have

N(F , ‖ · ‖Q,r, ε‖M‖Q,r) ≤ N(Θ, ‖ · ‖, ε).

Since Θ has diameter D, we have

N(Θ, ‖ · ‖, 2ε) ≤ N(BD, ‖ · ‖, ε),

where BD is a ball in Rd with radius D. The conclusion follows from the next lemma.

Lemma 6.3. Let Br be a ball in Rd with radius r <∞. Then

N(Br, ‖ · ‖, ε) ≤
(

1 +
2r

ε

)d
.

Proof. By homogeneity, we may assume r = 1. Let {x1, . . . , xN} be a maximal subset of
B1 such that ‖xi − xj‖ > ε for all i 6= j. By maximality, {x1, . . . , xN} is an ε-net of B1.
Then the open balls with center xi and radius ε/2 are disjoint and contained in B1+ε/2.
Comparing the volumes, we conclude

N(ε/2)d ≤ (1 + ε/2)d.

This completes the proof.

An envelope for the function class F is given by F = |fθ0 |+DM , and we have

sup
Q∈Pfd

N(F , ‖ · ‖Q,r, ε‖F‖Q,r) ≤
(

1 +
4

ε

)d
≤ (5/ε)d

for 0 < ε ≤ 1.
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Example 6.7 (Uniform rates in kernel density estimation (KDE)). We are interested in
estimation of a univariate density f from a random sample X1, . . . , Xn ∼ f i.i.d. Assume
that f is bounded. A popular estimator is a kernel density estimator. Let K : R→ R+ be
a bounded symmetric density with finite second moment and let hn → 0 be a sequence of
“bandwidths”. A kernel density estimator is given by

f̂n(x) =
1

nhn

n∑
i=1

K((x−Xi)/hn).

We first consider to bound the “stochastic error” E[‖f̂n − fn‖R] with fn = E[f̂n]. Set

Gn = {y 7→ K((x− y)/hn) : x ∈ R}.

We note that ‖f̂n − fn‖R = n−1/2h−1
n ‖Gng‖Gn . Assume that K is of bounded variation,

i.e., can be written as the difference of two bounded nondecreasing functions. Since the
function class {y 7→ ay + b : a, b ∈ R} is a vector space of dimension 2, it is VC subgraph.
Conclude that G0 := {y 7→ K(ay + b) : a, b ∈ R} is VC type; see Corollary 6.11 ahead.
Since Gn ⊂ G0, there exist universal constants A and V such that

sup
Q∈Pfd

N(Gn, ‖ · ‖Q,2, ε‖K‖R) ≤ (A/ε)V .

It is routine to verify that

PK2((x− ·)/hn) ≤ hn‖f‖R‖K‖R.

Applying the previous corollary yields

E[‖Gng‖Gn ] = O(
√
hn log(1/hn) + n−1/2 log(1/hn)).

By Markov’s inequality, we have

‖f̂n − fn‖R = n−1/2h−1
n ‖Gng‖Gn = OP

√ log(1/hn)

nhn
+

log(1/hn)

nhn

 .

As long as log(1/hn)
nhn

→ 0 (which is required to make the RHS o(1)), the RHS is

OP

(√
log n

nhn

)
.

To bound the “bias” term, we need to assume a smoothness condition on f . Assume that
f is twice differentiable with ‖f ′′‖R <∞. By the Taylor expansion and symmetry of K,

|fn(x)− f(x)| =
∣∣∣∣∫ K(y)(f(x− yhn)− f(x))dy

∣∣∣∣ ≤ h2
n‖f ′′‖R

2

∫
y2K2(y)dy.
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This implies ‖fn − f‖R = O(h2
n). Conclude that

‖f̂n − f‖R = OP

(√
log n

nhn

)
+O(h2

n).

Optimizing the RHS gives

hn ∼
(

log n

n

)1/5

which yields

‖f̂n − f‖R = OP

((
log n

n

)2/5
)
.

This rate is known to be optimal in a minimax sense in a class {f : ‖f‖R + ‖f ′′‖R ≤ B}
for some B > 0.

Finally, we consider to bound higher order moments of the supremum of the empirical
process. The next theorem shows that the problem of bounding higher order moments of
the supremum of the empirical process is essentially reduced to bounding the first moment.

Theorem 6.5. Let F be a countable function class with envelope F . For every p ∈ (1,∞),
there exists a constant Cp depending only on p such that

‖‖Gnf‖F‖Lp ≤ Cp
[
E[‖Gnf‖F ] + n−1/2

∥∥∥∥max
1≤i≤n

F (Xi)

∥∥∥∥
Lp

]
.

In addition, ‖max1≤i≤n F (Xi)‖Lp ≤ n1/p‖F‖P,p.

Proof. The first inequality is a consequence of the Hoffmann-Jørgensen inequality; see
van der Vaart & Wellner (1996) Proposition A.1.6. The second inequality is easy.

6.2 Uniform law of large numbers

In this section, we are interested in conditions under which the ULLN holds, i.e.,

‖Pnf − Pf‖∗F =

(
sup
f∈F
|Pnf − Pf |

)∗
→ 0 a.s. (*)

Recall that Pn denotes the empirical distribution for X1, . . . , Xn, i.e.,

Pnf = n−1
n∑
i=1

f(Xi).

Definition 6.5 (Glivenko-Cantelli). A function class F satisfying the ULLN (*) is called
P -Glivenko-Cantelli.
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The following theorem is due to Vapnik & Červonenkis (1981) and Giné & Zinn (1984).

Theorem 6.6 (ULLN). Let F be a PM function class with F = supf∈F |f | such that
supf∈F P |f | < ∞. For M > 0, define FM = {fI(F ≤ M) : f ∈ F}. Then the following
are equivalent.

(i) F is P -Glivenko-Cantelli.

(ii) PF <∞ and for any M > 0 and ε > 0,

logN(FM , ‖ · ‖Pn,1, ε)∗ = oP(n).

Remark 6.6. Under the PM assumption, ‖Pnf − Pf‖F is a proper r.v. and so there is
no need to add a star.

The seminorm ‖ · ‖Pn,1 can be replaced by ‖ · ‖Pn,r for any r ∈ [1,∞) since ‖f‖rPn,r ≤
M r−1‖f‖Pn,1 whenever |f | ≤M so that

N(FM , ‖ · ‖Pn,1, ε) ≤ N(FM , ‖ · ‖Pn,r, ε) ≤ N(FM , ‖ · ‖Pn,1, εr/M r−1).

Conclude that Condition (ii) is equivalent to

(ii’) PF <∞ and for some r ∈ [1,∞) and for any M > 0 and ε > 0,

logN(FM , ‖ · ‖Pn,r, ε)∗ = oP(n). (**)

Condition (**) is very mild. Since

‖fI(F ≤M)‖Pn,r ≤ ‖f‖Pn,r,

we have N(FM , ‖ · ‖Pn,r, ε) ≤ N(F , ‖ · ‖Pn,r, ε). So Condition (**) is implied by

logN(F , ‖ · ‖Pn,r, ε)∗ = oP(n),

which is easier to check.

Proof. We only prove (ii) ⇒ (i). We first note that

‖Pnf − Pf‖F ≤ ‖Pnf − Pf‖FM + PnFI(F > M) + PFI(F > M).

Since limn PnFI(F > M) = PFI(F > M) a.s. by the LLN and PFI(F > M) → 0 as
M →∞, it suffices to show that ‖Pnf − Pf‖FM → 0 a.s. By symmetrization,

E[‖Pnf − Pf‖FM ] ≤ 2E

∥∥∥∥∥n−1
n∑
i=1

εif(Xi)

∥∥∥∥∥
FM

 .
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Fix X1, . . . , Xn. For δ > 0, let {f1, . . . , fN} be a minimal δ-net of (FM , ‖ · ‖Pn,1) with
N = N(FM , ‖ · ‖Pn,1, δ); i.e., for any f ∈ FM there exists 1 ≤ k(f) ≤ N such that
‖f − fk(f)‖Pn,1 ≤ δ. We can bound E[‖n−1

∑n
i=1 εif(Xi)‖FM | X1:n] by

E

∥∥∥∥∥n−1
n∑
i=1

εi{f(Xi)− fk(f)(Xi)}

∥∥∥∥∥
FM

| X1:n

+ E

[
max

1≤k≤N

∣∣∣∣∣n−1
n∑
i=1

εifk(Xi)

∣∣∣∣∣ | X1:n

]

. δ +

√
log(1 +N)

n
max

1≤k≤N
‖fk‖Pn,2

. δ +M

√
log(1 +N∗)

n︸ ︷︷ ︸
=oP(1)

.

This shows that E[‖n−1
∑n

i=1 εif(Xi)‖FM | X1:n] = oP(1); but since the LHS is bounded
by M , we conclude that E[‖n−1

∑n
i=1 εif(Xi)‖FM ] = o(1) by the dominated convergence

theorem. The rest is upgrade convergence in probability to almost sure convergence by
using McDiarmid’s inequality, which is left as an exercise.

Example 6.8 (Classical Glivenko-Cantelli theorem). For the function class F = {I(−∞,t] :
t ∈ R},

logN(F , ‖ · ‖Pn,1, ε) ≤ sup
Q∈Pfd

logN(F , ‖ · ‖Q,1, ε) . log(1/ε).

So we recover the classical Glivenko-Cantelli theorem.

Example 6.9 (Consistency of M -estimators). Consistency of M -estimators follows in part
from uniform convergence of the objective function to its population version. Let Θ be a
parameter space and let fθ : S → R be a “loss” function. The corresponding M -estimator
is defined by

θ̂n ∈ arg min
θ∈Θ

Pnfθ.

To show consistency of θ̂n, we have to show uniform convergence of Pnfθ. Assume that
Θ ⊂ Rd is bounded with diameter D and fθ is Lipschitz in parameter, i.e.,

|fθ(x)− fθ′(x)| ≤M(x)‖θ − θ′‖

for some M : S → R+. The function class F = {fθ : θ ∈ Θ} has envelope |fθ0 |+DM and
satisfies

N(F , ‖ · ‖Pn,1, ε) ≤
(

1 +
4D‖M‖Pn,1

ε

)d
.

If P (|fθ0 |+M) <∞, then supθ∈Θ |Pnfθ − Pfθ| → 0 a.s.
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In general a VC type class is Glivenko-Cantelli as long as the envelope function is
integrable.

Corollary 6.7. Suppose that F is VC type with envelope F , i.e., there exist constants
A ≥ e and V ≥ 1 such that

sup
Q∈Pfd

N(F , ‖ · ‖Q,2, ε‖F‖Q,2) ≤ (A/ε)V , 0 < ∀ε ≤ 1.

Then F is P -Glivenko-Cantelli provided that PF <∞.

Proof. It suffices to check that

logN(F , ‖ · ‖Pn,2, ε) = oP(n)

for any ε > 0. The VC type asssumption implies that

N(F , ‖ · ‖Pn,2, ε) ≤ (A‖F‖Pn,2/ε)V .

Since log(A‖F‖Pn,2/ε)V = V {log(A/ε) + (1/2) log ‖F‖2Pn,2}, the problem boils down to
verifying that

log ‖F‖2Pn,2 = oP(n).

Indeed, since ‖F‖2Pn,2 ≤ max1≤i≤n F (Xi)‖F‖Pn,1, max1≤i≤n F (Xi) ≤
∑n

i=1 F (Xi) = OP(n),
and ‖F‖Pn,1 = OP(1) by the law of large numbers, we have

log ‖F‖2Pn,2 = OP(log n) = oP(n).

This completes the proof.

Example 6.10 (Failure of ULLN). There are of course some function classes that are
not Glivenko-Cantelli. For instance consider P is a Borel probability measure on R with
density and F = {IA : A ⊂ R finite}. By assumption, Pf = 0 for any f ∈ F but
‖Pnf − Pf‖F = ‖Pnf‖F = 1 (consider A = {X1, . . . , Xn}). So F is not P -Glivenko-
Cantelli.

Example 6.11 (Failure of ULLN Part 2). Another interesting example where the ULLN
fails is the empirical characteristic function. Assume that P is a Borel probability measure
on R with ch.f. ϕ. The empirical characteristic function is defined by

ϕ̂n(t) =
1

n

n∑
j=1

eitXj ,

which is the ch.f. of Pn. Since Pn is discrete, we have (cf. Sato (1999) Proposition 27.28)

lim sup
|t|→∞

|ϕ̂n(t)| = 1,

while if P has a density then lim|t|→∞ ϕ(t) = 0 by the Riemann-Lebesgue lemma. Conclude
that supt |ϕ̂n(t)− ϕ(t)| ≥ 1.
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6.3 Uniform central limit theorem

Assume F ⊂ L2(P ). For any f1, . . . , fk ∈ F ,

(Gnfj)
k
j=1

w→ N(0, (CovP (fi, fj))1≤i,j≤k)

by the multivariate CLT. So if (Gnf)f∈F
w→ GP in `∞(F), then the limit process (GP f)f∈F

is zero-mean Gaussian with covariance function E[GP (f)GP (g)] = CovP (f, g). The GP
process has to be a tight `∞(F)-valued r.v. If there exists such a GP process, then F is
called P -pre-Gaussian.

Definition 6.6 (Pre-Gaussian class). The function class F is called P -pre-Gaussian if
there exists a zero-mean Gaussian process GP = (GP f)f∈F with covariance function
E[GP (f)GP (g)] = CovP (f, g) that is a tight `∞(F)-valued r.v.

From the characterization of tight `∞(F)-r.v.’s for the Gaussian case (Theorem 5.8),
we have the following equivalent condition of pre-Gaussianity. We denote by ρP,2 the
ρ2-pseudometric attached to GP :

ρP,2(f, g) = (E[(GP f −GP g)2])1/2 =
√

VarP (f − g).

Lemma 6.4. A function class F ⊂ L2(P ) is P -pre-Gaussian if and only if (i) (T, ρP,2)
is totally bounded and (ii) there is a zero-mean Gaussian process GP = (GP f)f∈F with
covariance function E[GP (f)GP (g)] = CovP (f, g) and sample paths a.s. uniformly ρP,2-
continuous.

Proof. The “if” part is trivial. The “only if” part is due to ρP,2(f, g) = (E[(GP f −
GP g)2])1/2.

Remark 6.7. The distribution of GP is the unique possible weak limit of (Gnf)f∈F since
the limit distribution is uniquely identified by the weak limits of the finite dimensional
distributions.

A function class satisfying the ULCT is called a Donsker class.

Definition 6.7 (Donsker class). A function class F ⊂ L2(P ) is P -Donsker if it is P -pre-
Gaussian and (Gnf)f∈F

w→ GP in `∞(F).

Remark 6.8. Hoffmann-Jørgensen’s definition of weak convergence depends on the un-
derlying probability measure P since the outer expectation depends on P and therefore
the Donsker property would depend on P as well, which is not desirable since the Donsker
property should be a property for the function class F and the distribution P . To circum-
vent this problem, we will implicitly assume (Ω,A,P) = (SN,SN, PN) (product probability
space) and X1, X2, . . . are the coordinate projections when we talk about weak convergence
of the empirical process. If necessary, we will extend (SN,SN, PN) by taking an additional
product to generate r.v.’s independent of X1, X2, . . . .
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From the previous lemma together with Theorem 5.9, we have:

Lemma 6.5. For a function class F ⊂ L2(P ), the following are equivalent.

(a) F is P -Donsker.

(b) (T, ρP,2) is totally bounded and

lim
δ→0

lim sup
n

P∗
(

sup
ρP,2(f,g)<δ

|Gn(f − g)| > ε

)
= 0 ∀ε > 0.

(c) There exists a pseudometric d such that (T, d) is totally bounded and

lim
δ→0

lim sup
n

P∗
(

sup
d(f,g)<δ

|Gn(f − g)| > ε

)
= 0 ∀ε > 0.

From the preceding lemma, it is clear that any subclass of a Donsker class is Donsker.
We prove a version of the UCLT due to Koltchinskii (1981) and Pollard (1982).

Theorem 6.7 (UCLT). Let F be a PM function class with envelope F . If PF 2 <∞ and∫ 1

0
sup
Q∈Pfd

√
logN(F , ‖ · ‖Q,2, ε‖F‖Q,2)dε <∞, (*)

then F is P -Donsker.

Proof. We will check Condition (c) in the previous lemma with d(f, g) = ‖f − g‖P,2.
Condition (*) implies that supQN(F , ‖ · ‖Q,2, ε‖F‖Q,2) < ∞ for any 0 < ε ≤ 1. This
implies (why?) N(F , ‖ · ‖P,2, ε‖F‖P,2) < ∞ so that (T, ‖ · ‖P,2) is totally bounded. The
rest is verification of the AEC. By Markov’s inequality, it suffices to show that

lim
δ→0

lim sup
n

E[‖Gnf‖Fδ ] = 0,

where Fδ = {f − g : f, g ∈ F , ‖f − g‖P,2 < δ‖F‖P,2}. The class Fδ has envelope 2F and
since Fδ ⊂ {f − g : f, g ∈ F}, we have

sup
Q∈Pfd

N(Fδ, ‖ · ‖Q,2, 2
√

2ε‖2F‖Q,2) ≤ sup
Q∈Pfd

N2(F , ‖ · ‖Q,2, ε‖F‖Q,2),

which implies that J(ε,Fδ, 2F ) . J(ε,F , F ). Hence, by Theorem 6.4,

E[‖Gnf‖Fδ ] . ‖F‖P,2J(δ,F , F ) +
BnJ

2(δ,F , F )

δ2
√
n

,

where Bn =
√

E[max1≤i≤n F 2(Xi)]. Since F ∈ L2(P ), we have Bn = o(
√
n), so that

lim sup
n

E[‖Gnf‖Fδ ] . ‖F‖P,2J(δ,F , F ).

The RHS is o(1) as δ → 0, so that the desired conclusion follows.
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Remark 6.9 (UCLT under different conditions). The UCLT under a bracketing entropy
condition (which is different from the Koltchinskii-Pollard condition) can be found in Chap-
ter 19 of van der Vaart (1998). We have discussed UCLT for i.i.d. data but there are ver-
sions of UCLTs for dependent data. Arcones & Yu (1994) prove a UCLT under β-mixing
for a VC type function class, Andrews & Pollard (1994) prove a UCLT under α-mixing
for a function class satisfying a bracketing entropy condition, and Doukhan et al. (1995)
prove a UCLT under β-mixing for a function class satisfying a bracketing entropy condition
that is less restrictive than the Andrews-Pollard condition. Fan & Yao (2003) is a good
reference on mixing. Among these papers, Arcones & Yu (1994) is the easiest to read and
so recommended if you are interested in UCLT for dependent data.

Condition (*) is satisfied if for example the uniform covering number supQ∈Pfd N(F , ‖ ·
‖Q,2, ε‖F‖Q,2) is bounded by a polynomial of 1/ε. Such classes are called VC type classes .

Corollary 6.8 (Classical Donsker theorem). The function class {I(−∞,t] : t ∈ R} is P -
Donsker for any Borel probability measure P on R.

Proof. This follows from supQN(F , ‖ · ‖Q,2, ε) . 1/ε2.

In addition to VC type classes, smooth function classes can be Donsker.

Example 6.12 (Hölder ball). For simplicity, we focus on Hölder function classes on [0, 1]d.
The uniform norm will be denoted as ‖f‖∞ = supx∈[0,1]d |f(x)| (instead of ‖ · ‖[0,1]d). For
a vector k = (k1, . . . , kd) of d integers, define the differential operator

Dk =
∂|k|

∂xk11 · · · ∂x
kd
d

with |k| =
∑d

i=1 ki. For α > 0, let α denote the greatest integer smaller than α. Now
define Cα([0, 1]d) by the set of all continuous functions f : [0, 1]d → R such that f is
α-times differentiable in the interior of [0, 1]d and ‖f‖Cα <∞, where

‖f‖Cα = max
|k|≤α

sup
x
|Dkf(x)|

∨
max
|k|=α

sup
x 6=y

|Dkf(x)−Dk(y)|
‖x− y‖α−α

.

The suprema are taken over all x, y in the interior of [0, 1]d. The space Cα([0, 1]d) is called
the Hölder space of order (smoothness level) α.

Theorem 6.8 (Metric entropy of Hölder ball). For given α,M > 0, let B = {f ∈
Cα([0, 1]d) : ‖f‖Cα ≤ M}. Then there exist a constant K depending only on α and d
such that

logN(B, ‖ · ‖∞,Mε) ≤ K/εd/α, 0 < ∀ε ≤ 1.
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Proof. We only prove the theorem when d = 1, α = 1, and M = 1. See van der Vaart &
Wellner (1996) Theorem 2.7.1 for the proof of the general case. We first note that

B = {f : [0, 1]→ [−1, 1] : |f(x)− f(y)| ≤ |x− y| ∀x, y ∈ [0, 1]}

which is the collection of Lipschitz functions on [0, 1] bounded by 1 and with Lipschitz
constant bounded by 1. We will approximate any f ∈ B by a piecewise linear function. For
simplicity assume N = 1/ε is an integer. Let xi = i/N for i = 0, . . . , N . For given |j| ≤ N
and δ = (δ1, . . . , δN ) ∈ {−1, 1}N , define fj,δ by

fj,δ(x) =


j/N x = x0

linear 0 < x < x1

(j + δ1)/N x = x1

...

which has Lipschitz constant 1. By construction, for any f ∈ C1
1 ([0, 1]), there exist |j| ≤ N

and δ ∈ {−1, 1}N such that ‖f − fj,δ‖[0,1] ≤ 1/N . Conclude that FN = {fj,δ : |j| ≤ N, δ ∈
{−1, 1}N} is a 1/N -net for (B, ‖ · ‖∞) and the cardinality of the set is

Card(FN ) ≤ (2N + 1)2N .

This implies logN(B, ‖ · ‖∞, ε) . N = 1/ε.

Since ‖ · ‖Q,2 ≤ ‖ · ‖∞ for any Q, the same bound holds for logN(B, ‖ · ‖Q,2,Mε). This
implies that B is P -Donsker for any P if α > d/2.

Remark 6.10. The reverse inequality also holds, i.e., there exists a constant K ′ depending
only on α and d such that

logN(B, ‖ · ‖∞,Mε) ≥ K ′/εd/α.

See Dudley (1999) for a proof. Metric entropy bounds on norm balls of general smooth
function spaces called Besov spaces can be found in Giné & Nickl (2016) Chapter 4.

Example 6.13 (Speed of convergence in BL distance). Consider the bounded Lipschitz
metric on the space of Borel p.m.’s P([0, 1]) on [0, 1]:

dBL(µ, ν) = sup

{∣∣∣∣∫ fd(µ− ν)

∣∣∣∣ : f ∈ BL1([0, 1])

}
.

By the preceding theorem, BL1([0, 1]) is P -Donsker for any P ∈ P([0, 1]). Pick any P ∈
P([0, 1]) and let Pn denote the empirical distribution for X1, . . . , Xn ∼ P i.i.d. Then by
the continuous mapping theorem,

√
ndBL(Pn, P )

w→ ‖GP ‖BL1([0,1]).

In particular we have dBL(Pn, P ) = OP(n−1/2).
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Another interesting function class is a class of monotone functions.

Theorem 6.9 (Metric entropy of monotone function class). For given M > 0, let F =
{f : R → [0,M ] : f monotone}. Then for any r ∈ [1,∞), there exists a constant K = Kr

depending only on r such that

sup
Q∈Pfd

logN(F , ‖ · ‖Q,r,Mε) ≤ K/ε, 0 < ∀ε ≤ 1.

The theorem shows that the function class F is P -Donsker for any P .

Proof. The proof is lengthy and complicated. See van der Vaart & Wellner (1996) Theorem
2.7.5.

Finally, we discuss an application of Donsker classes to the analysis of large sample
properties of M -estimators.

Theorem 6.10. Let Θ be a measurable space and let (x, θ) 7→ fθ(x) be jointly measurable.
Assume that θ̂n = θ̂n(X1:n) is a sequence of “estimators” (i.e., θ̂n : Sn → Θ is measurable)

such that ‖fθ̂n − fθ0‖P,2
P→ 0 for some “true parameter” θ0 ∈ Θ. If F = {fθ : θ ∈ Θ} is

P -Donsker, then Gn(fθ̂n − fθ0)
P→ 0.

Proof. There exists δn → 0 such that ‖fθ̂n − fθ0‖P,2 < δn with probability approaching one
(w.p.a. 1). By the Donsker assumption and ρP,2(f, g) ≤ ‖f − g‖P,2, we have

lim
n

P∗
(

sup
‖f−g‖P,2<δn

|Gn(f − g)| > ε

)
= 0,

but since |Gn(fθ̂n−fθ0)| ≤ sup‖f−g‖P,2<δn |Gn(f−g)| w.p.a. 1, the desired claim follows.

Example 6.14 (Mean absolute deviation; Pollard (1989)). For a given sampleX1, . . . , Xn ∼
X ∼ P i.i.d., the mean absolute deviation is defined by

Mn =
1

n

n∑
i=1

|Xi −Xn|,

which estimates E[|X −E[X]|]. Derivation of the limit distribution of Mn is (surprisingly)
nontrivial. To apply the previous theorem, let fθ(x) = |x− θ| with Θ = [−M,M ] for some
M > 0. Assume the mean θ0 = E[X] = 0 (for normalization) and the variance is finite. We

note that θ̂n = Xn
P→ 0 and so θ̂n ∈ Θ w.p.a. 1. We may assume θ̂n ∈ Θ. The function fθ

is Lipschitz in θ: |fθ(x)− fθ′(x)| ≤ |θ − θ′|. Conclude that the function class {fθ : θ ∈ Θ}
is P -Donsker and ‖fθ̂n − f0‖P,2 ≤ |θ̂n|

P→ 0. Apply the previous theorem and deduce

Gn(fθ̂n − f0) = oP(1).
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This implies √
n(Mn − Pf0) = Gnf0 +

√
nP (fθ̂n − f0) + oP(1).

Recall Knight’s identity

|x− y| − |x| = −y{1− 2I(x ≤ 0)}+ 2y

∫ 1

0
{I(x ≤ ys)− I(x ≤ 0)}ds.

With F (x) = P ((−∞, x]), we have∫
(|x− θ̂n| − |x|)dP (x) = {2F (0)− 1}θ̂n + 2θ̂n

∫ 1

0
{F (θ̂ns)− F (0)}ds.

Since θ̂n = OP(n−1/2), if F is continuous at 0, then the second term on the RHS is oP(n−1/2)
and we arrive at the expansion

√
n(Mn − Pf0) = Gnf0 + {2F (0)− 1}

√
nθ̂n + oP(1).

The RHS converges weakly to the normal distribution with mean zero and variance

Var(|X|) + 2{2F (0)− 1}Cov(X, |X|) + {2F (0)− 1}2 Var(X). (*)

If we knew θ0 = 0 we could use

M ′n =
1

n

n∑
i=1

|Xi|,

and
√
n(M ′n − Pf0)

w→ N(0,Var(|X|)). The additional terms in (*) can be thought of as a
“cost” of not knowing the mean.

Other examples of applications of asymptotic equicontinuity to the asymptotic analysis
of M -estimators can be found in Andrews (1994).

6.4 VC subgraph and type classes

Important classes of functions for which good estimates on the covering numbers are known
are Vapnik-Červonenkis (VC) subgraph classes and their suitable transformations. This
section defines VC subgraph and type classes, and discusses their basic properties.

6.4.1 VC subgraph classes

We begin with the definition of VC classes of sets. Let S be a set and let C be a nonempty
class of subsets of S. Pick any finite set {x1, . . . , xn} of size n. We say that C picks out
a subset A of {x1, . . . , xn} if there exists C ∈ C such that A = {x1, . . . , xn} ∩ C. Let
∆C(x1, . . . , xn) denote the number of subsets of {x1, . . . , xn} picked out by C, i.e.,

∆C(x1, . . . , xn) = Card({{x1, . . . , xn} ∩ C : C ∈ C})
= # of subsets of {x1, . . . , xn} that C can distinguish.
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The class C shatters {x1, . . . , xn} if C picks out all of its 2n subsets (including the empty
set), i.e., ∆C(x1, . . . , xn) = 2n. The VC index V (C) is defined by the smallest n for which
no set of size n is shattered by C, i.e., with mC(n) := maxx1,...,xn ∆C(x1, . . . , xn),

V (C) =

{
inf
{
n : mC(n) < 2n

}
if { } 6= ∅

+∞ otherwise
.

The class C is called a VC class if V (C) <∞. By definition,

V (C) > n⇔ V (C) ≥ n+ 1⇔ ∃x1, . . . , xn ∈ S distinct and shattered by C.

Equivalently,

V (C) ≤ n⇔ ∀x1, . . . , xn ∈ S,∃A ⊂ {x1, . . . , xn} not picked out by C.

If C is VC, then any subcollection of C is also VC with VC index ≤ V (C). A related notion
to the VC index is the VC dimension, which is defined by S(C) = V (C) − 1. The VC
dimension is

S(C) = sup{n : mC(n) = 2n}.

Example 6.15. (Simple examples)

(a) The collection of half intervals C = {(−∞, c] : c ∈ R} has VC index V (C) = 2.
Indeed, V (C) ≥ 2 is trivial and for any x1 < x2, {x2} is not picked out by C.

(b) The collection of half open intervals C = {(a, b] : a, b ∈ R, a < b} has VC index
V (C) = 3. Indeed, V (C) ≥ 3 is trivial and for any x1 < x2 < x3, {x1, x3} is not
picked out by C.

(c) The collection of all finite sets, C = {C : C finite}, is not VC.

For a VC class C of sets, mC(n) < 2n for n ≥ V (C). Indeed, asymptotically (n → ∞),
mC(n) is much smaller than 2n:

mC(n) = O(nV (C)−1).

This is a consequence of Sauer’s lemma (van der Vaart & Wellner 1996, Lemma 2.6.2).
Conversely, if there exists positive W such that mC(n) = O(nW ), then C is VC. However,
keep in mind that this does not mean V (C) = W + 1.

The VC property is preserved under finite unions, intersections, and products. For
collections C1, . . . , Cm of subsets of S, let

umj=1Cj =


m⋂
j=1

Cj : Cj ∈ Cj , j = 1, . . . ,m

 ,

tmj=1Cj =


m⋃
j=1

Cj : Cj ∈ Cj , j = 1, . . . ,m

 .
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For collections D1, . . . ,Dm of subsets of S1, . . . , Sm, resp., define

�mj=1Dm =


m∏
j=1

Dj : Dj ∈ Dj , j = 1, . . . ,m

 .

van der Vaart & Wellner (2009) prove the following.

Theorem 6.11. Assume that C1, . . . , Cm and D1, . . . ,Dm are VC. Then

S(umj=1Cj) ∨ S(tmj=1Cj) ≤ c1

m∑
j=1

S(Cj) log(c2m) and

S(�mj=1Dj) ≤ c1

m∑
j=1

S(Dj) log(c2m).

Here c1 = e
(e−1) log 2 = 2.28... and c2 = e

log 2 = 3.92....

It is not difficult to show that umj=1Cj ,tmj=1Cj , and �mj=1Dj are VC. For instance, for

given x1, . . . , xn, C1 u C2 can only pick out O(nS(C1)+S(C2)) subsets by Sauer’s lemma,
and this shows that C1 u C2 is VC. This is the proof of van der Vaart & Wellner (1996)
Lemma 2.6.17 Part (ii), but the proof does not mean S(C1 u C2) = S(C1) + S(C2). What is
remarkable about the above theorem is that it gives explicit bounds on the VC dimensions
of umj=1Cj ,tmj=1Cj , and �mj=1Dj .

Next, we define VC subgraph classes. The subgraph of a real function f on S is defined
by

sg(f) = {(x, t) : t < f(x)}.

A function class F on S is a VC subgraph class if the subgraphs of functions in F , sg(F) =
{sg(f) : f ∈ F}, are a VC class of sets in S × R. The VC index of F , V (F), is defined by
the VC index of sg(F), i.e., V (F) = V (sg(F)). Remarkably, any VC subgraph class has
the uniform covering number growing only at a polynomial rate. This essentially follows
from Sauer’s Lemma plus additional (highly nontrivial) work. In what follows, Pfd denotes
the collection of all finitely discrete distributions on S.

Theorem 6.12. Let F be a VC subgraph class with envelope F . For any r ∈ [1,∞),

sup
Q∈Pfd

N(F , ‖ · ‖Q,r, ε‖F‖Q,r) ≤ KV (F)(16e)V (F)

(
2

ε

)r(V (F)−1)

, 0 < ∀ε ≤ 1,

where K is universal.

Proof. See van der Vaart & Wellner (1996) Theorem 2.6.7.

As a consequence, we have:
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Corollary 6.9. Let F be a PM and VC subgraph class with envelope F . It is P -Glivenko-
Cantelli if PF <∞ and P -Donsker if PF 2 <∞.

The next lemma shows that the indicator functions of a VC class of sets is VC subgraph
with the same VC index.

Lemma 6.6. Let C be a VC class sets and let FC = {IC : C ∈ C} be the associated class
of indicator functions. Then FC is a VC subgraph class if and only if C is VC, and the VC
indices coincide, i.e., V (FC) = V (C).

Proof. If x1, . . . , xn are shattered by C, then (x1, 0), . . . , (xn, 0) are shattered by sg(FC).
Conversely, suppose that (x1, t1), . . . , (xn, tn) are shattered by sg(FC). Pick any subset
{i1, . . . , im} ⊂ {1, . . . , n}. We wish to show that {xi1 , . . . , xim} is picked out by C. We may
assume {i1, . . . , im} = {1, . . . ,m}. Since (x1, t1), . . . , (xm, tm) are picked out by sg(FC),
there exists C1 ∈ C such that

ti < IC1(xi), 1 ≤ ∀i ≤ m, tm+j ≥ IC1(xm+j), 1 ≤ ∀j ≤ n−m.

Since (x1, t1), . . . , (xn, tn) are shattered by sg(FC), (xm+1, tm+1), . . . , (xn, tn) are picked out
by sg(FC), so that there exists C2 ∈ C such that

ti ≥ IC2(xi), 1 ≤ ∀i ≤ m, tm+j < IC2(xm+j), 1 ≤ ∀j ≤ n−m.

Thus 0 ≤ tk < 1 for all 1 ≤ k ≤ n, so that xi ∈ C1 for all 1 ≤ i ≤ m and xm+j /∈ C1 for all
1 ≤ j ≤ n −m, which implies {x1, . . . , xm} = {x1, · · · , xn} ∩ C1. Therefore, {x1, . . . , xn}
is shattered by C. Combining the following lemma, we conclude that V (FC) = V (C).

Lemma 6.7. If sg(F) shatters n distinct points (x1, t1), . . . , (xn, tn) in S×R, then x1, . . . , xn
are distinct.

Proof. Suppose on the contrary some of x1, . . . , xn are equal. We may assume x1 = x2.
Since sg(F) picks out (x1, t1), there exists f1 ∈ F such that t1 < f1(x1) and t2 ≥ f1(x2) =
f1(x1). Hence t1 < t2. On the other hand, since sg(F) picks out (x2, t2), there exists
f2 ∈ F such that t2 < f2(x2) and t1 ≥ f2(x1) = f2(x2), which in turn implies t2 < t1, a
contradiction.

The next lemma shows that any finite dimensional vector space of functions is VC
subgraph.

Lemma 6.8. Any finite dimensional vector space F of functions is a VC subgraph class
with VC index at most dim(F) + 2.

Proof. Pick any collection of n := dim(F) + 2 points (x1, t1), . . . , (xn, tn). By assumption,
the vectors

(f(x1)− t1, . . . , f(xn)− tn)T , f ∈ F ,
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are contained in an (n−1)-dimensional subspace of Rn. Pick any vector a = (a1, . . . , an)T ∈
Rn that is orthogonal to this subspace. Then

n∑
i=1

ai(f(xi)− ti) = 0, ∀f ∈ F ,

namely, ∑
ai>0

ai(f(xi)− ti) =
∑
ai<0

(−ai)(f(xi)− ti), ∀f ∈ F .

There exists such a vector a with at least one positive coordinate. Then the set {(xi, ti) :
ai > 0} is not picked out by sg(F) since otherwise there exists f ∈ F with ti < f(xi)
for all ai > 0 and ti ≥ f(xi) for all ai ≥ 0, in which case

∑
ai>0 ai(f(xi) − ti) > 0 and∑

ai<0(−ai)(f(xi)− ti) ≤ 0, a contradiction.

The next lemma shows that the VC subgraph property is preserved under monotone
transformations.

Lemma 6.9. Let F be a VC subgraph class and let φ : R → R be a monotone function.
Then the class φ ◦ F = {φ ◦ f : f ∈ F} is also a V C-subgraph class with VC index at most
V (F).

Proof. We may assume that φ is nondecreasing (consider−φ if φ is nonincreasing). Suppose
on the contrary that V (φ◦F) > V (F) =: n. Then there exist n points (x1, t1), . . . , (xn, tn)
in S × R that are shattered by {sg(φ ◦ f) : f ∈ F}. We note that x1, . . . , xn are distinct.
Choose functions f1, . . . , fm in F with m = 2n such that {sg(φ◦fj) : j = 1, . . . ,m} shatters
(x1, t1), . . . , (xn, tn). For each 1 ≤ i ≤ n, define si = max{fj(xi) : φ(fj(xi)) ≤ ti}. Then

si < fj(xi)⇔ ti < φ ◦ fj(xi).

[The direction⇒ is trivial; for the converse direction, if ti < φ◦fj(xi), then for any 1 ≤ k ≤
m with φ(fk(xi)) ≤ ti, we have φ(fk(xi)) < φ(fj(xi)), which implies that fk(xi) < fj(xi)
since φ is nondecreasing, so that si < fj(xi).] This implies that (x1, s1), . . . , (xn, sn) are
shattered by {sg(fj) : j = 1, . . . ,m}, a contradiction.

6.4.2 VC type classes

Theorem 6.12 implies the following: there exist universal constants A ≥ 1 and c ≥ 1 such
that for any VC subgraph class F with envelope F ,

sup
Q∈Pfd

N(F , ‖ · ‖Q,2, ε‖F‖Q,2) ≤ (A/ε)cV (F), 0 < ∀ε ≤ 1.

Indeed, this property is precisely what we need in many applications. Given these obser-
vations, we define VC type classes of functions as follows.
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Definition 6.8 (VC type class). A function class F with envelope F is VC type with
constants A ≥ 1 and V ≥ 1 if

sup
Q∈Pfd

N(F , ‖ · ‖Q,2, ε‖F‖Q,2) ≤ (A/ε)V , 0 < ∀ε ≤ 1.

VC subgraph classes are VC type. VC type classes are P -Donsker as long as the
envelope is square-integrable and some measurability condition is met. Importantly, the
VC type property is closed under Lipschitz transformations.

Lemma 6.10. Let F1, . . . ,Fk be function classes on S with envelopes F1, . . . , Fk, re-
spectively, and let φ : Rk → R be a map that is Lipschitz in the sense that for any
f = (f1, . . . , fk) and g = (g1, . . . , gk) ∈ F1 × · · · × Fk =: F ,

|φ ◦ f(x)− φ ◦ g(x)|2 ≤
k∑
j=1

L2
j (x)|fj(x)− gj(x)|2, x ∈ S,

where L1, . . . , Lk are some functions on S. Consider the function class φ(F) := {φ ◦ f :
f ∈ F}. Denote (

∑k
j=1 L

2
jF

2
j )1/2 by L · F . Then we have

sup
Q∈Pfd

N(φ(F), ‖ · ‖Q,2, ε‖L · F‖Q,2) ≤
k∏
j=1

sup
Rj∈Pfd

N(Fj , ‖ · ‖Rj ,2, ε‖Fj‖Rj ,2), 0 < ∀ε ≤ 1.

Proof. Let Q be any finitely discrete distribution and define the measure dRj = L2
jdQ,

which may not be a probability measure. Then

‖φ ◦ f − φ ◦ g‖2Q,2 ≤
k∑
j=1

∫
|fj − gj |2dRj =

k∑
j=1

Rj(|fj − gj |2).

For each j, construct a minimal ε‖Fj‖Rj ,2-net Gj for (Fj , ‖ · ‖Rj ,2). Then the set of points
φ(g1, . . . , gk) with (g1, . . . , gk) ranging over all possible combinations of gj from Gj forms
an ε‖L · F‖Q,2-net for (φ(F), ‖ · ‖Q,2), so that

N(φ(F), ‖ · ‖Q,2, ε‖L · F‖Q,2) ≤
k∏
j=1

N(Fj , ‖ · ‖Rj ,2, ε‖Fj‖Rj ,2).

Replacing Rj by Rj/Rj(1) (the latter is a probability measure) completes the proof.

The following two corollaries are immediate.
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Corollary 6.10. (i) Let F and G be function classes with envelopes F and G, respec-
tively. Then

sup
Q∈Pfd

N(F + G, ‖ · ‖Q,2,
√

2ε‖F +G‖Q,2)

≤ sup
Q∈Pfd

N(F , ‖ · ‖Q,2, ε‖F‖Q,2) sup
Q∈Pfd

N(G, ‖ · ‖Q,2, ε‖G‖Q,2),

sup
Q∈Pfd

N(FG, ‖ · ‖Q,2, 2ε‖FG‖Q,2)

≤ sup
Q∈Pfd

N(F , ‖ · ‖Q,2, ε‖F‖Q,2) sup
Q∈Pfd

N(G, ‖ · ‖Q,2, ε‖G‖Q,2),

where FG = {fg : f ∈ F , g ∈ G}.

(ii) For q ∈ [1,∞), let |F|q = {|f |q : f ∈ F}. Then

sup
Q∈Pfd

N(|F|q, ‖ · ‖Q,2, qε‖F q‖Q,2) ≤ sup
Q∈Pfd

N(F , ‖ · ‖Q,2, ε‖F‖Q,2).

Corollary 6.11. Let φ and ϕ be monotone functions R → R, and let F and G be VC
subgraph classes. If there exists H : S → R+ with supf∈F |φ◦f(x)| ≤ H(x) and supg∈G |ϕ◦
g(x)| ≤ H(x) for all x ∈ S, then φ ◦ F + ϕ ◦ G is a VC type class with constants A and
c(V (F) + V (G)) for envelope 2H, where A and c are universal.

6.5 Supplements

6.5.1 Sharpness of entropy integral bound

The entropy integral bound (Theorem 6.2) is extremely useful in statistical applications
and often leads to nearly sharp results. Still the entropy integral bound need to not be
sharp.

Example 6.16. Let X1, X2, . . . be independent zero-mean Gaussian r.v.’s such that

σ2
n = E[X2

n] = (1 + log n)−1.

Then E[supn≥1 |Xn|] <∞ but the entropy integral is infinite.

Proof. For n ≥ 1 and r ≥ 2,

P(|Xn| ≥ r) ≤ 2e−r
2/(2σ2

n) ≤ 2e−
1
2
r2(1+logn) = 2n−r

2/2e−r
2/2,

by which we have

P
(

sup
n≥1
|Xn| > r

)
≤ 2e−r

2/2
∞∑
n=1

n−r
2/2 . e−r

2/2.
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This implies E[supn≥1 |Xn|] <∞.
On the other hand, pick any ε > 0. For n < nε = exp(−1+1/(2ε2)), we have σ2

n > 2ε2.
Since Xn are independent,

ρ2(n,m) =
√
σ2
n + σ2

m > 2ε, ∀n,m < nε,

which implies that n and m can not belong to the same ε-ball as long as n,m < nε. Hence
N(N, ρ2, ε) ≥ nε − 1, so that

inf
ε>0

ε
√

logN(N, ρ2, ε) > 0,

and especially ∫ 1

0

√
logN(N, ρ2, ε)dε =∞.

6.5.2 A metric entropy condition for sample continuity

Dudley (1967b) originally derived the entropy integral bound to develop a criterion for
a stochastic process to have a continuous version, i.e., a version with continuous sample
paths. We shall state a slightly modified version of Theorem 6.2.

Corollary 6.12. Under the condition of Theorem 6.2,

E
[

max
d(s,t)<δ

|X(t)−X(s)|
]
.
∫ δ

0

√
logN(T, d, ε)dε, 0 < ∀δ ≤ D.

Proof. Define U = {(s, t) : s, t ∈ T, d(s, t) < δ} and Y (u) := X(tu) − X(su) for u =
(su, tu) ∈ U . On the set U , define the pseudometric ρ(u, v) := ‖Y (v) − Y (u)‖ψ2 . The
ρ-diameter of U is bounded by 2 supu∈U ‖Y (u)‖ψ2 ≤ 2δ and we also have

‖Y (v)− Y (u)‖ψ2 ≤ ‖X(tv)−X(tu)‖ψ2 + ‖X(su)−X(sv)‖ψ2

≤ d(tv, tu) + d(sv, su).

Hence, if {t1, . . . , tN} is an ε-net of T , then {(ti, tj) : 1 ≤ i, j ≤ N} is a 2ε-net of U . Some
of (ti, tj) may not be in U but we still have N(U, ρ, 4ε) ≤ N2(T, d, ε). Therefore, applying
the entropy integral bound to (Y (u))u∈U , we have

E
[

max
d(s,t)<δ

|X(t)−X(s)|
]

= E
[

sup
u∈U
|Y (u)|

]
.
∫ 2δ

0

√
logN(U, ρ, ε)dε

≤
∫ 2δ

0

√
logN2(T, d, ε/4)dε .

∫ δ/2

0

√
logN(T, d, ε)dε.

This completes the proof.
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Now suppose (T, d) is a (not necessarily countable) pseudometric space and let X =
(X(t))t∈T be a sub-Gaussian stochastic process. We are interested in conditions under
which X has a version with uniformly continuous paths. Assume∫ 1

0

√
logN(T, d, ε)dε <∞.

This implies that T is totally bounded and thus separable (the constant “1” has no special
meaning and can be replaced by any positive constant). Let T0 be a countable dense subset
of T . Apply the previous theorem to (X(t))t∈T0 and deduce

sup
d(s,t)<δ,s,t∈T0

|X(t)−X(s)| P→ 0 as δ → 0.

So there exists a sequence δm → 0 such that

sup
d(s,t)<δm,s,t∈T0

|X(t)−X(s)| → 0 a.s.

But since supd(s,t)<δ,s,t∈T0 |X(t)−X(s)| is nondecreasing in δ, we conclude that

lim
δ→0

sup
d(s,t)<δ,s,t∈T0

|X(t)−X(s)| = 0 a.s.,

which implies that X|T0 has sample paths a.s. uniformly continuous. The process X|T0
has a continuous extension to T by uniform continuity on T0, which is a desired version.
We have proved the following theorem.

Theorem 6.13. Let X = (X(t))t∈T be a sub-Gaussian stochastic process indexed by a
pseudometric space (T, d): ‖X(t)−X(s)‖ψ2 ≤ d(s, t) for all s, t ∈ T . If∫ 1

0

√
logN(T, d, ε)dε <∞,

then X has a version X̃ = (X̃(t))t∈T whose paths are a.s. uniformly continuous.

If X is Gaussian, then ‖X(t)−X(s)‖ψ2 . ρ2(s, t) with ρ2(s, t) =
√
E[(X(t)−X(s))2].

So we have:

Corollary 6.13. Let X = (X(t))t∈T be a Gaussian process. If∫ 1

0

√
logN(T, ρ2, ε)dε <∞

for ρ2(s, t) =
√

E[(X(t)−X(s))2], then X has a version X̃ = (X̃(t))t∈T whose paths are
a.s. uniformly ρ2-continuous.
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Example 6.17 (Brownian motion). For instance consider to construct a Brownian motion
on [0, 1] using the corollary. A standard Brownian motion (BM) (B(t))t∈[0,1] is a zero-mean
Gaussian process with continuous paths and covariance function E[B(s)B(t)] = s ∧ t. By
Kolmogorov’s extension theorem, we can construct a version (Bp(t))t∈[0,1] of the standard
BM which is however not guaranteed to have continuous paths (p in the superscript comes
from “pre”). The ρ2 distance is ρ2(s, t)2 = E[(Bp(t)−Bp(s))2] = t− 2(s ∧ t) + s = |t− s|,
for which ∫ 1

0

√
logN([0, 1], ρ2, ε)dε .

∫ 1

0

√
log(1/ε2)dε <∞.

Since the ρ2 distance is equivalent to the Euclidean metric, there is a version of Bp whose
paths are a.s. continuous, which is a desired version.

Recall that a function class F ⊂ L2(P ) is P -pre-Gaussian if (T, ρP,2) for ρP,2(f, g) =√
VarP (f − g) is totally bounded and there is a zero-mean Gaussian process GP with

covariance function E[GP (f)GP (g)] = CovP (f, g) and sample paths a.s. uniformly ρP,2-
continuous. The GP process is sub-Gaussian with d . ρP,2 and so we have the following
criterion for pre-Gaussianity.

Corollary 6.14. A function class F ⊂ L2(P ) is P -pre-Gaussian if∫ 1

0

√
logN(F , ρP,2, ε)dε <∞

where ρP,2(f, g) =
√

VarP (f − g).

6.5.3 Gaussian concentration inequality

A Gaussian process appears as a limit process in empirical process theory. A Gaussian
process has many fine properties and it is beyond the scope of this course to discuss those
properties in detail; consult Giné & Nickl (2016) Chapter 2 if you are interested. So we will
focus on basic concentration inequalities for a Gaussian vector/process, which is extremely
important in modern statistics research. We first prove a concentration inequality for a
Lipschitz function of a standard Gaussian vector.

Theorem 6.14 (Gaussian concentration inequality). Let Z ∼ N(0, Ik) and let F : Rk → R
be Lipschitz continuous with Lipschitz constant at most 1. Then for any r > 0,

P(F (Z) ≥ E[F (Z)] + r) ≤ e−2r2/π2
.

Remark 6.11. The bound can be improved to e−r
2/2. The same comment applies to all

the subsequent results.
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Proof. The proof is taken from Pisier (1989, Theorem 4.7). The proof is application of
Chernoff’s bound and will bound the m.g.f. of F (Z)−E[F (Z)]. Let Φλ(x) = eλx. We may
assume that F is continuously differentiable (otherwise, approximate F by a sequence of
smooth Lipschitz functions). For an independent copy Z̃ of Z, let

Z(θ) = Z sin θ + Z̃ cos θ, Z ′(θ) = Z cos θ − Z̃ sin θ.

Then

F (Z)− F (Z̃) = F (Z(π/2))− F (Z(0)) =

∫ π/2

0
∇F (Z(θ))TZ ′(θ)dθ.

Since Φλ is convex, we have

Φλ(F (Z)− F (Z̃)) ≤ 2

π

∫ π/2

0
Φλ

(π
2
∇F (Z(θ))TZ ′(θ)

)
dθ

by Jensen’s inequality. Thus

E[Φλ(F (Z)− F (Z̃))] ≤ 2

π

∫ π/2

0
E
[
Φλ

(π
2
∇F (Z(θ))TZ ′(θ)

)]
dθ

= E
[
Φλ

(π
2
∇F (Z)T Z̃

)]
.
(
∵ (Z(θ), Z ′(θ))

d
= (Z, Z̃)

)
Conditioning on Z, we have

E
[
Φλ

(π
2
∇F (Z)T Z̃

)
| Z
]

= exp

(
1

2

(π
2

)2
‖∇F (Z)‖2λ2

)
≤ eπ2λ2/8.

By Fubini’s theorem, we conclude

E[Φλ(F (Z)− F (Z̃))] ≤ eπ2λ2/8.

Since Φλ is convex, the LHS is bounded from below by E[Φλ(F (Z)−E[F (Z̃)])] by Jensen’s
inequality. By Markov’s inequality (or Chernoff’s bound), we have for any λ > 0,

P (F (Z)− E[F (Z)] ≥ r) ≤ e−λr+π2λ2/8.

Choosing λ = 4r/π2 gives the desired bound.

Applying the Gaussian concentration inequality to −F , we also have

P(|F (Z)− E[F (Z)]| ≥ r) ≤ 2e−2r2/π2
,

which shows that |F (Z)− E[F (Z)]| is sub-Gaussian despite the possibility that F may be
a complicated function (remarkable, isn’t it?). The following corollary is of interest from
a statistical point of view.
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Corollary 6.15. Let ε1, . . . , εn ∼ N(0, σ2) i.i.d. with ε = (ε1, . . . , εn)T and let A be a
non-stochastic n× n matrix. Then for any η, r > 0,

P
(
‖Aε‖2 ≥ (1 + η)σ2 tr(ATA) + (1 + η−1)σ2‖A‖2opr

)
≤ e−2r/π2

.

Here ‖A‖op = sup‖x‖=1 ‖Ax‖ is the operator norm.

Proof. By homogeneity, we may assume σ2 = 1. Apply the Gaussian concentration inequal-
ityto F (z) = ‖Az‖ with z = (z1, . . . , zn)T , which is Lipschitz continuous with Lipschitz
constant at most ‖A‖op. Then for any r > 0,

P (‖Aε‖ ≥ E[‖Aε‖] + ‖A‖opr) ≤ e−2r2/π2
.

We have E[‖Aε‖] ≤
√
E[‖Aε‖2] =

√
tr(ATA). Using (a+ b)2 ≤ (1 + η)a2 + (1 + η−1)b2, we

conclude
P
(
‖Aε‖2 ≥ (1 + η) tr(ATA) + (1 + η−1)‖A‖2opr

2
)
≤ e−2r2/π2

.

The final conclusion follows from a change of variables.

If σ2 = 1 and A = In, then ‖Aε‖2 ∼ χ2(n). So for X ∼ χ2(n), we have

P
(
X ≥ (1 + η)n+ (1 + η−1)r

)
≤ e−2r/π2

0 < η, r <∞.

Finally, we prove a concentration inequality for the Gaussian supremum.

Theorem 6.15 (Gaussian concentration inequality). Let X = (X(t))t∈T be a zero-mean
Gaussian process indexed by a countable set T = {t1, t2, . . . } such that ‖X‖T < ∞ a.s.
Then: (a) σ2 := supt∈T E[X2(t)] <∞; (b) E[‖X‖T ] <∞; (c) and for any r > 0,

P (‖X‖T ≥ E[‖X‖T ] + r) ≤ e−2r2/(π2σ2).

(d) Finally, for any r > 0,

P (|‖X‖T − E[‖X‖T ]| ≥ r) ≤ 2e−2r2/(π2σ2).

Proof. We first verify σ2 < ∞. Let σ2
t = E[X2(t)]. Since ‖X‖T is finite a.s., there exists

M <∞ such that P(‖X‖T ≤ M) ≥ 1/2 (say). Then for any t ∈ T , P(|X(t)| ≤ M) ≥ 1/2.
But since X(t)/σt ∼ N(0, 1) whenever σ2

t > 0, there exists a universal constant c > 0 such
that M/σt ≥ c whenever σ2

t > 0. Conclude that σ2 = supt∈T σ
2
t ≤ (M/c)2 <∞.

Let Tk = {t1, . . . , tk} and consider the Gaussian vector (X(t))t∈Tk ∼ N(0,Γ). Define

F : Rk → R by F (z) = max1≤i≤k |(Γ1/2z)i| for z ∈ Rk. Then (X(t))t∈Tk
d
= Γ1/2Z for

Z ∼ N(0, Ik) and thus ‖X‖Tk
d
= F (Z). The Lipschitz constant of F is bounded by

max
1≤i≤k

 k∑
j=1

(Γ1/2)2
ij

1/2

= max
1≤i≤k

(E[X2(ti)])
1/2 ≤ σ.
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Hence,
P (‖X‖Tk ≥ E [‖X‖Tk ] + r) ≤ e−2r2/(π2σ2).

Likewise, we also have

P (‖X‖Tk ≤ E [‖X‖Tk ]− r) ≤ e−2r2/(π2σ2).

Take r0 large enough so that e−2r20/(π
2σ2) < 1/2. Then E[‖X‖Tk ]−r0 must be bounded from

above by M , i.e., E[‖X‖Tk ] ≤M + r0. We note that M and r0 were chosen independently
of t1, . . . , tk, and ‖X‖Tk ↑ ‖X‖T a.s. as k → ∞. By the monotone convergence theorem,
we conclude

E[‖X‖T ] = lim
k

E [‖X‖Tk ] ≤M + r0 <∞.

Finally,

P (‖X‖Tk > E[‖X‖T ] + r) ≤ P (‖X‖Tk > E[‖X‖Tk ] + r) ≤ e−2r2/(π2σ2).

Letting k →∞, we conclude

P (‖X‖T > E[‖X‖T ] + r) ≤ e−2r2/(π2σ2).

Part (d) is similar.

6.6 Exercises

1. (Orlicz norms)

(a) Show that any Orlicz norm ‖ · ‖ψ is indeed a norm on the space Lψ of all r.v.’s
ξ with ‖ξ‖ψ <∞ modulo a.s. equivalence. Is Lψ a Banach space?

(b) Show that ‖ξ‖Lp ≤ (dp/2e!)
1

2dp/2e ‖ξ‖ψ2 ≤
√
dp/2e‖ξ‖ψ2 .

(Hint). Let k = dp/2e. We first note that ‖ξ‖Lp ≤ ‖ξ‖L2k . Then use the
inequality

ex
2 ≥ 1 +

x2k

k!
.

2. (a) Show that ‖Z‖ψ2 =
√

8/3 for Z ∼ N(0, 1).

(b) Show that if |X| ≤ C a.s. for some constant C, then ‖X‖ψ2 ≤ C/
√

log 2.

(c) Find a bound on ‖X‖ψ2 for X ∼ N(µ, σ2).

(Hint). Use X
d
= µ+ σZ for Z ∼ N(0, 1).

3. Let ξ be a r.v. with mean zero.

(a) Show that if there exists finite ν > 0 such that E[eλξ] ≤ eνλ
2/2 for all λ ∈ R,

then ‖ξ‖ψ2 ≤
√

6ν.
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(b) Show that E[eλξ] ≤ e3λ2‖ξ‖2ψ2 for all λ ∈ R.

(c) Let ξ1, . . . , ξn ∈ Lψ2 be independent with mean zero. Show that∥∥∥∥∥
n∑
i=1

ξi

∥∥∥∥∥
ψ2

≤ 6

√√√√ n∑
i=1

‖ξi‖2ψ2
.

The RHS is
√∑n

i=1 ‖ξi‖2ψ2
and not

∑n
i=1 ‖ξi‖ψ2 .

Conclude that

P

(∣∣∣∣∣
n∑
i=1

ξi

∣∣∣∣∣ > x

)
≤ 2e

− x2

36
∑n
i=1
‖ξi‖2ψ2 .

This is a generalization of Hoeffding’s inequality to not necessarily bounded
r.v.’s.

4. For p ∈ (0,∞), let ψp(x) = ex
p − 1. For p ∈ [1,∞), ψp is a Young modulus and

E
[

max
1≤i≤N

|ξi|
]
≤ (log(1 +N))1/p max

1≤i≤N
‖ξi‖ψp .

For p ∈ (0, 1), ψp is not convex (near zero), but still define ‖ξ‖ψp = inf{C > 0 :
E[ψp(|ξ|/C)] ≤ 1}. Find a positive constant xp such that

ψ̃p(x) =

{
ψp(x) x > xp
ψp(xp)
xp

x 0 ≤ x ≤ xp

is a Young modulus. Next, show that there exists a constant 1 < Cp < ∞ that
depends only on p such that C−1

p ‖ξ‖ψ̃p ≤ ‖ξ‖ψp ≤ Cp‖ξ‖ψ̃p . Conclude that

E
[

max
1≤i≤N

|ξi|
]
≤ Cp

(
xp ∨ (log(1 +N))1/p

)
max

1≤i≤N
‖ξi‖ψp .

5. (a) Verify that ‖X2‖ψ1 = ‖X‖2ψ2
.

(b) For any (possibly dependent) r.v.’s X,Y , show that ‖XY ‖ψ1 ≤ ‖X‖ψ2‖Y ‖ψ2 .

(Hint). Mimic the proof of Holder’s inequality.

6. (a) For X1, . . . , XN Gaussian with mean zero (not necessarily independent), Corol-
lary 6.1 implies

E
[

max
1≤j≤N

Xj

]
≤ E

[
max

1≤j≤N
|Xj |

]
≤
√

8/3
√

log(1 +N) max
1≤j≤N

σj︸ ︷︷ ︸
=σ

,
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where σ2
j = E[X2

j ]. A better bound does exist. Prove

E
[

max
1≤j≤N

Xj

]
≤ σ

√
2 logN.

From this inequality, deduce

E
[

max
1≤j≤N

|Xj |
]
≤ σ

√
2 log 2N.

(Hint). For β > 0, let

Fβ(x) = β−1 log

 N∑
j=1

eβxj

 , x = (x1, . . . , xN ).

Show the inequality

max
j
xj ≤ Fβ(x) ≤ β−1 logN + max

j
xj .

Derive a bound on E[Fβ(X)] using Jensen’s inequality and optimize β.

(b) Conversely, for X1, . . . , XN ∼ N(0, 1) i.i.d., prove

E
[

max
1≤j≤N

Xj

]
≥ c
√

logN

for some universal constant c > 0.

7. Let X1, . . . , Xn be independent random vectors in Rd with mean zero and P(‖Xi‖ ≤
M) = 1 for all i = 1, . . . , n for some constant M > 0. Let Θ1 = {α ∈ Rd : ‖θ‖1 ≤ 1}
and Θ2 = {θ ∈ Rd : ‖θ‖ ≤ 1}, where ‖θ‖1 =

∑d
j=1 |θj | for θ = (θ1, . . . , θd)

T whereas
‖ · ‖ denotes the standard Euclidean norm.

(a) Find a bound on E[‖
∑n

i=1 θ
TXi‖Θ2 ].

(b) Find a bound on E[‖
∑n

i=1 θ
TXi‖Θ1 ].

(Hint). Do not use the entropy integral bound.

8. Show directly that the function class F = {I(−∞,x] : x ∈ R} satisfies

N(F , ‖ · ‖Q,r, ε) ≤ (2/ε)r 0 < ∀ε ≤ 1

for any Q and r ∈ [1,∞).
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(Hint). Example 19.6 in van der Vaart (1998) shows that

N(F , ‖ · ‖Q,1, ε) ≤ 2/ε.

Using this bound together with the fact that Q|f |r ≤ Q|f | whenever |f | ≤ 1, we can
deduce

N(F , ‖ · ‖Q,r, ε1/r) ≤ 2/ε,

so that
N(F , ‖ · ‖Q,r, ε) ≤ 2/εr ≤ (2/ε)r.

9. Show that for any S ⊂ T ,

N(S, d, 2ε) ≤ N(T, d, ε).

10. Let B1 denote the closed unit ball in Rd. We have shown that

N(B1, ‖ · ‖, ε) ≤
(

1 +
2

ε

)d
.

In this problem we are interested in a lower bound on the covering number. Show
that

N(B1, ‖ · ‖, ε) ≥ (1/ε)d.

11. (a) Show that for any p = 2, 3, . . . , there exists an integrable function K : R → R
such that∫
R
K(x)dx = 1,

∫
R
xjK(x)dx = 0, j = 1, . . . , p−1, and

∫
R
|x|p|K(x)|dx <∞.

Such a function is called a p-th order kernel. Can you construct a p-th order
kernel that is of bounded variation?

(Hint). Find a real symmetric function ϕ such that ϕ(0) = 1 and ϕ(j)(0) = 0
for j = 1, . . . , p− 1 and then apply the Fourier inversion.

(b) Let f be a bounded density on R such that for some α > 0 (not necessarily
integer) f is α-times differentiable and

sup
x 6=y

|f (α)(x)− f (α)(y)|
|x− y|α−α

<∞,

where α is the largest integer smaller than α (e.g., if α = 2 then α = 1). Given
a random sample X1, . . . , Xn from f , construct a kernel density estimator f̂n
such that

‖f̂n − f‖R = OP

((
log n

n

) α
2α+1

)
.
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12. In the proof of Theorem 6.6 (ULLN), deduce ‖Pnf − Pf‖FM → 0 a.s. from ‖Pnf −
Pf‖FM

P→ 0.

(Hint). McDiarmid.

13. (Glivenko-Cantelli implies integrability of the minimal envelope) Let F be a PM
function class with F = supf∈F |f | such that supf∈F P |f | < ∞. Show that if F is
P -Glivenko-Cantelli, then PF <∞.

(Hint). By assumption, ‖Pn−1f − Pf‖F → 0 and ‖Pnf − Pf‖F → 0 a.s. Deduce
that F (Xn)/n→ 0 a.s. Use the Borel-Cantelli lemma to conclude that PF <∞.

14. Show that F = {f ∈ C([0, 1]) : ‖f‖∞ ≤ 1} is not Glivenko-Cantelli for P = U [0, 1].

15. Pointwise convergence does not guarantee uniform convergence, but there are some
exceptions, e.g., Pólya’s theorem. Another interesting example is convergence of
convex functions. Convex functions are common in M -estimation as they are suitable
for optimization. In addition, pointwise convergence of convex functions implies
uniform convergence on compacta. Prove the following.

Lemma 6.11. Let f̂n : Θ → R be stochastic functions defined on an open convex
subset Θ of Rd and suppose that there exists a nonstochastic function f : Θ→ R such

that f̂n(θ)
P→ f(θ) for each fixed θ ∈ Θ. Then f is convex and for any compact set

K ⊂ Θ,

sup
θ∈K
|f̂n(θ)− f(θ)| P→ 0.

Pollard (1991) contains an elegant direct proof of this lemma. Takeaway: Convexity
facilitates the asymptotic analysis of M -estimators.

16. Show that if P is discrete on R then the empirical characteristic function is uniformly
consistent (on R):

sup
t
|ϕ̂n(t)− ϕ(t)| → 0 a.s.

Feuerverger & Mureika (1977).

17. Let ϕ̂n denote the empirical ch.f. based on a random sample X1, . . . , Xn with common
ch.f. ϕ.

(a) Show that for any T ≥ 1,

E
[
‖ϕ̂n − ϕ‖[−T,T ]

]
. (1 + E[|X1|])

√
T log(nT )

n
.

(Hint). Decompose eitx into the real and imaginary parts. Discretize [−T, T ]
into grids −T = t0 < t1 < · · · < tN = T and approximate ‖ϕ̂n − ϕ‖[−T,T ] by
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max1≤j≤N |ϕ̂n(tj)−ϕ(tj)|. Apply the global maximal inequality and bound the
approximation error.

(b) Verify that if E[|X1|] < ∞ and Tn → ∞ satisfies Tn log Tn = o(n), then ‖ϕ̂n −
ϕ‖[−Tn,Tn]

P→ 0. Can you upgrade convergence in probability to almost sure
convergence?

(Hint). McDiarmid.

18. (Packing number)

Definition 6.9 (Packing number). For any pseudometric space (T, d), a collection
of points in T is ε-separated if the d-distance between each pair of points is greater
than ε. The packing number D(T, d, ε) is the maximum number of ε-separated points
in T .

(a) Show that
N(T, d, ε) ≤ D(T, d, ε) ≤ N(T, d, ε/2).

(b) Let P be a probability measure on (S,S) such that PF r < ∞ for some r ∈
[1,∞). Show that

D(F , ‖ · ‖P,r, 2ε‖F‖P,r) ≤ sup
Q∈Pfd

D(F , ‖ · ‖P,r, ε‖F‖Q,r).

Conclude that

N(F , ‖ · ‖P,r, 4ε‖F‖P,r) ≤ sup
Q∈Pfd

N(F , ‖ · ‖Q,r, ε‖F‖Q,r).

19. This problem will derive metric entropy bounds on classes of functions of p-variations.
For p ∈ [1,∞), a function f : R→ R is said to have bounded p-variation if

vp(f) = sup


N∑
j=1

|f(xj)− f(xj−1)|p : −∞ < x0 < x1 < · · · < xN <∞

 <∞.

A function of bounded 1-variation is said to be of bounded variation, and a function
of 2-variation is said to be of bounded quadratic variation. If a function f : R → R
is of bounded p-variation, then f is bounded since |f(x)|p ≤ 2p−1|f(0)|+ 2p−1|f(x)−
f(0)| ≤ 2p−1|f(0)|+ vp(f). Define

BVp = BVp(R) = {f : R→ R : ‖f‖BVp <∞}

where ‖f‖BVp = ‖f‖∞+ vp(f)1/p and ‖f‖∞ = supx |f(x)|. The following lemma will
be useful (a proof can be found in Giné & Nickl (2016) Lemma 3.6.11 and you don’t
have to prove it by your own).
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Lemma 6.12. Let f : R → R be of bounded p-variation for some p ∈ [1,∞). Then
there exist a nondecreasing function h : R→ R with 0 ≤ h ≤ vp(f) and a 1/p-Hölder
function g : [0, vp(f)] → R with Hölder constant at most 1 (i.e., |g(x) − g(y)| ≤
|x− y|1/p for all x, y ∈ [0, vp(f)]) such that f = g ◦ h.

Now, using this lemma together with known metric entropy bounds on Hölder balls
and monotone function classes, prove the following: for any r, p ∈ [1,∞), there exists
a constant K = Kp depending only on p such that

sup
Q∈Pfd

logN(BVp,1, ‖ · ‖Q,r, ε) ≤ K/εp, 0 < ∀ε ≤ 1,

where BVp,1 = {f ∈ BVp : ‖f‖BVp ≤ 1}. Conclude that BVp,1 is P -Donsker for any
P if 1 ≤ p < 2.

20. In Example 6.14, consider instead the median absolute deviation:

M̆n =
1

n

n∑
i=1

|Xi − θ̂1/2|,

where θ̂1/2 is the sample median. Find the limiting distribution of M̆n together with
regularity conditions.

21. (Expected shortfall) The expected shortfall is a risk measure used in financial risk
management. The expected shortfall at level α ∈ (0, 1) (a typical choice is α = 0.05))
of the payoff of a portfolio X when X has continuous d.f. F is defined by

ESα = E[X | X ≥ F−1(1− α)] = α−1E[XI(X ≥ I(F−1(1− α))].

Let θ̂1−α denote the sample (1− α)-quantile. We estimate ESα by

ÊSα = α−1n−1
n∑
i=1

XiI(Xi ≥ θ̂1−α).

Find the limiting distribution of
√
n(ÊSα−ESα) together with regularity conditions.

22. Read Lemmas 2.6.17 and 2.6.18 in van der Vaart & Wellner (1996) about VC classes
of sets and VC subgraph classes and work out the proofs. Fill the details.

23. Derive bounds on the VC indices for the following collections of sets.

(a) The collection of all half spaces in Rd.
(b) The collection of all closed balls in Rd.
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24. Consider the function class F = {(y, x) 7→ (αTx)I(y ≤ xTβ) : α ∈ Sm−1, β ∈ Rm} on
R× Rm where Sm−1 = {x ∈ Rm : ‖x‖ = 1}. An envelope function is F (y, x) = ‖x‖.
Show that F with envelope F is VC type with constants A = c1m and V = c2 where
c1 and c2 are universal. Is F a VC subgraph class?

25. (a) Show that for any 1 ≤ r < s <∞,

sup
Q∈Pfd

N(F , ‖ · ‖Q,s, 2ε‖F‖Q,s) ≤ sup
Q∈Pfd

N(F , ‖ · ‖Q,r, 2εr/s‖F‖Q,r).

van der Vaart & Wellner (1996) Problem 2.10.3.

(b) Prove the following. For a strictly positive envelope F , supQ∈Pfd N(F , ‖ ·
‖Q,r, ε‖F‖Q,r) is nondecreasing in r ∈ [1,∞). Is strict positivity of F essen-
tial?

van der Vaart & Wellner (1996) Problem 2.10.4.

26. Let (S,S), (T, T ) be measurable spaces, and let F be a class of real-valued jointly
measurable functions on S×T equipped with finite envelope F . Let R be a probability
measure on (T, T ), and for a jointly measurable function f : S × T → R, define
f : S → R by f(x) =

∫
f(x, y)dR(y) whenever the latter integral is defined and finite

for every x ∈ S. Suppose that F is everywhere finite and let F = {f : f ∈ F}. Show
that if F is VC type then F is also VC type.

(Hint). Consider first to bound N(F , ‖ · ‖Q,1, ε). Use Exercises 18 and 25.

27. (Fernique) Let X = (X(t))t∈T be a zero-mean Gaussian process indexed by a count-
able set T and assume ‖X‖T < ∞ a.s. Show that E[exp(α‖X‖2T )] < ∞ for some
0 < α <∞.

28. Let Xj = (Xj(t))t∈Tj , j = 1, . . . , N be zero-mean Gaussian processes indexed by
countable sets T1, . . . , TN such that ‖Xj‖Tj <∞ a.s. for j = 1, . . . , N . Show that

E
[

max
1≤j≤N

‖Xj‖Tj
]
. max

1≤j≤N
E[‖Xj‖Tj ] +

√
logN max

1≤j≤N
σj ,

where σ2
j = supt∈Tj E[X2

j (t)].

(Hint). Use the Gaussian concentration inequality to bound the ψ2-norm of ‖Xj‖Tj−
E[‖Xj‖Tj ].

29. Let B be a separable real Banach space with norm ‖ · ‖ and let B∗ be its dual space:
B∗ = {f : B → R : f is continuous and linear}. Denote by B∗1 the closed unit ball
in B∗. Show that the Borel σ-field B(B) on B coincides with the smallest σ-field on
B for which all f ∈ B∗1 are measurable. Conclude that if X and Y are B-valued r.v.

with f(X)
d
= f(Y ) for all f ∈ B∗1 then X

d
= Y .
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In what follows we will discuss LLN and CLT in separable Banach spaces. We
first define the Bochner integral (expectation) of a random variable with values in a
separable Banach space w.r.t. P.

Theorem 6.16 (Bochner integral). Let B be a separable real Banach space with
norm ‖ · ‖ and let B∗ denote its dual space. Denote by 〈x, x∗〉 the action of x∗ ∈ B∗
to x ∈ B. Let X : Ω → B be a B-valued r.v. such that E[‖X‖] < ∞. Then there
exists a unique element E[X] ∈ B such that 〈E[X], x∗〉 = E[〈X,x∗〉] for all x∗ ∈ B∗.

Proof. See Stroock (2011) Lemma 5.1.10.

30. (LLN in separable Banach space) Let (B, ‖ · ‖) be a separable Banach space and let
X,X1, X2, . . . be i.i.d. B-valued r.v.’s such that E[‖X‖] <∞. Define Sn =

∑n
i=1Xi.

(a) Suppose P(‖X‖ ≤ M) = 1 for some finite constant M . Use Varadarajan’s
theorem (Exercise 5.6.21) to show that Sn/n→ E[X] a.s.

(Hint). Let BL1(B) = {f : B → R : |f | ≤ 1, |f(x)− f(y)| ≤ ‖x− y‖ ∀x, y ∈ B}
and M · BL1(B) = {Mf : f ∈ BL1(B)}. Use the inequality ‖Sn/n − E[X]‖ ≤
supf∈M ·BL1(B) |n−1

∑n
i=1 f(Xi)− E[f(Xi)]|.

(b) Show in general that Sn/n→ E[X] a.s.

(Hint). Assume w.l.o.g. E[X] = 0. Let XM
i = XiI(‖Xi‖ ≤ M) and SMn =∑n

i=1X
M
i . By Part (a), SMn /n→ E[XM ] a.s.

We will discuss CLT in separable Hilbert spaces. Let H be a separable real Hilbert
space with inner product 〈·, ·〉 and norm ‖ · ‖, and let X,X1, X2, . . . be i.i.d. H-
valued r.v.’s with mean zero (E[X] = 0). Assume E[‖X‖2] < ∞. We want to prove
the following: there exists an H-valued r.v. W with 〈W,h〉 ∼ N(0,E[〈X,h〉2]) for all
h ∈ H such that

S̆n =
1√
n

n∑
i=1

Xi
w→W in H.

We assume H is infinite dimensional.8 We break the proof into two questions.

31. (CLT in separable Hilbert space; Part I) Let H1 = {x ∈ H : ‖x‖ ≤ 1} be the closed
unit ball. Consider the empirical process indexed by H1:

Gnh = 〈S̆n, h〉 =
1√
n

n∑
i=1

〈Xi, h〉, h ∈ H1.

We first show that H1 is P -Donsker for P = L(X).

8The finite dimensional case is not interesting!
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(a) Show that H1 is totally bounded for ρ2(h, h′) = (E[〈X,h− h′〉2])1/2.

(Hint). Let {ej} be a complete orthonormal system in H and denote by PN the

orthogonal projection onto the linear span of {ej}Nj=1: PNx =
∑N

j=1〈x, ej〉ej for

x ∈ H. Verify that E[‖(I − PN )X‖2] → 0 as N → ∞ and reduce the problem
into the finite dimensional case.

(b) Show that H1 is P -Donsker.

(Hint). Directly verify the AEC:

lim
δ→0

lim sup
n

P

 sup
ρ2(h,h′)<δ
h,h′∈H1

|Gn(h− h′)| > ε

 = 0.

Approximate Gnh by n−1/2
∑n

i=1〈Xi, PNh〉.

32. (CLT in separable Hilbert space; Part II) The previous question shows that there ex-
ists a zero-mean Gaussian process (GPh)h∈H1 with covariance function E[GP (h)GP (h′)] =

E[〈X,h〉〈X,h′〉] that is a tight `∞(H1)-valued r.v. and such that (Gnh)h∈H1

w→
(GPh)h∈H1 in `∞(H1). We want to deduce the desired CLT from this result.

(a) Define the map J : H → `∞(H1) by J : x 7→ (〈x, h〉)h∈H1 . Verify that J is a
linear isometric isomorphism onto R = J(H).

(b) Verify that P(GP ∈ R) = 1.

(Hint). Use the Portmanteau theorem.

(c) Show that S̆n
w→W in H for W = J−1(GP ).

33. (Anderson-Darling test) Let F be a d.f. on R and let X1, . . . , Xn ∼ F i.i.d. Show
that √

n(F̂n(·)− F (·))√
F (·)(1− F (·))

w→W in L2(F )

for some L2(F )-valued Gaussian r.v. W with mean zero. Conclude that∫
n(F̂n(x)− F (x))2√
F (x)(1− F (x))

dF (x)
w→
∫
W 2(x)dF (x).

Verify that the distribution of the LHS (and hence the RHS as well) is independent
of F if F is continuous. Suggest a goodness-of-fit test.

34. We will generalize the argument of Exercise 31 to a separable Banach space B. Denote
by B∗ the dual space of B and B∗1 by the closed unit ball in B∗. Let P be a Borel
probability measure on B with mean zero and let X1, X2, · · · ∼ P i.i.d. Consider
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S̆n = n−1/2
∑n

i=1Xi. Show that there exists a B-valued Gaussian r.v. W with mean

zero (i.e., f(W ) is Gaussian with mean zero for all f ∈ B∗) such that S̆n
w→W if and

only if B∗1 is P -Donsker.

Remark 6.12 (CLT in Banach spaces). CLT in Banach spaces is not as simple as
the Hilbert space case. Namely, the condition P‖x‖2 < ∞ is not sufficient for CLT
to hold in a Banach space. Importantly, the identify

E

∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥
2
 =

n∑
i=1

E[‖Xi‖2]

holds for independent zero-mea r.v.’s X1, . . . , Xn with values in a separable Hilbert
space but the same identify does not hold for a separable Banach space. Further, for
a given Borel probability measure P with mean zero on a separable Banach space
B, there may not exist a B-valued Gaussian r.v. W with f(W ) ∼ N(0, Pf2) for all
f ∈ B (if CLT holds then such a Gaussian variable has to exist). Ledoux & Talagrand
(1991) is a superb reference on probability in Banach spaces.

35. Let c0 = {(xk) ∈ RN : limk xk = 0} and for (xk) ∈ c0 define ‖(xk)‖ = supk |xk|.

(a) Let d(k, `) = |1/k − 1/`| for k, ` ∈ N. Show that (N, d) is totally bounded and
c0 is a closed subset of Cu(N, d) (the latter is equipped with the uniform norm).

[This implies that c0 is a separable Banach space. From what we have proved
in Section 5, a c0-valued r.v. is a stochastic process indexed by N with paths in
c0 and a c0-valued Gaussian r.v. is a Gaussian process with paths in c0.]

(b) Let ε1, ε2, . . . be independent Radamacher and define

X = (Xk)k∈N =

(
εk√

2 log(1 + k)

)
k∈N

.

Show that there does not exist a zero-mean Gaussian process (Gk)k∈N with
covariance function E[GkG`] = E[XkX`] such that G ∈ c0 a.s.
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