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Preface

These lecture notes are written for an introduction of modern empirical process theory to
students majoring in statistics and econometrics who are familiar with measure theoretic
probability. The materials of these notes are mostly gathered from Giné’s lecture notes
(Giné, 2007) and the textbook by van der Vaart and Wellner (1996). Billingsley (1968),
Ledoux and Talagrand (1991), Dudley (1999), and the recent monograph by Giné and Nickl
(2016) are also indispensable references on this topic. I will also review some basic results
on Gaussian processes (cf. Adler, 1990; Davydov et al., 1998; Li and Shao, 2001), measure
concentration (cf. Ledoux, 2001; Boucheron et al., 2013), and non-asymptotic analysis of
random matrices (cf. Vershynin, 2010; Tropp, 2012b).
The notes consist of eight sections. The main materials covered are:

e the maximal inequalities due essentially to Dudley (1967) and Pisier (1986), with
applications to empirical processes (Section 2);

e the characterization of weak convergence of sample-bounded stochastic processes, due
essentially to Hoffmann-Jgrgensen (1991) and Andersen and Dobri¢ (1987) (Section
3);

e the Dudley-Koltchinskii-Pollard (Dudley, 1978; Koltchinskii, 1981; Pollard, 1982) uni-
form central limit theorem for empirical processes (Section 3);

e the Gaussian concentration inequality due to Borell (1975) and Sudakov and Tsirel’son
(1978), with proofs due to Pisier (1989) and Ledoux (1996) (Section 5);

e Talagrand’s (1996) concentration (deviation) inequality for general empirical pro-
cesses, with a proof due to Ledoux (1996), Massart (2000) and Boucheron et al.
(2003) (Section 7);

e Rudelson’s inequality, with a proof due to Oliveira (2010) and Tropp (2012b) (Section
8).

I did not try to make these notes complete nor self-contained, and so state some inter-
mediate results without proofs. But otherwise I tried to provide as elementary proofs as
possible, and I believe that potential readers (if exist) can follow the notes without much
effort.

In these notes, in order to keep the exposition simple, I exclusively assume that classes
of functions are (essentially) countable (more precisely, pointwise measurable). This allows
us to help going into measurability problems. However, I must clarify that in most cases
(except for Talagrand’s inequality, for which pointwise measurability is essential) this con-
dition can be totally dispensed or replaced by other (mild) conditions. See Section 2.3 of
van der Vaart and Wellner (1996) and Chapter 5 of Dudley (1999). In any case, in these
notes, we are bit loose about measurability.



Notation and setting

e Let (Q, A, P) be an underlying (complete, if necessary) probability space that should
be understood in the context.

e For any non-empty set T, let £°°(T") denote the space of all bounded functions 7' — R,
equipped with the uniform norm || f||7 := sup,cp |f(¢)|. For a given non-empty set
T, a non-negative function d : T x T' — R is call a semi-metric (or pseudo-metric)
if it satisfies the following three properties for all s,t,u € T: (i) d(t,t) = 0; (ii)
(symmetry) d(s,t) = d(t,s); (iii) (triangle inequality) d(s,u) < d(s,t) + d(t,u). If in
addition d(s,t) = 0 = s = t, then d is a metric. Equipped with a semi-metric d, (7', d)
is called a semi-metric space. For any semi-metric space (T, d), let C,(T,d) denote
the space of all bounded uniformly d-continuous functions f : T' — R, equipped with
the uniform norm || - ||7. If (T, d) is totally bounded, then any uniformly continuous
function of T is bounded, and so Cy (T, d) is just the set of all uniformly continuous
functions on 7.

e For any probability measure ) on a measurable space (S,S) and any measurable
function f: S — R = [~00, oc], we use the notation Qf := [ fdQ whenever [ fdQ
exists. Further, for 1 < p < oo, let LP(Q) denote the space of all measurable functions
f:S — R such that || f|lg, = (Q|fP)"/? < co. We also use the notation |||« :=

supges [ f(2)]-

e The standard norm on a Euclidean space is denoted by |-|; that is, for a = (a1, ...,a,)" €
R™, Ja| = y/>_ ", a?. For a matrix A, let ||Al|op denote the operator norm of A, that

is, when A has d columns, ||Allop := sup,epa g1 |Az].

e For a,b € R, let a Vb = max{a,b} and a A b = max{a,b}. Further, let ay =a V0
and a_ = (—a) V0, so that a = ay —a_.

e Let = denote weak convergence, and let % denote convergence in probability.
Unless otherwise stated, we shall obey the following setting.

e Let (5,8, P) be a probability space. Let X, Xa,... be iid. S-valued random
variables with common distribution P. We think of X7, Xs,..., when they appear,
as the coordinates of the infinite product probability space (S¥, SN, PN), which may
be embedded in a larger probability space (e.g. when the symmetrization is used).
For n € N, the empirical probability measure is defined by

1 n
1=



For example,

Puf = [ fdP, = 7).
=1

Let F be a non-empty collection of measurable functions S — R, to which a mea-
surable envelope F': S — Ry = [0, 00) is attached. An envelope F' of F is a function
S — Ry such that F(z) > supser|f(x)| for all z € S. Unless otherwise stated,
we at least assume that 7 C L'(P). Further, to avoid measurability problems, we
assume that F is pointwise measurable, that is, it contains a countable subset G such
that for every f € F there exists a sequence g, € G with g, (x) — f(x) for all
x € S. We note here that if ' € L!(P), then by the dominated convergence theorem,
{f—Pf: f € F}is also pointwise measurable. See Section 2.3 of van der Vaart and
Wellner (1996) for the discussion on pointwise measurability.

The existence of a measurable envelope is indeed an assumption. Under pointwise
measurability, a measurable envelope exists if and only if F is pointwise bounded
(that is, sup ez | f(2)] < oo for each x € S); indeed the necessity is obvious, and for
the sufficiency take F' = sup e 7 [ f| = supseg | f|. The function F' = supsc x| f| is the
minimal envelope but we allow for other choices.



1 Symmetrization

The main object of these lecture notes is to study probability estimates of the random
quantity
|[Pn — P :=sup | P f — Pfl,
feF

and limit theorems for the empirical process (P, — P)f,f € F. To do so, the sym-
metrization (or randomization) technique plays an essential role. The symmetrization
replaces > - (f(X;) — Pf) by > i f(X;) with independent Rademacher random vari-
ables €1, ...,e, independent of X1,...,X,. A Rademacher random variable ¢ is a random
variable taking +1 with equal probability, that is,

The advantage of the symmetrization lies in the fact that the symmetrized process is
typically easier to control than the original process, as we will find out in several places.
For example, even though > " (f(X;) — Pf) has only low order moments, » ;" ; &; f(X;)
is sub-Gaussian conditionally on Xi,..., X,,.

In what follows, [E. denotes the expectation with respect to €1,¢2,... only; likewise,
Ex denotes the expectation with respect to X1, Xs,... only.

1.1 Symmetrization inequalities

The following is a simplest symmetrization inequality.

Theorem 1. Suppose that Pf =0 for all f € F. Letey,..., e, be independent Rademacher
random variables independent of X1,...,Xy,. Let ® : Ry — Ry be a non-decreasing convex
function, and let p : F — R be a bounded functional such that {f + p(f) : f € F} is
pointwise measurable. Then

]:) ]

1 n
E[q><2 )] SE[<I>< Zf(Xi)
F =1
® <2 )] )
f
Proof. We begin with proving the left inequality. We claim that for any disjoint index sets

o (gl szl e

Zfz‘f(Xz‘)

<E

S (F(X0) + )
=1

E

> F(X)

i€A

> FX)
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Indeed, because of pointwise measurability, there exists a countable subset G C F such
that for any f € F there exists a sequence g,, € G with ¢,, — f pointwise. Then

> F(X) > F(X) Zf(Xi)]

i€A i€A 1€B

Y X)) +E

i€A

F g g

because Pf = 0 for each f € F. Fixing any z; € S,i € A, we have that

> fl@) +E Zf(Xi)] <SE [|D fla)+ > A(X)| |,
€A i€B g €A i€B g
and since ® is non-decreasing and convex,
o (|Df@)+E Zf(Xo] <O |E||Y fla)+ > f(X)
€A i€EB g €A 1€EB g
<E (@ |ID] fla)+ > f(X) ;
€A i€EB g

where the second inequality follows from Jensen’s inequality (formally if the expectation
inside @ is infinite, apply Jensen’s inequality after truncation, and then take the limit). Ap-
plying Fubini’s theorem and using the fact that || Y., 4 5 f(Xi)llg = | > icaup f(Xi)ll 7
we obtain the inequality (2). From this, we have

Ex q;( Zé‘z’f(Xz‘) >]
i1 F

=Ex |® Zf(X@)— Z JF(Xi)

gi=1 g;i=—1 F
<2Ey o (2| S s )| +2Ex [0 (2] 3 sx)

2 81':1 F 2 Ei:_l F

<E @(2 if(Xz) > .

i1 7/

An application of Fubini’s theorem leads to the left inequality in (1).
For the opposite inequality, using the argument used to prove the inequality (2), we



have that

n

E [‘I)< Zlf(Xi) ) =E ‘I’< ;(f(Xi)_E[f(XnJri)]) )]
= F i= F
<E <I>< SO — F(Xns) )] 3)
=1 F

Because (X, Xp+i) 4 (Xp+yi, X;) for each 1 < i < n, and (X;, Xp4i),1 < @ < n are
independent, the last expression in (3) is equal to
]—'>]

E [cp ( Zn;&'(f(Xi) — f(Xn+4))
< iE [@ (2 ;ez'(f(Xi)Jru(f)) )]
= *
Hlzle (2 f;exf(xmwu(f)) )]
= -
® (2 )] :
-

D Ei(f(X) + ulf)
i=1
This completes the proof. ]

n

=E

We will often use the symmetrization inequality with ®(x) = zP for some p > 1 and
wu(f) = Pf when F is not P-centered. In that case, we have
p ]
f

<z|
There is an analogous symmetrization inequality for probabilities.
Theorem 2. Let ey,...,e, be independent Rademacher random variables independent of
X1,...,Xpn. Let p: F — R be a bounded functional such that {f + p(f) : f € F} is
pointwise measurable. Then for every x > 0,
> x} ,
f

zn:f(Xi) > x} < 21@{4
=1 F

where B(x) is any constant such that By(x) < infrer P{|Y 1, f(X;)| < z/2}. In partic-
ular, when Pf =0 for all f € F, we may take B,(x) =1 — (4n/a®)supscr Pf>.

n p p

> eilf(Xi) - Pf)

i=1

n

> (f(X5) - Pf)

i=1

> eif(Xi)

i=1

< 2PRE

F F

B (x)P {

> ai(f(X) + u(f))
=1




Proof. The second assertion follows from Markov’s inequality. We shall prove the first
assertion. If || 371 f(Xy4i)[|l7 > o, then there is a function f € F (that may depend on
Xnt1,.--,Xop) such that | | f(Xpyi)| > 2. Fix Xy41,. .., Xop. For such f, we have

P { > (X))
=1
P{ Z(JE(Xi) — f(Xn42))

<rf

The far left and right hand sides do not depend on f , and the inequality between them is
valid on the event {|| >0, f(Xn+i)|l 7 > x}. Hence we have
. }
5 ("
f

> x} <P {
F
Because (X, Xp+i) 4 (Xpyi, X;) for each 1 < i < n, and (X;, Xpyi),1 < @ < n are
independent, the last expression is equal to
x
D a(f(Xi) = f(Xnga))|| > 5
F

P{
i=1
>x}
4
]:

<P { > el £(X) + p(f))
=1
-3
]:

+P{
>ﬂf}
o1
f

Bn(x)

IN

Xz
<3 ’Xn+17~~-7X2n}

IN

a
> 2|Xn+17~"7X2n}

X
>2|Xn+1,...,X2n}.
f

n

D (F(X) = f(Xnpi)

=1

Bn(x)P {

Z f(Xn-‘ri)

n

D eilf (Xnwi) + ulf))
=1

=R

_zp{

This completes the proof. O

Zé‘z‘(f(Xz‘) +u(f))

1.2 The contraction principle
A function ¢ : R — R is called a contraction if |p(y) — p(z)| < |y — z| for all z,y € R.

Theorem 3. Let ® : Ry — Ry be a non-decreasing conver function. LetT be a non-empty
bounded subset of R™, and let €1, ...,e, be independent Rademacher random variables. Let



i : R =R, 1<i<n be contractions with p;(0) = 0. Then

2o (3ap[; we) | <2 o (s34 )|

Proof. See Ledoux and Talagrand (1991), Theorem 4.12. O]

The following corollary is a simple but important consequence of the contraction prin-
ciple.

Corollary 1. Let 02 > 0 be any positive constant such that o> > supfefPfZ. Let

€1,...,En be independent Rademacher random variables independent of X1,...,X,. Then

> X X;) ] .
=1 F

Proof. By the triangle inequality,

max F(X;
1<i<n

] < no’+8E

f

> (X)) - PrR

=1

)| <nPf*+

from which, together with the symmetrization inequality (Theorem 1), we have

> fx > eif(Xi)

i=1
Fix Xi,...,X,. Let M = maxj<i<, F(X;). Define the function ¢ : R — R by

< no?+2E

F F

M? ifx>M
plr)=q2? f-M<z<M.
M? ifx<-—-M

Then ¢ is Lipschitz continuous with Lipschitz constant bounded by 2M, that is
lp(x) —(y)| < 2Mlx -y, =,y € R.

Hence by the contraction principle (Theorem 3) applied to ¢(-)/(2M), we have

1)

This completes the proof. O

] <4AME,

‘F
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1.3 Lévy and Hoffmann-Jgrgensen inequalities

In this subsection, let 1, ..., &, be independent Rademacher random variables independent
of X1,...,X,, and let
k
Sk(f) =Y ef(Xi), k=1,....n.
i=1

Further, we take F' = supsc | f|. For the notational convenience, write

1Skl = [|Skll7 = sup [Sk(f)|-
feF

Let Ay denote the o-field generated by (1, X1), ..., (ek, Xk)-
Proposition 1 (Lévy). For everyt > 0,

<
p{ 151 > ¢} < 2P(1S. > 1) (@)
P {lrggix F(X;) > t} < 2P{||Sn|l > t}. (5)
Therefore, for every 0 < p < o0,
p < p /g . < p
B | o IS41P] < 260,171, & | o £70X0 | < 2B18,16). 6)

Proof. Define 7 = inf{l < k < n : ||Sg|| > t} with the convention that inf() = oo, and
SP(f) =3k e f(Xi) = X, eif(X,). Note that for each k = 1,...,n,
{r=k=A{|Sj| <t (Vi=1,....k—1) & ||Sk| >t} € As.

Further, the conditional distribution of ||S,|| given A is identical to that of ||ST(Lk) ||. Hence,
on the one hand, we have

P{I|Snll >t} = > P{|ISull > t, 7 =k} = > P{ISP| > t,7 = k}.
k=1 k=1

On the other hand, since 2||Sk|| < ||Sn|l + ||Sr(lk)||, we have the inclusion relation
{r=k}={r =k ISk]l > 1} C {7 =k, [[Sall >t} U {7 =k, S| > ¢}.

H(tnC(f
P “laX U E ]:P

<SR = RS> )+ P {r = kSO > ¢ = 218, > 0,
k=1

k=1

11



which leads to inequality (4).
For the second inequality (5), redefine 7 = inf{1 < k < n: F(X}) > t} and ST(Lk)(f) _
- Zi;ﬁk eif(X;) + erf(Xk). Then

P{ISall > ¢} = 3PSl > t7 =k} = Y P{ISP| > t,7 =k}
k=1 k=1

Using the inequality 2F (Xy) < [|S,|| + ||ST(1k)||, we have

P FX t P
{m 0 > } Z
n

<SPS > ter =)+ B {ISE] > 67 =k} = 2B(S, ] > 1),

k=1 k=1

which gives inequality (5).
The last two inequalities in (6) follow from (4) and (5), and the formula

EMW=A PP VB (€] > t)dt

This completes the proof. O

Example 1. As a simple application of the symmetrization technique and Lévy’s inequal-
ity, we shall prove the (weak) classical Glivenko-Cantelli theorem that states for i.i.d.
random variables X7, Xo,... in R with common distribution function F,

n

=1

P
sup |— — 0, n — oco.

zeR

Indeed, we shall prove a stronger assertion:

lzzgnil el = FW) <

Proof. The first step is to use the symmetrization inequality (Theorem 1), by which we
can bound the left hand side by
2 o et

Fix X1,..., Xy. Let o be a permutation of {1,...,n} such that X,y <--- < X, (). Then




Conditionally on {X1,..., Xpn}, €5(1),- -+ Eq(n) are still independent Rademacher random
variables, so that Lévy’s inequality (6) implies that

1 & 2
n25 ‘n;%m Zsz] ST

which leads to the desired claim. O

max
1<k<n

< 2E.

The following results are due to Hoffmann-Jgrgensen.

Proposition 2. For every s >0 andt > 0,

P{[[Sa]l > 2t + s} < 4(P{[|Sn]l > t})2 +IP’{ max F(X;) > s} . (7)

1<i<n

Proof. Define 7 = inf{1 < k <n: ||Sg|| > t}. Then {r =k} € Ay and > ;_P(r =k) =
P{max;<p<p [|Sk|| > t}. For k=1,...,n

[Snll < [[Sk—1ll + F(Xk) + [|Sn — Skll,
so that

P{r =k, ||Sn]| > 2t + s} <P{r =k, F(Xg) > s} + P{r =k, ||S,, — Sk|| > t}
=P{r =k, F(Xg) > s} + P(r = k)P{||Sn — Sk| >t}

<P {r =k max F(X) > s} + (= O { max 155> ¢
SJsn

1<i<n

Summing over k gives

1<i<n

2
P{||Sn| > 2t + s} < IP’{ max F(X;) > s} + (P{lrgaéi 1551 > t})
SJsn
< P{ max F06) > 5 b+ 41 > )

where the second inequality is due to Lévy’s inequality (4). O

Proposition 3. Let 0 < p < oo, and let to := inf{t > 0: P{||S,|| >t} < (8-3P)~'}. Then

E[||S,|P] < 2- 3PE LIE% FP(X,-)] +2(3t0)P. (8)

13



Proof. Let u > tg. Then by the previous inequality,

E[[|Sx|P] = 31’/ pt?PIP{||S, || > 3t}dt
0

=3° (/ +/ >ptp‘1IP{|SnH > 3t}dt
0 u

[e.e]
< (Bu)? + 3”/ ptP T P{||S, || > 3t}dt

u

< (Su)P+4.3p/ ptP L (P{|S, || >t})2dt+3p/

u u

ptpllP’{ max F(X;) > t} dt
< (3u) +4- 3PP {|[Sn]| > u}/ PP P {||S,l| > ¢} dt + 3PE Lrgag Fp(Xi)]
< (30 + (/D[S P + ¥E | max 7060)].

Letting u | to, we obtain the desired inequality. ]

In Proposition 3, we have
P{[|Snll > 8- 3PE[[[Snl]} < (8-37) 7"

by Markov’s inequality, so that ¢y < 8-3PE[||Sy,||]. Combining the symmetrization inequality
(Theorem 1), we have proved the following theorem on comparison between the L? and L'
norms for the supremum of the empirical process.

Theorem 4. For every 1 < p < 0o, there exists a constant Cp, > 0 depending only on p
such that

1/p
(B{IP - PIE) Y7 < G, {Eupn - Pl (| max 2 0x0)) } .

An inspection of the proof gives an explicit dependence of C, on p, which is however
too crude (indeed, C), would be exponential in p). The best possible rate of C), is known
as Cp ~ p/logp as p — oo. The proof of this fact is lengthly and is not pursued here. We
refer the interested reader to Ledoux and Talagrand (1991), Chapter 6.

14



2 Maximal inequalities

This section is concerned with bounding moments of the supremum of the empirical process:

n p

> (f(X5) - Pf)

i=1

E , 1 <p<oo.

f

Generally, mazimum inequalities refer to inequalities “that bound probabilities involving
suprema of random variables” (van der Vaart and Wellner, 1996, p.90). We first consider a
more general situation in which we are interested in the supremum of a generic stochastic
process indexed by a semi-metric space. These general results will be applied to empirical
processes, in which the symmetrization technique plays a key role.

2.1 Young moduli

This subsection is a preliminary section and studies the properties of Young moduli. These
properties will be used in the following subsections.

Definition 1. A strictly increasing convex function v : [0,00) — [0, 00) with ¥(0) = 0 is
called a Young modulus. The associated Orlicz norm of a random variable £ is defined by

€]l := inf{e >0 : E[yp([€]/c)] < 1}

We will verify that the Orlicz norm is indeed a norm on the space of all random variables
¢ (modulo a.s. equivalence) such that |||, < oo.

Example 2. Typical examples of Young moduli are 1(z) = 2P or ¢ — 1 for 1 < p < oco.
For v(z) = 2P, the Orlicz norm reduces to the LP-norm: ||¢]|, = (E[|€|P])Y/P. Let ¢ (z) :=
e® —1. Of particular importance is 19 (x) = e —1. Since e®* —1 = w2 4at /24 > 2% /pl,
we have

BNV E < )Y Ellyyy p=1,2,....

This shows that for every (real) 1 < p < oo,

ELEPNYP < Cpllélly,, 9)

where C), > 0 is a constant that depends only on p.

A Young modulus 1 is an isomorphism from [0,00) onto itself. Indeed, as the 0-
extension of 1 to R (ie., ¥(x) := (z) for x € [0,00) and ¥(z) := 0 for z € (—00,0))
remains convex and a convex function is continuous on the interior of its domain, %) is
continuous. Furthermore, because a non-constant, non-decreasing convex function from
[0, 00) to itself diverges as © — o0, 9 is one-to-one from [0, c0) onto itself (for convenience,
we give a proof for the assertion: let ¢ : [0,00) — [0, 00) be a non-constant, non-decreasing

15



convex function. Suppose on the contrary ¢ is bounded and hence a finite limit p(c0) :=
lim, o p(z) exists. Since ¢ is non-constant, there exists a point xg € [0,00) such that
©(xg) < p(00). The convexity of ¢ now implies that ¢((xzo + x)/2) < @(x0)/2 + p(z)/2,
and as x — 00, p(00) < p(xo)/2+ ¢(00)/2, that is, p(c0) < p(x), a contradiction). Since
1 is continuous and strictly increasing, the inverse function ! is also continuous.

In what follows, let ¥ be a Young modulus.

Lemma 1. Let £ be a random variable such that 0 < ¢ = [|{|ly < co. Then we have

E[y(€]/e)] = 1.

Proof. Let ¢, be a sequence of positive constants such that E[¢(|¢]/¢n)] < 1 and ¢y, | c.
By the monotone convergence theorem, we have

Ef(¢l/)] = lim ERp(€]/em)] <1,

which leads to the desired conclusion. O

Proposition 4. The Orlicz norm || - ||y is a norm on the space of all random variables §
(modulo a.s. equivalence) such that |||y < oo.

Proof. 1t is not difficult to see that ||al|y = |al||¢]|y for a € R. Suppose that ||£[[, = 0.
By Jensen’s inequality, 1 (E[|¢|]/c) < E[¢([£]/c)] < 1 for all ¢ > 0, by which we conclude
that E[|{|] = 0 and so £ = 0 almost surely. It remains to prove the triangle inequality.
Let &,i = 1,2 be two random variables such that ¢; := ||&||y < o00,i = 1,2. Without
loss of generality, we may assume that ¢; > 0,7 = 1,2. Define A := ¢;/(c1 + ¢2). By the
monotonicity and convexity of 1),

E[y (11 + &2/ (e1 + e2))] E[p (1] + [€2])/(e1 + ¢2))]
E[p(Al&a]/er + (1 = AN)[&l/c2)]
AE[([&1]/e)] + (1 = ME[p(|€al /)]
1.

(Lemma 1)

IN

This shows that || + &y < 1 + 2 = [|€1][y + ||§2]| ¢, completing the proof. O

Lemma 2. Let &, be a sequence of random variables such that |&y,| T |€| almost surely for
some random variable {. Then we have ||&n [y T €] -

Proof. Suppose first that |||, < oo. Since [|&mly < [|€]ly, there exists a finite constant ¢
such that [|&y,[|y T c. If ¢ =0, then &,, = 0 almost surely for all m > 1 and so { = 0 almost
surely. Otherwise, by the monotone convergence theorem, 1 > limy, o0 E[¢)(|&n]|/c)] =
El(|€]/c)], and so ||£]l¢ < c. Since |||y > ¢, we conclude that €], = c.

It is immediate to see that [|&y,]|y T oo if [|£]|y = oo since otherwise ||&y, ||y is bounded
and [|£]|y is finite, a contradiction. O
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Lemma 3. Convergence in || - ||l implies convergence in probability.

Proof. For § > 0, ||¢]|y < 0 is equivalent to E[)(|£|/d)] < 1 by Lemma 1. Since ¢ is onto
[0,00), for every e > 0, there exists a constant M > 0 such that (M) > 1/e. Therefore
we have

Mmgéilz/meMP

0)dIP
zéﬂmwmm
> P(|¢] > Mo)/e.

This implies the desired conclusion. O

Theorem 5. Let ¢ be a Young modulus such that

-1 —1¢,.2
lim sup v~ (zy) < 00, 1imsupw7(x) < 0. (10)

wny—oo (@)Y (y) o0 PTH2)

Then there exists a constant Cyy > 0 depending only on v such that for every sequence {&}
of (not necessarily independent) random variables,

sup €|
k ¢71(k‘) Wb

Proof. We only prove the theorem for ¢y(z) = e’ — 1, for which w;l(x) = /log(1 + ).
It is not difficult to see that condition (10) is satisfied for 5. By homogeneity, we may

assume that ||& ||y, < 1, that is, E[ei] < 2. Let t > 3/2. For k > 9,
(log k) ™! + (logt) ™' < (log9)~" + (log(3/2))~" < 3.

< Cy Sup 1€k |-

which implies that
3(log k)(logt) > log k + logt = log(kt).

6] )2 [
P< exp < su >ty =P<su > +/logt
{ P {k>g <\/6logkz k;g 6logk &

_pla (91 > o
_P{kzg 6(log k) (logt) ” 1} = kZ:gIP’{!ﬁk\ > \/6(log k)(logt) }

N al? o 6logk)ogy < N~ 2
- ZP{@ K> e ® } = Z e6(log k) (log t)
k=9 k=9

-\ 2 N2t
— kzg e2logk+2logt kzg k242 — @’

Therefore
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by which we conclude

E

exp { sup @ ’ <3—|—/001dt<2
k>9 \ V0 log k -2 3/2 4¢2 )
This completes the proof. O

From this theorem, we have

< Cyyp™ 1 (N) max_[|€]]y.

S ’gk‘ 1<k<N

1<k<N

Furthermore, when ¢ = 15, we have 15 *(N) = y/log(1 + N), and because of (9),

1/p
(2 | ma Jo | ) < CpvomlTH ) ma leal,

1<k<N

for every 1 < p < 0o, where CI’) > 0 is a constant that depends only on p.

2.2 Maximal inequalities based on covering numbers

Let T' be a non-empty set. A stochastic process X (t),t € T is a collection of real-valued
random variables, that is, for every ¢ € T', X (t) is a measurable real-valued function on .
Let (T,d) be a semi-metric space. A stochastic process X (t),t € T is said to be separable
if there exist a null set N and a countable subset Ty C T' such that for every w ¢ N and
t € T, there exists a sequence t,, in Ty with d(¢,,,t) — 0 and X (¢,,,w) — X (t,w). Note
that the existence of a separable stochastic process forces T' to be separable. Clearly, if T'
is separable and X has sample paths almost surely continuous, then X is separable.! For
a separable stochastic process X, sup,cp | X¢| is measurable because the supremum over T’
reduces to the supremum over a countable subset of T

Definition 2. Let (T,d) be a semi-metric space. For ¢ > 0, an e-net of T is a subset
T. of T such that for every ¢ € T there exists a t. € T. with d(t,t.) < e. The e-
covering number N(T,d,e) of T is the infimum of the cardinality of e-nets of T', that
is, N(T,d,e) := inf{Card(T;) : T is an e-net of T'} where inf ) = +00 by convention.

Note that the map ¢ — N(T,d,¢) is non-increasing, and 7" is totally bounded if and
only if N(T,d,e) < oo for all £ > 0. The covering number N (7, d, ¢) is not monotonic in
T in the sense that S C T does not necessarily imply that N(S,d,e) < N(T,d,e). This is
due to the fact that a net of T may not be a net of .S since a member in the net of T" may
be outside S. Nevertheless we have the following lemma.

Tt is known that when (T, d) is separable, every stochastic process X (t),t € T has a separable modifi-
cation possibly taking values in the extended real line. See Gikhman and Skorohod (1974), p.167.
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Lemma 4. Let (T,d) be a semi-metric space. Then for every S C T,
N(S,d,2¢) < N(T,d,e), Ve > 0.

Proof. The lemma follows from the fact that an e-ball centered at a point in T that inter-
sects S is contained in a 2e-ball centered at a point in S (draw a picture). O

The following is the main theorem of this subsection.

Theorem 6 (Dudley (1967); Pisier (1986) etc.). Let (T,d) be a semi-metric space with
diameter D, let X(t),t € T be a stochastic process indexed by T, and let v be a Young
modulus satisfying condition (10), such that

| X (t) — X(s)|lp < d(s,t), Vs, t eT. (11)

Then there exists a constant Cy, > 0 depending only on v such that for every finite subset
S of T,

tesS

D
max|X(t)\Hw < I X(to)]l + cw/o Y N(T, d, €))de, Yty € T, (12)

X(t) —X
o2 s T~ X )

é
’ < C’w/ Y YN(T,d,e))de, 0 <V < D. (13)
P 0

Furthermore, if X is separable, then S in inequalities (12) and (13) can be replaced by T,
with max replaced by sup.

Proof. The last statement follows from the monotone convergence theorem (use Lemma
2). In what follows, let Cy, > 0 denote a generic constant that depends only on ) whose
value may change from place to place. We first prove (12). Without loss of generality, we
may assume that ¢y € S (otherwise replace S by SU{to}) and X (¢y) = 0 (otherwise replace
X(t) by X(t) — X(to)). In addition, we may assume that the integral on the right hand
side of (12) is finite since otherwise there is nothing to prove. In this proof, we assume
that D = 1. The proof for the general case follows from a simple modification.

For each k = 0,1,..., let Sy, := {s,.. .,slka} be a minimal 2~ %-net of S with N}, :=
N(S,d,27%). Note that Sy consists of a single point, and without loss of generality we may
take Sy = {to}. For each k, let 7 : S — S, be a map such that d(s, m;(s)) < 27% for all
s € S (by construction of Sy such 7, must exist). Further, because S is finite, there exists
a positive integer kg such that d(s,m(s)) = 0 for all s € S and all k > kg.2 Because of
(11), this means that X (s) = X (mx(s)) almost surely for all s € S and all £ > kg. Hence
we have the following decomposition for each s € S:

ks
X(s) = 3 X (mi(s)) — X(ma(s))} as
k=1

2Since (T, d) is a semi-metric space, d(t,s) = 0 does not necessarily imply s = ¢.
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Now since d(mg(s), mx_1(5)) < d(mr(s),s) + d(s,mx_1(s)) < 3-27F we have

kg
max X ()| < ; mayx X (m(s)) —xml(s)),‘L
ks
< max X(4) — X (s ‘
- ; sesk—l,tesk;d(&t)gg.gw| ( ) ( )| ‘w

By Theorem 5, the last line is bounded by Cy leil Y (NpN—1)27%, which is fur-
ther bounded by Cy Zzil Y (N (S,d,27%))27F because of Ny_; < Nj and ¢~ !(2?) <
Cytp~!(x). Together with Lemma 4, || maxses | X (s)|||y is bounded by

Cy Z¢ N(T,d,2=*Dy)2~* < ¢, qu N(T,d, 2~ (k+1)))g=(k+2)
k=1
1/4
<Oy ¢~ (N(T, d, €))de.
0

This completes the proof for the first inequality (12).

For the second inequality, let 0 < & < D. Define U = {(s,t) : s,t € S,d(s,t) < 0},
and Y(u) := X(t,) — X(su) for u = (sy,ty) € U. On the set U, define the semi-metric
p(u,v) = Y (v) — Y(u)||y. The p-diameter of U is bounded by 2sup,ci [|Y (v)]|y < 26,
and we also have

[Y(v) =Y (u)lly < | X () = X @)l + X (su) — X(50) [l
< d(ty,ty) + d(Sy, Su)-

Hence if {t1,...,tn} is an e-net of S, then {(¢;,t;) : 1 <4,5 < N} is a 2e-net of U. Some of
(ti,t;) may not be in U, but still we have N(U, p,4e) < N?(S,d,e) by Lemma 4. Therefore,
applying the first inequality (12) to Y (u),u € U, we have

max | X(t) — X(s)]

max |Y (u)|
d(s,t)<d;s,tesS

uelU

20
| <o [Tt
P P 0
6/2

20
< wao Y H(N?(S, d,5/4))d5§(3'¢ Y Y N(S,d,¢e))de.

This completes the proof. ]

Historically, Theorem 6 was developed in investigating conditions under which X admits
a continuous version. Recall that a version of a stochastic process X(t),t € T is another
stochastic process Y (t),t € T such that for every t1,...,t,, € T and m € N,

(X (1), X () £ (Y (1), Y ().
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Suppose in Theorem 6 that

D
/ W (N(T, d €))de < oo,
0

under which (7, d) is totally bounded and thus separable. Let Ty be a countable dense
subset of T'. By the monotone convergence theorem, S in inequalities (12) and (13) can be
replaced by Ty, with max replaced by sup. By Lemma 3, supg(s )<s.stet;, |X (£) — X (8)] 5o
as 0 J 0. Hence there exists a sequence d,, J 0 such that

sup | X(t) — X(s)] =0 a.s.
d(s,t)<dm,s,t€Tp
However since supg(s s)<s,stet, |X (£) — X(s)| is non-decreasing in d, it goes to 0 almost
surely as ¢ | 0. This discussion shows that there exists an event Qy C Q with P(Qp) =1
such that supg(s s)<sstem, | X (¢ w) — X(s,w)[ — 0as 6 0 for all w € Q. In other words,
the restriction of X to Ty has sample paths almost surely uniformly continuous. We shall
verify the following lemma.

Lemma 5. Let (T,d) a semi-metric space to which a dense subset Ty is attached, and
let f: Ty — R be a uniformly continuous function. Then there exists a unique uniformly
continuous function f : T — R such that f = f on Tp.

Proof. The uniqueness trivially follows. Pick any ¢t € T, and let ¢,, be a sequence in
Ty such that d(tp,,t) — 0. Then because f is uniformly continuous on Ty, {f(tm)}re_;
is a Cauchy sequence in R, and so a finite limit f (t) := limy, f(t,) exists. To verify
that f is well-defined, take another sequence ¢/, in Ty with d(¢/,,t) — 0. Then since
d(t!,,tm) — 0 and f is uniformly continuous on Tp, |f(¢),) — f(tm)| — 0, which implies
that lim,, f(¢,) = lmy, f(tmn).

The uniform continuity is shown as follows. By construction, f is uniformly continuous
on Ty. Pick any € > 0. Choose § > 0 in such a way that d(s,t) < § & s,t € Ty =
|f(s) — f(t)| <e. Now take any s,¢ € T such that d(s,t) < §/2. Then since T is dense in
T, there exist two sequences s, and t, in Ty with d(sy,s) — 0 and d(¢,,t) — 0. For large

n, d(sp,tn) < d(sp,s)+d(s,t)+d(t,t,) <0, so that |f(s,) — f(tn)| < e. Thus

[f(s) = @O < [f() = fsn)l + | F(sn) = f(tn)] + | F(tn) = f(2)]
<e+1f(s) = flsn)| + [f(tn) — f(H)I-
Taking n — oo, we have |f(s) — f(t)| < e. This completes the proof. O

Lemma 5 ensures that a finite lim~it limg_yt semy, X (s,w) exists for every ¢ € T and
w € Q. Define the stochastic process X(t),t € T by

X(t,w) =

~ limg_yt semy, X (s,w) ift € T,w e Q
otherwise '
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Then X is a version of X with almost all sample paths uniformly continuous. Hence
Theorem 6 leads to the following corollary.

Corollary 2. Let X(t),t € T be a stochastic process indexed by a semi-metric space (T, d),
and let ¢ be a Young modulus satisfying condition (10), and such that [| X (t) — X (s)|ly <
d(s,t) for all s,t € T. Suppose that

/D wil(N(T, d,e))de < o0,
0

where D is the diameter of T. Then X admits a version ){ that has sample paths al-
most surely uniformly continuous. Furthermore, that version X (and in fact any separable
version of X ) verifies the inequalities

D
sup X0l < Il +Cy [ 0 (N 0, o€ T, (14)
te P 0

sup | X() — X(s)]
d(s,t)<d;s,teT

4
< Cw/ Y Y(N(T,d,e))de, 0 < V6 <D, (15)
0
¥

where Cy, > 0 is a constant that depends only on .

Example 3 (Gaussian processes). As a first example, we consider Gaussian processes. A
stochastic process X (t),t € T indexed by a non-empty set 7" is said to be Gaussian if for
every ti,...,t, € T and m € N, the joint distribution of X (¢1),..., X () is normal. Let
X (t),t € T be a centered Gaussian process. A direct calculation shows that || Z||, = /8/3
for Z ~ N(0,1), by which we have

1X(t) = X ()l = V/B/BE[X () — X (5)))">.

Since ¢51(N) = /log(14+ N) < y/2log N for N > 2, we obtain the following corollary
(see also the proof of Lemma 7 ahead).

Corollary 3 (Dudley (1967)). Let X (t),t € T be a centered Gaussian process indexed by
a non-empty set T. Consider the semi-metric po on T defined by pa(s,t) := (E[(X(t) —
X (5)%)'/2 for s,t,e T. Suppose that

1
/ V1og N(T, pa2,€)de < .
0

Then X admits a version f{ that has sample paths almost surely uniformly ps-continuous.
Furthermore, that version X (and in fact any separable version of X ) verifies the inequal-
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ities

sup | X (¢) \
teT

o
< C/ \/1 + IOgN(Tv P2, €)d€7
P2 0

sup | X(t) — X(s)|
p2(s,t)<d;s,teT

4
< C’/ log N(T, pa,€)de, Y6 > 0,
0
b2

where 02 := sup,cr E[X2(t)] and C > 0 is a universal constant.

2.3 Applications to empirical processes

In this subsection we study applications of the general maximal inequalities established
in Theorem 6 to empirical processes. We begin with proving the following version of
Hoeffding’s inequality. Let €1, ...,&, be independent Rademacher random variables.

Lemma 6 (Hoeffding’s inequality). Let ay,...,a, € R be constants such that at least one
of ai,...,an is non-zero. Then for every x > 0,

1,2
P >z §26xp{—}.
~ 23 af

n
g ;&4
=1

Proof. For A > 0,

A —A 2 4
izl_i_)\i_i_)\i_*_...ge)?/z,

AET
Ele™] = 2 Tl

and thus
n
IP{ E a;g; > w} < e ME [eAZ?:l az‘Ei:| < e/\2 > a?/Zf/\x_

i=1

The first inequality is due to Markov’s inequality. Minimizing the right hand side with

n 2
x
P E a;g; > Sexp{—}.
{i:l } 2370 af

n 2
x
P _5 a;g; > T Sexp{—}.
{ — } 235

The desired inequality follows from combining these inequalities. O

respect to A gives

Likewise, we have
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Hoeffding’s inequality leads to a bound on the ¢2-norm of the sum ;" ; a;e;. Recall
that ¥s(2) = e*” — 1. Observe that for A > 0,

E%ﬂp“zﬁﬂ%ﬂf/ﬂ}y:AmP{mp“XXﬂmaf/M}>x}h

:1+Awp{.

n
E ai€q
=1

> )\logx} dx

<1+ 2/ e PO8Tdr  (set b= \/(2227_,a?))
1

=1+ 2/ t=0dt.
1

Take A =63 " | a?, so that b = 3. Then we have

E [exp {(Z?Zlaisi)z/ (62?:1%2)}] <1+ 2/ =3dt = 2.
1
Hence we have
< V6lal, (16)

2

n
E ai&;
i=1

where a = (a1,...,a,)".

Lemma 7. Let T be a non-empty bounded subset of R™ with norm |t|, 2 := (n=1 31 t2)1/2.
Then

sup
teT

1 n
Ry
\/ﬁ =1

where oy, 1= supycr |t|n2 and C > 0 is a universal constant.

<C [ \fogN@ UL haseie
0
P2

Proof. Let T =T U {0}. Define the stochastic process

1 n
X(t) 3:% E Eiti, t:(tla-"vtn)TeT'
=1

We shall apply Theorem 6 to this process with 1) = 1. Note that 1) Y(N) = /log(1 + N).
By inequality (16), )

1X(#) = X (8)llyy < V6|t = sln2, Vs,t €T,
so that X satisfies condition (11) with d(s,t) := V6|t — s|,2. Clearly all sample paths of
X are d-continuous. Therefore, an application of Theorem 6 (with tg = 0) gives

sup
teT

D ~
SC//w%u+N@@@Ma
0

1 n
Ry
\/ﬁ =1

P2
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where D is the d-diameter of T. Note that N(T,d,e) > 2 for 0 < ¢ < D/2. Since
log(14+ N) <2log N for N > 2, we have

/D \/log(l + N(T,d,e))de < 2/D/2 \/log(l + N(T,d,e))de
0 0

D/2 -
< 2\/5/ \/1og N(T,d,e)de.
0

The desired conclusion follows from a change of variables. O

Remark 1. When T is finite, then N(T'U {0}, |- |n2,e) <1+ Card(T) for any € > 0, and
S0

< Copy/log(1 + Card(T)). (17)
P2

Lemma 7 is powerful enough to provide various useful maximal inequalities for empirical
processes. We present two such examples. Define

sup
teT

1 n
L 3e
\/ﬁ =1

é
16.7.F) = [ sup\[1 1108 NZ. - laz 2l Fllga)de
0

where the supremum is taken over all finitely discrete distributions.

Theorem 7. Let 1 < p < co. Suppose that ' € LPV2(P). Then there exists a constant
Cp > 0 depending only on p such that

(E

Proof. Let ey, ..., e, beindependent Rademacher random variables independent of X1, ..., X,,.
Then by the symmetrization inequality (Theorem 1),

p ]

‘F

Fix Xj,...,X,. By inequality (9), there exists a constant C), > 0 depending only on p
such that

P 1/p
) < CpJ(L, F, F)|[F|lppvo-

=D ((x) = Pf)
=1

f

p

E < 2PE

1 & 1 «
— > (f(Xi) = Pf) — ) af(Xy)

F

1 & ’ 1 & '
E. ‘\/ﬁz&‘f()ﬁ) ] <cr H\/HZQJC(XZ) :
i=1 F =1 Fllapa| X1,y Xn,
where [|- || y,x,,....x,, denotes the [|- ||y, norm evaluated conditionally on Xi, ..., X;,. Condi-

tionally on X7, ..., X, apply Lemma 7 to the right hand side with 7" = {(f(X1), ..., f(Xn)) :
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f € F}. Then using the simple inequality :supfejr(me'“Q)l/2 < ||F||p,,2, we may deduce
from Lemma 7 that

Zszf

= C!FIIPn,z/ \/1 +log N(F, || - |pn.2: el Fl o 2)de < C|[F [ p, 2 (1, F, F).
0

”F”P'ru2
< c/ 1+ 108 N(F |- lp, 2 €)de
Fllgo|xy,. X0 0

The conclusion follows from Fubini’s theorem and E[[|F||% ,] < [[F||,,,, which follows
from Jensen’s inequality. O

Hence when p = 1 (say), we have

E[

The right hand side depends on the L?(P)-norm of the envelope function F, which may
be large compared with the maximum L?(P)-norm of functions in F, namely,

S CIJ(L]:’ ZT)HI_?”P,2

].'

o =sup ||fllp2
feF

In such a case, the following theorem will be more useful.

Theorem 8 (van der Vaart and Wellner (2011); Chernozhukov et al. (2014)). Suppose that
0 < |F|lp2 < oo, and let 0® > 0 be any positive constant such that SUp fe r Pf2<o? <

|F |3y Let 6 = o/||F||p2. Define B = VE[maxi<i<, F2(X;)]. Then

‘J; (F(X0) -
=1

where C > 0 is a universal constant.

BJ25.7:,F
sc{ﬂaﬁmemr+“>}

FEN

f

A version of Theorem 8 is proved in van der Vaart and Wellner (2011) under the
additional assumption that the envelope F' is bounded; the current version is due to Cher-
nozhukov et al. (2014). We first prove the following preliminary lemma. We will assume
that J(d, F, F) < oo for some (and thus all) 6 > 0 since otherwise the bound in Theorem
8 is trivial.

Lemma 8. Write J(0) for J(6,F,F). Then (i) the map 6 — J(0) is concave; (1) J(cd) <
cJ(9) for all ¢ > 1; (iii) the map (0,00) > & — J(0)/0 is non-increasing; (iv) the map

Ry x (0,00) 3 (z,y) = J(\/x/y)\/Y is concave.
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Proof. Let A(e) = supg /1 +1og N(F,[ - gz2,¢lFllqz2). Part (i) follows from the fact
that the map & — A(¢) is non-increasing. Part (ii) follows from the inequality

/005A(6)d5 = 6/06 A(ce)de < 0/06 Ae)de.

Part (iii) follows from the identity

1
JE;;):/O A(de)de.

The proof of part (iv) uses some facts in convex analysis.

Lemma 9. Let D be a convex subset of R™, and let f : D — R be a concave function. Then
the perspective (z,t) — tf(x/t), {(z,t) € R"™:x/t € D,;t >0} = R, is also concave.

Proof of Lemma 9. We first verify that the set S = {(x,t) € R"*! : z/t € D,t > 0} is
convex. Pick any (z,t), (y,u) € S and A € [0,1]. Then At + (1 — A)u > 0 and

Az 4 (1—=Ny At T (1—=MNu Yep
M+1=Nu M+0=XNut M+(1-Nuu ’

=:0 =1-60

so that A(z,t) + (1 — A)(y,u) € S. Next, let g(x,t) = tf(x/t) for (x,t) € D. Then using
the above notation, we have

g+ (1 =Ny, At + (1 —=Nu) = M+ (1= Nu)f(0x/t + (1 —0)y/u)

> (At + (1= Nu){0f(x/t) + (1 = 0)f(y/u)}
= Ag(z,t) + (1 = Ng(y, u).

O

Hence g is concave.

Lemma 10. Let Dy be a convexr subset of R™, and let g; : D1 — R, 1 < i < k be

concave functions. Let Do denote the convex hull of the set {(¢1(x),...,gk(x)) : « €
D}. Let h : Dy — R be concave and non-decreasing in each coordinate. Then f(x) =
h(gi(x),...,gx(z)), D1 — R, is concave.

Proof of Lemma 10. The proof is straightforward and thus omitted. O

Going back to the proof of Lemma 8, let h(s,t) = J(s/t)t, gi(x,y) = /z, and g2(x,y) =
V/¥- Then h is concave and non-decreasing in each coordinate, and g;,7 = 1,2 are concave.

Hence J(\/z/y)\/y = h(g1(x,y),g(x,y)) is concave. O
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Proof of Theorem 8. Throughout the proof, let C' > 0 denote a universal constant of which
the value may change from place to place. Without loss of generality, we may assume that
F is everywhere positive. Let 02 = supser Pn f?. For independent Rademacher random
variables €1, ..., &, independent of Xi,...,X,, the symmetrization inequality (Theorem

1) implies that

]:]
Further by Lemma 7, we have
Ly s | e [T TN E T s
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Hence by Lemma 8 (iv) and Jensen’s inequality (Dudley, 1999, Theorem 10.2.6),

Z&f ] < C||F|lp2J (VE[R/IIF] p2)-

By the contraction principle (Corollary 1) and the Cauchy-Schwarz inequality,
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By the Hoffmann-Jgrgensen inequality (Theorem 4),

2
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F

VE[o2] < C||F||p2(AV VDZ),

where A? := max{a2,n_1B2}/HF||%2 > 6% and D := B/(\/HHFH?D,Z) Therefore, using
Lemma 8 (ii), we have

E[02] < 02 + 8E

max F(X
1<i<n

f

1 n
Hn ;Eif(X

so that we have

1 n
Hn ;Eif(X

+ ;\/E[lgl% F2(Xi)]} ,

Z < C|[F|p2J(AV VDZ).
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We consider the following two cases:
(i) VDZ < A. In this case, J(AV VDZ) < J(A), so that Z < C||F| p2J(A). Since
the map 0 — J(8)/0 is non-increasing (Lemma 8 (iii)),

W) IO e B
JB) =87 =87 = {J((s)’ﬁénang}'

Further, since J(4)/d > J(1) > 1, the last expression is bounded by

BJ?(5)
e 0. Tt

(ii) vVDZ > A. In this case, J(AV VDZ) < J(VDZ), and since the map ¢ — J(§)/d
is non-increasing (Lemma 8 (iii)),

JD7) = vz VP o 577 D) o 570

i A e
Hence
2 < C|F|pavDZ”Y),
that s ~J2(6)  CBJ*(5)
2 < CFID 5 = = s
This completes the proof. ]

As a corollary to Theorem 8, we obtain an extension of Proposition 2.1 of Giné and
Guillou (2001) to not necessarily uniformly bounded classes of functions.

Corollary 4. Consider the same setting as in Theorem 8. Suppose that there exist con-
stants A > e and V > 1 such that

A 14
up N |- loaellFloa) < (£) . 0<ve <,

Then
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where C > 0 is a universal constant.
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Proof. Observe that

4 0o 1 1
J(6) < / VIFViog(Afe)de < AVV [~ VAL 8%,
0 AJ5

An integration by parts yields that, for ¢ > e,
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by which we have

/OO \/14—log5d8 < 2y/1+loge < 2v/2+/Tog ¢
. g2 - c - '

c

Since A/d > A > e, we have

J(8) < 2vV2V+/log(A/5).

Applying Theorem 8, we obtain the desired conclusion.
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3 Limit theorems

The multivariate central limit theorem implies that for a finite number of functions f1,..., fi, €
F, as long as Psz < oo for 1 < j < m, the sequence of random vectors (v/n(P, —
P)fi,...,v/n(P, — P)fn) converges weakly to a multivariate normal distribution. This
section studies a “uniform” version of this result. Recall that we are (implicitly) assuming
that sup,c 7 [f(7)| < F(z) < oo for all x € S; so if in addition sup ez |Pf| < oo, then the
(scaled) empirical process \/n(P, — P)f, f € F can be viewed as a map from € into £>°(F).
Thus it would be natural to study conditions under which /n(P, — P)f, f € F converges
weakly in £°°(F) to a Gaussian process. The question is, however, not that straightforward
because generally the space ¢°°(F) is non-separable and subtle measurability problems in-
evitably occur (see Remark 5 ahead). Hence we begin with discussing weak convergence
of sample-bounded stochastic processes.

3.1 Weak convergence of sample-bounded stochastic processes

A random element in a metric space U is a Borel measurable map from € into U. For a
metric space U, we always equip the Borel o-field B(U) induced by the metric topology of
U. We say that a map X : Q — U is Borel measurable if it is A/B(U) measurable, that is,
X~YB) € Afor all B € B(U). A random element X in U is said to be tight if for every
e > 0, there exists a compact set K C U such that P(X ¢ K) < e. There are two other
related notions to tightness, namely, pre-tightness and separability. A random element X
in U is said to be pre-tight if for every € > 0, there exists a totally bound, Borel measurable
subset K of U such that P(X ¢ K) < e; X is said to be separable if there exists a separable
Borel subset C' of U such that P(X € C) = 1.

Lemma 11. Let X be a random element in U, and consider the following three statements:
(i) X is tight; (ii) X is pre-tight; (iii) X is separable. Then in general we have: (i) = (ii)
& (1i). If U is complete, then: (i) < (i) < (iii).

Proof. (i) = (ii): Trivial.

(ii) = (iii): Let X be a pre-tight random element in U. For each i € N, pick a totally
bounded Borel measurable subset K; of U such that P(X € K;) > 1 —1/i. Then X
concentrates on C := (J72; Kj, that is, P(X € C) = 1. Now, because each K; is separable
(as it is totally bounded), the countable union C' is also separable.

(ii) <= (iii): Let C be a separable Borel measurable subset of U such that P(X € C') = 1.
Let {z,, } be a countable dense subset in C. For every ¢ > 0, the balls By, (§) with center z,,
and radius § cover C', and X concentrates on the union of these balls. Thus for every € > 0,
there exist finitely many such balls B, (9),. .., By, () with P(X € Ule B, (0)) >1—e.
Now, for every i € N, there exist finitely many balls with radius 1/i whose union, denoted
by Gi, is such that P(X € G;) > 1 — /2%, The intersection of these sets G = (32, G; is
totally bounded and such that P(X € G) > 1 —e.
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If U is complete, then the closure of a totally bounded subset of U is compact (Billings-
ley, 1968, p.217); hence we have: (ii) = (i). O

Remark 2. In particular, if U is complete and separable (that is, if U is Polish), then any
random element in U is tight, which is known as Ulam’s theorem.

A stochastic process X (t),t € T indexed by a non-empty set 7" is said to be sample-
bounded if sup,cp | X (t,w)| < oo for all w € Q. In this case, X can be viewed as a map from
Q) into £°°(T). The question here is how to properly define weak convergence of a sequence
X, of sample-bounded stochastic processes. There is no difficulty in doing so as soon as
we assume that X, are random elements in ¢>°(7"). However, in many applications, it is
too stringent to assume that X,, are random elements in ¢°°(7T'); in particular, the classical
empirical process is in general not Borel measurable as a map into £°°([0, 1])!

Example 4. Let Xi,...,X,, be independent uniform random variables on [0,1]. The
empirical distribution function F,, is defined by

1 n
Fo(t,w) = - D g (Xi(w)), 0<t <1
=1

Then the map w — F,(t,w), 2 — £°°([0, 1]) is in general not Borel measurable. To see this,
consider the simple case where n = 1, and let Y'(t,w) = 19 4(X1(w)) = 1x,@w)1(t),t €
[0,1]. Let Bs be the open ball in £°°([0, 1]) with center 1}, ;) and radius 1/2. Then Y (-,w) €
By if and only if X;(w) = s, so that, for every subset A of [0,1], {w: Y (-,w) € UgeaBs} =
{X; € A}. Meanwhile, since Uge 4 Bs is open in £°°([0, 1]), the map w — Y (-,w) can not be
Borel measurable when © = [0, 1], A is the collection of Borel subsets of [0, 1] (or Lebesgue
measurable sets in [0,1]), and X;(w) = w (take A to be any Lebesgue non-measurable
subset in [0, 1]).

Even if we allow (2, F,P) to be a more general probability space, if the map w — Y (+,w)
were Borel measurable, then A = Po X ! would be a measure defined for every subset of
[0, 1] with the property that A((a,b]) = b — a; but assuming the continuum hypothesis, no
such X exists (Dudley (2002), Appendix C).

A “traditional” remedy is to think of F, as a map into D([0,1]), the space of all
right continuous functions with left limits (cadlag functions), and equip D([0,1]) with
the Skorohod topology, with which D([0,1]) is Polish; then every stochastic process with
cadlag sample paths is automatically a tight random element in D([0,1]) (see Billingsley,
1968, Chapter 3). For general empirical processes, however, such a remedy is not always
applicable.

Remark 3. A sample-bounded stochastic process defines a probability measure on the
cylinder o-field on ¢°°(T"), which is the smallest o-field for which every coordinate projection
f = f(t),t € T, is measurable. Since every coordinate projection f — f(¢) is continuous
from ¢°°(T) into R, on ¢°°(T), the cylinder o-field is included in the Borel o-field. The
example above shows that the inclusion is strict when 7" = [0, 1].
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Henceforth we allow X, not to be random elements in ¢°°(7T"). To define weak conver-
gence of not necessarily Borel measurable maps from  into ¢>°(T"), we will use the outer
expectation. For an arbitrary map Y : Q — [—o0, 00] = R, the outer expectation of Y with
respect to P is defined by

E*[Y] = inf{E[W]: W > Y, W : Q — R measurable and E[W] exists}.

The outer expectation is defined for all maps Y :  — R (as we may take W = +o0).
Further, let P* and P, denote the outer and inner probabilities for P, respectively, that is,
for any A C Q,

P*(A) := inf{P(B) : B> A, B € A}, P.(A) := 1 — P*(A°).

We will prove a few properties of the outer expectation at the end of this subsection (see
Lemma 15). We refer to van der Vaart and Wellner (1996, Section 1.2) for further details
about the outer expectation and the outer/inner probabilities.

Definition 3 (Hoffmann-Jgrgensen (1991)). Let T be a non-empty set, and let X,,(¢),t € T
be a sequence of sample-bounded stochastic processes. We say that X,, viewed as maps
from  into £°°(T"), converge weakly to a tight random element X in ¢*°(T"), denoted by
X, 5 X in £(T), if

lim E*[H(X,)] = E[H(X)]

n—o0

for every bounded continuous function H from ¢>°(T') into R.

In this definition, the limit process X must be a tight random element in ¢>°(T),
which ensures that the expectation of H(X) is well-defined. On the other hand, the outer
expectation is needed to properly define the “expectation” of H(X,) since X,, may not be
Borel measurable as maps from 2 into ¢>°(T).

Remark 4. The tightness of the limit process may be dropped from the definition. How-
ever, there are no known examples of nonseparable Borel measures (van der Vaart and
Wellner, 1996, p.24), and so this restriction does not lose great generality.

We note that the weak convergence in the sense of Definition 3 is no longer tied with
convergence of probability measures, simply because X,, need not induce Borel probability
measures on £*°(T"). Further, this weak convergence depends on the underlying probability
measure P, because the outer expectation depends on P. However, in many statistical
applications, we are interested in approximating the distribution of H(X,,) for some con-
tinuous functional H on ¢*°(T"), and even when X, is not Borel measurable as a map into
¢>°(T), it may happen that H(X,) is measurable. In that case, if X,, > X in ¢>(T) for
some tight random element X in ¢°(T), then H(X,) = H(X) in the usual sense.

In what follows, we shall study characterizations of weak convergence of sample-bounded
stochastic processes. We first prove the following theorem, which gives a characterization
of a sample-bounded stochastic process indexed by a non-empty set 1" to be a tight random
element in (7).
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Theorem 9 (Andersen and Dobri¢ (1987)). Let X (t),t € T be a sample-bounded stochastic
process indexed by a non-empty set T. Then X is a tight random element in £>°(T') if and
only if there exists a semi-metric d for which (T,d) is totally bounded and such that almost
all sample paths of X are uniformly d-continuous.

Proof. Suppose first that X is a tight random element in ¢>°(T"). Let u be the distribution
of X, which is a Borel probability measure on ¢*°(T"). Since X is tight, there exists a non-
decreasing sequence K, of compact subsets of £*°(T") such that u(|J;”, K,) = 1. Define
dn(s,t) :==sup{|f(t)— f(s)| : f € K,}. We shall prove that the semi-metric d on T" defined
by

o
d(s,t) = 27"(1 Adn(s,1))

n=1
makes (7', d) totally bounded. Let € > 0. Choose m in such a way that > 27" < ¢/4,
and let {f1,..., fr} be an €/4-net of K,, for the sup norm, that is, for every f € K,,, there
exists a function f; such that || f — fi|lr < /4 (such a net exists by the compactness of
K,;). The subset A of R” defined by A = {(fi(t),..., fr(t)) : t € T} is bounded, and so
totally bounded. Hence there exists a set T, := {t; : 1 < j < N} such that for every t € T'
there exists a point ¢; with maxi<i<, |fi(t) — fi(tj)| < e/4. The set T; is an e-net of T for
d. Indeed, for t € T, t; € T, as above, we have

dm(t,t5) = sup |f(8) = F(tj)] < max |fi(t) — fult;)| +e/2 < 3e/4,

which implies that d(¢,t;) < > " 27"d,(t,t;) +¢/4 < e. This shows that (7', d) is totally
bounded. Further, every function f € K := (J;-; K,, is uniformly d-continuous since
f € K means that f € K, for some n, and |f(t) — f(s)| < dn(s,t) < 2™d(s,t) whenever
d(s,t) < 1. Since P(X € K) = pu(K) = 1, we conclude that almost all sample paths of X
are uniformly d-continuous.

Conversely, suppose that (7,d) is totally bounded and X has sample paths almost
surely uniformly d-continuous. There exists an event Q¢ C Q with P(€y) = 1 such that
the map t — X (t,w) is uniformly d-continuous for every w € Q. Define X (-,w) = X(-,w)
for w € Qp and X (-,w) = 0 for w € Q. Then X is a tight random element in (T if
and only if X is so (we implicitly assume here that (€2,.4,P) is complete), and X can be
viewed as a map from Q into Cy(T,d). We shall prove that X is a tight random element
in Cy(T,d). To this end, we shall prove the following lemma.

Lemma 12. Let (T,d) be a totally bounded semi-metric space. Then (i) Cy(T,d) is com-
plete and separable (that is, C(T,d) is a separable Banach space with respect to the uni-
form norm || - ||7); and (ii) on Cy(T,d), the Borel o-field coincides with the the cylinder
o-field (the cylinder o-field is the smallest o-field for which every coordinate projection
f— f(t),t €T, is measurable).
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Proof of Lemma 12. For the notational convenience, write C, (1) instead of Cy (T, d).

Part (i): It is not difficult to verify that C,(7T) is complete. To prove separability
of Cu(T), we first show that may assume that d is a metric. To see this, define the
equivalence relation ~ on T by s ~ t < d(s,t) =0, and let [t] = {s € T : s ~ t} for the
equivalence class of t € T. Define the metric on the quotient space T/ ~= {[t] : t € T}
by d([s], [t]) = d(s,t) for s,t € T. Then d is indeed a well-defined metric on T/ ~ and the
map T' >t — [t] € T/ ~ is isometrically isomorphic; in particular T'/ ~ is totally bounded.
For each f € Cy(T), define f([t]) = f(t) for t € T; then f is well-defined since f(s) = f(t)
whenever s ~ t by continuity of f, and f is uniformly continuous. Further, the restriction
map Cy(T) > f — f 3 Cu(T/ ~) is isometrically isomorphic, and so separability of C,,(T)
follows from that of C,,(T/ ~).

Hence we may assume that d is a metric. Suppose for a while that T is compact. In this
case a continuous function on 7' is automatically (bounded and) uniformly continuous, and
thus we drop the subscript “u” in C,(7") and write C(T") for the space of all continuous
functions on T equipped with the uniform norm || - ||p. Let {¢,,} be a countable dense
subset of T', and consider the map h : T — [0, 1] defined by

h(t) = (%)mN

Then h is a homeomorphism from 7 onto h(T") where [0, 1] is equipped with the product
topology ([0, 1]Y is actually a compact metric space). So it suffices to show that C(7T') is
separable in the case where T is a closed subset of [0,1]Y. In this case, the set of finite
linear combinations of monomials of the form (z1,z2,...) — x{* - - - 25 with non-negative
integers aq,...,a, is dense in C(T') by the Stone-Weierstrass theorem (Dudley, 2002,
Theorem 2.4.11), and so the set of those linear combinations with rational coefficients is
dense in C(T"), which shows that C(T") is separable when 7" is compact.

In the case where T is totally bounded (but not compact), let 7' be a completion® of
T; then T is compact by total boundedness of T. Further, C(T) is separable and the
map C(T) > f — flr € Cu(T) is isometrically isomorphic (cf. Lemma 5); thus C,(T) is
separable.

Part (ii): Finally we shall show that on C,(T"), the Borel o-field coincides with the
cylinder o-field. We begin with noting that since every coordinate projection f — f(t) is
continuous from C,(7T) into R, the latter is included in the former. So we have to show
the converse. Let T be a countable dense subset of T'. Then for any given g € C,,(T"), we
have

{feCuT): |f —glr <e} = ({f € CulT): |F(t) — g(t)] <&},

teTo

3For any (semi-)metric space (U, d), there exist a compete (semi-)metric space (U, d) and an isometry
¢ : U — U such that ¢(U) is dense in U. Then U is called a completion of U. Since (U,d) and (¢(U),d)
are isometrically isomorphic, we may identify U with ¢(U) and think of U as a subset of U.

35



so that every closed ball and thus every open ball in C,(7T") belong to the cylinder o-field.
Since Cy(T) is separable, every open set in C,(T') can be written as a countable union of
open balls, and so is a member of the cylinder o-field. This completes the proof. O

This lemma shows that f( is a random element in C, (7, d). In addition, since C, (7', d)
is complete and separable, X is tight (by Lemma 11). Since the inclusion map C, (7, d) —
£°(T) is continuous, X is also a tight random element in ¢°°(T"). This completes the whole
proof. O

An immediate corollary of this theorem (actually of its proof) is the following.

Corollary 5. The distribution of a tight random element in ¢°°(T), which is defined on
the Borel o-field of £>°(T), is uniquely determined by its finite dimensional distributions.

Remark 5. The proof of Theorem 9 reveals that a major difficulty in dealing with ¢°°(7T)
is the fact that the space £>°(T') is generally not separable. In fact, £°°(T") is not separable
whenever T is infinite. To see this, it is enough to consider the case where 7' = N. Denote
by 2@ i € T the set of all 0-1 sequences, such as (0,1,1,0,...). The set I is uncountable
and ||z —z() ||y = 1 whenever i # i’. Denote by B; the open ball in £°°(N) with center ()
and radius 1/2. Then the balls B;,i € I are disjoint, so that ¢>°(T") can not be separable.

In our applications, the limit process X is Gaussian, that is, for every t1,...,t,, € T
and m € N, the joint distribution of X (t1),...,X(t;,) is normal. In such a case, the
semi-metric d in Theorem 9 can be taken to be p,(s,t) := (E[|X(t) — X (s)|P])"/P for any
1 < p < oo (a typical choice is p = 2).

Theorem 10 (Andersen and Dobrié¢ (1987)). Let X (t),t € T be a Gaussian process indezxed
by a set T. For 1 < p < oo, define the semi-metric p, on T by py(s,t) = (E[|X(t) —
X(s)[P)'/P s,t € T. Then X is a tight random element in £°(T) if and only if (T, p,) is
totally bounded and X has sample paths almost surely uniformly p,-continuos.

Remark 6. Precisely speaking, if (7, pp) is totally bounded and X has sample paths almost
surely uniformly p,-continuous, then X is almost surely bounded. Choose an event 2 C (g
with P(Q) = 1 such that sup,cq | X (t,w)| < oo for all w € Q. Define X(-,w) = X(-,w)
for w € Qp and X (-,w) = 0 for w € 5. Then X is a version of X that is a tight random
element in £°°(T). We do not distinguish between X and X.

Proof of Theorem 10. The “only if” part follows from Theorem 9. Conversely, suppose
that X is a tight random element in ¢*°(T"), and choose a semi-metric d for which (7', d) is
totally bounded and such that almost all sample paths of X are uniformly d-continuous.
Let s, and t, be two sequences in T' such that d(s,,t,) — 0. Then X (t,) — X(sn) — 0
almost surely and so in distribution. Since X(¢,) — X (s,) are Gaussian, this means that
E[| X (tn) — X (sp)[P] — 0, that is, py(sn,t,) — 0, which implies that

d(s,t) = 0= pp(s,t) — 0. (18)
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The total boundedness of (T, d) thus implies the total boundedness of (7', pp).

It remains to show that almost all sample paths of X are uniformly p,-continuous.
Without loss of generality, we may assume that all sample paths of X are uniformly d-
continuous. Let (T, d) be a completion of (T,d), which is compact by total boundedness
of T. Then the process X has the unique continuous extension to 7 (by Lemma 5), and
we denote this extension by the same symbol X.

Let w € Q. If the path ¢t — X(t,w) is not uniformly p,-continuous, then there exist
e > 0 and sequences s,, and t, such that pp(sp,t,) = 0 and | X (sp,w) — X (tp,w)| > € for
all n. Since (T,J) is compact, s, and ¢, have subsequences s, and t,s that converge in
d to limits s and ¢ (say) in T, respectively. Then since the path ¢ —+ X (¢,w) is uniformly
d-continuous, we have that |X(s,w) — X (t,w)| = limy | X (sp,w) — X(ty,w)| > e. In
addition, because of (18), we have p,(s,/,s) = 0 and p,(t,/,t) = 0, and so pp(s,t) = 0 by
the triangle inequality. The discussion so far shows that

{weQ: t— X(t,w) is not uniformly p,-continuous}
C{weQ:3s,t €T st py(s,t) =0 but X(s,w) # X (t,w)} =: N.

It suffices to show that N is a nullset. Take a countable cj—dense subset A of {(s,t) €
T x T : pp(s,t) = 0}. Then since all sample paths of X are d-continuous, N reduces to

N ={weQ:3(s,t) € As.t. X(s,w) # X(t,w)}.

By the definition of p,, for every fixed (s,t) € A, we have X (s,w) = X (t,w) for almost all
w, by which we conclude that N is a nullset. This completes the proof. O

For a tight random element X in a Banach space B, we say that X is Gaussian if
F(X) is Gaussian for every F' € B*, where B* is the dual of B, that is, B* is the set of
all continuous linear functionals on B. Recall that (¢>°(T),|| - ||7) is a real Banach space.
If X = (X(t))ter is a Gaussian process and at the same time a tight random element in
¢°(T), it would be natural to ask whether X is Gaussian as a random element in ¢>°(7T).
In fact, it turns out that the concepts of Gaussianity as a random element in ¢*°(7") and
as a stochastic process are equivalent for tight random elements in ¢°°(7"). Hence, we will
not distinguish these two.

Lemma 13. Let X = (X(t))wer be a tight random element in £>°(T"). Then X is Gaussian
as a random element in £°°(T) if and only if X is a Gaussian process.

Proof. The “only if” part is trivial. If X is a Gaussian random element in ¢>°(7"), then
for every ai,...,a, € R and t1,...,t, € T, the map ¢>°(T) > f — >/ aim,(f) is a
continuous linear functional, so that Y ., a;m, (X) = >0  a; X (t;) is Gaussian. This
implies that (X (¢1),..., X (¢,)) is jointly Gaussian.

Now, we turn to the “if” part. Pick any semimetric d on 7" such that (7', d) is totally
bounded and X has sample paths almost surely uniformly d-continuous. Since P{X €
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Cu(T)} = 1 and the restriction of each element in ¢*°(7)* to Cy(T) is an element of
Cu(T)*, it suffices to show that F(X) is Gaussian for every F € C,(T)*. Let (T,d)
be a completion of (7,d). Each f € C,(T) extends uniquely to a continuous function
f on T, and the extension f + f is a linear isometric isomorphism from C,(T) onto
C(T) = Cy(T,d). Hence, each F' € C,(T)* corresponds to a unique element F in C(T)* by
F(f) = F(f) forall f € C,(T). Now, since T is compact, the Riesz representation theorem
shows that for every F' € C,(T)*, there exists a finite signed Borel measure y on T such
that F(f) = [ fdu for all f € Cu(T). By compactness of T, there exist disjoint sets

B}»”,j =1,...,N,, in T with radius at most 1/m such that T = Uj\/:ml Bjm, and pick any
t;” € B}-". Since T is dense in T, we may assume that t;-” € T. Define p,, = Zszml agndt;n

with af" = ,u(Bjm), where d; denotes the Dirac measure at t. Observe that
Nm
F(f)= / fdu = lim/ fdy, =lm Y a f(t7)
T m Jp T m ; 7o

for every f € C,(T). Therefore, we have that F(X) = lim,, Z;V:"i a* X (t7"), and since the
right hand side is a limit of Gaussian random variables, F'(X) is Gaussian. O

We are now in position to state the following theorem, which leads to a necessary and
sufficient condition for weak convergence of sample-bounded stochastic processes.

Theorem 11 (Andersen and Dobri¢ (1987)). Let X, (t),t € T be a sequence of sample-
bounded stochastic processes. Then the following statements are equivalent:

(i) X, converges weakly to a tight random element X in £°°(T).

(ii) For every ti,...,tm €T and every m € N, (X,,(t1),...,Xn(tm)) converges in distri-
bution, and there exists a semi-metric d for which (T,d) is totally bounded and such
that for every e > 0,

lim lim sup P* sup | X (t) — Xn(s)| >ep =0. (19)
6J0 n—oo d(s,t)<d;s,teT

If (ii) holds, then the limit process X in (i) has sample paths almost surely uniformly d-
continuous. In addition, if X in (i) has sample paths almost surely uniformly p-continuous
for some semi-metric p that makes (T, p) totally bounded, then the semi-metric d in con-
dition (19) can be taken to be d = p.

Condition (19) will be referred to as the asymptotic equicontinuity condition. For
proving (ii) = (i) in Theorem 11, we will use the following version of the Portmanteau
theorem.
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Theorem 12 (Portmanteau theorem). Let X,, be sample-bounded stochastic processes, and
let X be a tight random element in £>°(T). Then the following statements are equivalent.

(i) X, = X in 0°(T).
(ii) For every closed set F' C {>°(T), limsup,, P*(X, € F) <P(X € F).
(iii) For every open set G C ¢>°(T'), liminf, P.(X, € G) > P(X € G).

(iv) For every Borel set A C (>*(T) such that P(X € 0A) = 0, lim, P*(X,, € A) =
lim, P.(X, € A) =P(X € A).

We defer the proof of Theorem 12 after the proof of Theorem 11.

Proof of Theorem 11. (ii) = (i): The proof consists of two steps.
Step 1: We shall prove that there exists a tight random element X in ¢°°(T") such that
for every ti,...,t,, € T and every m € N,

(Xn(t1), s Xn(tm)) = (X(t1), ..., X (tm)) (20)

as n — oo.

It is not difficult to verify consistency of the weak limits of the finite dimensional
distributions of X,,, and thus Kolmogorov’s extension theorem (Dudley, 2002, Theorem
12.1.3) ensures the existence of a stochastic process X (t),t € T such that (20) holds. We
need to verify that X admits a version that is a tight random element in ¢>°(T'). Let Ty
be a countable d-dense subset of T', and let Ty, k = 1,2,... be an increasing sequence of
finite subsets of Ty such that (J,-; T) = Tp. Then the Portmanteau theorem implies that

IP’{ max  |X(t) — X(s)] > E} < Iiminf]P’{ max | X,(t) — Xp(s)| > 5}
d(s,t)<d;s,t€Ty n—r00 d(s,t)<d;s,teT

< liminf P {d( max | X,(t) — Xn(s)| > 5} :
st

n—r00 )<6;8,t€Th

Taking & — oo on the far left hand side, we conclude that

]P’{d(s’tmax ]X(t)—X(s)]>5}§liminf}P’{ max |Xn(t)—Xn(s)|>s}.

)<8;8,t€Tp n—oo d(s,t)<d;s,teTp

By the asymptotic equicontinuity condition (19), there exists a sequence §, > 0 with 6, | 0
as 7 — oo such that

P{ max | X (t) — X(s)] > 5} <277,
d(s,t)<0r;s,t€Tp
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By the Borel-Cantelli lemma, there exists an event Q¢ C Q with P(€2y) = 1 such that for
every w € p, there exists r = r(w) with

max | X(t,w) — X(s,w)| <e.
d(s,t)<dr;s,teTy

This shows that X|z,, the restriction of X to T, has sample paths almost surely uniformly
d-continuous. Define the stochastic process X (t),t € Ty by X (t,w) = X (t,w),t € Ty,w €
Qo and X (t,w) = 0,t € Ty,w ¢ Q. The process X has the continuous extension to T' by
uniform continuity of X on Ty (cf. Lemma 5). Denote this extension by the same symbol
X. Then X is a version of X and all sample paths of X are uniformly d-continuous. By
Theorem 9, the desired claim follows.

Step 2: We now prove X,, — X in £>°(T). Since (T,d) is totally bounded, for every

7 > 0, there exists a finite set of points ¢1,...,{x(;) such that T' = UN(T B(t;, ), where

B(t,r) = {s € T :d(s,t) < 7}. Then for every t € T we can choose a point 7 (t) €
{t1,.. ()} such that d(7-(t),t) < 7. Define the processes X, , and X; by

Xnr(t) = Xp(m: (1), Xr(t) = X(7,(t)), t €T.
Since 7, (t) takes only N(7) values, the finite dimensional convergence implies that
Xpr 5 X, in £°°(T). (21)

To see this, let T; = {t € T': t; = m-(t)}. Then {T;} forms a partition of T and 7, (t) = t;
whenever ¢ € T;. Since the map Il; : (a1,...,an()) = ZZ 1 Vaily +(t) is continuous

from RN(7) into ¢°°(T'), the finite dimensional convergence implies that for any bounded
continuous function H : {*°(T) — R,

E[H (Xnr)] = E[H oIl (Xn(t1), ..., Xn(tn(r)))]
— E[HOH (X(tl)v (tN( )))] E[H(X’T)]

which proves (21).
In addition, since X has sample paths almost surely uniformly continuous,

lim || X; — X|[r =0 a.s.
70

Let H : £°(T) — R be a bounded continuous function. Then
[E*[H (X5)] — E[H (X)]| < [E*[H(Xn)] — E[H (Xy)]]
+ |E[H(Xn,‘r)] - E[H(XT)”
+ [E[H (X-)] — E[H(X)]]
=Ly, + 11, +III,.

We have seen that lim, o 11, = 0 for each fixed 7 > 0 and lim, o I, = 0. Hence it
remains to prove that lim, o limsup, .., I = 0. We will use the following lemma.
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Lemma 14. Let (U,d) be a metric space, and let f : U — R be a continuous function. Let
K C U be a compact subset. Then for every e > 0 there exists 6 > 0 such that

d(u,v) < d,ue K,ve U= |f(u) — f(v)| <e.

Proof of Lemma 14. Suppose on the contrary that the assertion is false. Then there exist
e > 0 and sequences u,, € K and v, € U such that d(uy,v,) — 0 and |f(uy,) — f(vn)| > €.
Since K is compact, there exists a subsequence u,, of u, such that w,  has a limit v in K.
Then v,y — w and, by continuity of f, |f(un) — f(vn)| = |f(uw) — f(u)| = 0, which is a
contradiction. O

Pick any ¢ > 0. Since X is tight, there exists a compact set K C ¢°°(T) such that
P(X € K¢) <e. Choose § > 0 in such a way that

If —gllr <6,f € K,get>(T) = |H(f) - H(g)| <e.
Let K%2 = {f € (>(T) : inf,ek ||f — gllr < §/2}. Observe that

(X = Xurllr < 6/2) A (Xor € KO/2)

= (| Xn — Xnrllr <0/2) A(Fu e K st |lu—Xp |7 <6/2)

= Ju € K s.t. (Jlu—Xpll7 <) A (JJu— X llr < 9/2)

= Jue K s.t. |[H(X,) — H(Xnq)| < |[H(Xp) — Hu)| + |H(u) — H(X,7)| < 2e,

from which we have
B [H(X,)] — E[H (X))
< 20 Hlloo [P* {1Xn = Xnsrllr 2 8/2} + P{Xr € (K72 }] + 22,
Then, on the one hand, the asymptotic equicontinuity condition (19) yields that

liinlimsupP*(HXn — Xorllr >6/2) =0.

0 n—oo

On the other hand, since
Xnr € (K?)° & (Xu(tr), ., Xnltn(n)) € T ((K2)7),
and TI-1((K%/2)¢) is a closed subset in R¥()| the Portmanteau theorem yields that

lim sup P {Xm = (KW)C} <P {XT = (K5/2)C} .

n—o0

Further, since lim, o || X; — X |7 = 0 almost surely, we have

limsup]P’{XT € (K6/2)C} <P(X € K° <e.
710
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Therefore, we conclude that

lim sup lim sup |E*[H (X,,)] — E[H(X,7)]| < 2||H || + 2)e.

70 n—00

This completes the proof for (ii) = (i).

(i) = (ii): By Theorem 9, there exists a semi-metric d for which (7, d) is totally
bounded and X has sample paths almost surely uniformly d-continuous. Let F5. = {f €
£2°(T') = supg(sy<s |[f(t) — f(s)] > }. Then Fs. is a closed subset in £°(T"), and so by the
Portmanteau theorem stated above,

lim sup P* { sup | X0 (t) — Xn(s)] > E} = limsup P*(X,, € Fs.)

n—00 d(s,t)<d;s,teT n—00

§]P’(X€F57E):]P’{ sup | X (t) — X(s)] 25}.
d(s,t)<d;s,teT

The far right hand side goes to 0 as § | 0. This completes the proof for (i) = (ii). O

We now turn to proving Theorem 12. To this end, we will need a few properties of the
outer expectation, summarized as follows.

Lemma 15. Let Y : Q — R be any map. Then (i) there exists an a.s.-unique measurable
map Y* : Q — R such that Y* >Y and if W : Q — R is measurable and W >Y a.s., then
W >Y* a.s. We call Y* the measurable cover of Y. (ii) Provided that E[Y™] exists, we
have EX[Y] = E[Y™*]. (iii) For any x € R, P*(Y > 2) =P(Y* > x).

Proof of Lemma 15. (i). Let W = {W : Q — R : W measurable and W > Y}, and let

-1 T =—00
o(z) = %m reR
1 r = 400

Choose a sequence W,,, € W such that E[p(WW,,)] | infew E[p(W)] =: @ > —1. Define

Y* =1lim min W,,.
n 1<m<n

Then Y* is a measurable map from ) into R such that Y* > Y. Furthermore,

E [gp( min Wm)] :E[ min @(Wm)} < E[p(Wy)],

1<m<n 1<m<n

and so the dominated convergence theorem yields that E[p(Y*)] < «. Hence we have
E[e(Y*)] = a by the definition of a. For any W € W, min{W, Wy,..., W,} | W A Y™,
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and so we have E[o(W AY™)] = a = E[¢(Y™)], which implies that W > Y™* a.s. since ¢ is
strictly increasing.

(ii). If E[Y™*] exists, by the definition of the outer expectation, we have E*[Y] < E[W*],
but by the definition of the measurable cover, the reverse inequality also holds.

(iii). We first note that for any A C , there exists a set B € A with B D A such that
P*(A) = P(B). Indeed, choose a sequence B,, € A with B,, D A such that P(B,,) | P*(4),
and take B =), By.

Next, since {Y > x} C {Y* > z}, we have P*(Y > z) < P(Y* > z). To prove the
reverse inequality, pick a set A € A with A D {Y" > z} such that P*(Y > z) = P(A). Then
Y* <z almost surely on A€ since otherwise W = Y*1 4 + z1 4 would be a measurable map
from € into R such that W > Y and W < Y* with positive probability, which violates the
definition of the measurable cover. Thus we have P(Y* > z) < P(A4) = P*(Y > z). O

Proof of Theorem 12. We will prove the following implications: (i) = (ii) < (iii), (ii) +
(iii) = (vi) = (i). The equivalence between (ii) and (iii) follows from taking complements.
For (ii) + (iii) = (vi), observe that

limsup P*(X,, € A) < limsupP*(X,, € A) <P(X € A)

=P(X € A°) <liminfP, (X, € A°) <liminf P.(X,, € A),

where A and A° denote the closure and the interior of A, respectively.
(i) = (ii): Let F C £>°(T') be closed, and define n : R — [0, 1] by

1 ifx <0
nx)=q1—z if0<z<1.
0 ifz>1

Further, for any € > 0, let H.(f) = n(e ‘infyer || f — gll7) for f € ¢°(T). Then H. is
bounded and continuous, and 1y < H. < 1. where Fel = {f € ¢>°(T) : infyer |f — gl <
e}. Thus we have

lim sup P*(X,, € F) < lim E*[H.(X,,)] = E[H.(X)] <P (X € Ffl) :

Since F is closed, taking € = &,, | 0, we have P(X € F&l) | P(X € F).

(vi) = (i): Pick any bounded continuous function H : ¢>°(T) — R. By scaling, it
suffices to consider the case where 0 < H < 1. Let H(X,)" be the measurable cover of
H(X,,); then applying Fubini’s theorem, we have

1 1
E*[H(X,)] = E[H(X,)"] = /0 P{H(X,)* > a}hde = /0 P{H(X,) > z}dz,
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and E[H(X)] = fol P{H(X) > z}dx as well. Since 0{H > z} C {H = x} and the set of
x € [0,1] such that P{H(X) = z} > 0 is at most countable, P*{H(X,,) > z} — P{H(X) >
x} for all but countable x € [0,1], and hence the bounded convergence theorem yields that

1 1
/ P{H(X,) > z}dx — / P{H(X) > x}dx.
0 0

This completes the overall proof. ]

3.2 Uniform law of large numbers

Before moving into the uniform CLT, we study a uniform version of the law of large
numbers, namely, we study conditions under which ||P, — P||z — 0 almost surely, in L!,
or in probability. We first show that the almost sure convergence and the L' convergence
of ||P, — P||r — 0 follow from the convergence in probability, that is,

1P, — P|lz = 0= ||[P, — P||z — 0 almost surely and in L'.

Note that in general convergence in probability does not imply almost sure convergence
nor convergence in L!.

Recall that Xi, Xs,... are the coordinates of the infinite product space (92, A,P) =
(SN, SN, PN)"and suppose that PF < oo. Let %, denote the set of all maps from SV into
SN that are permutations of the first n coordinates, and define

Spi={AeSY: 14(z) = 1alonz) Yo, € B,}.

It is not difficult to see that S,, is a non-increasing sequence of sub o-fields of SN. By this
definition, we see that

A A
A

Since P, (f) is invariant under any permutation of Xi,..., X, it is S,-measurable. Hence
we have E[f(X;) | Sn] = Pu(f) for all 1 < i < n, by which we conclude that

B[l oy = Pllz | Sn] = [[E[(Po1 = P)(f) | Sulll7 = [[Pn — Pl 7.

This shows that if PF' < oo, then {||P—, —P||r,S—y : n < —1} is a reversed submartingale.
Theorem 10.6.4 of Dudley (2002) leads to the following lemma.

Lemma 16. If PF < oo, then |P, — P||# converges almost surely and in L*.
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A consequence of this lemma is that whenever ||P, — Pl % 0, then |P, — Pllr — 0

almost surely and in L!. So the problem reduces to showing that || P, — P|/r 5 0. For
M > 0, define

‘FM = {fl{FSM} Zf S ]:}

The following is the main theorem of this subsection.

Theorem 13 (Vapnik and Cervonenkis (1981); Pollard (1982); Giné and Zinn (1984)). If
PF < oo and n~Ylog N(Fur, ||+ | o1, €)* 5 0asn— o0 for every M > 0 and every e > 0,
then || P, — P|| 5 0, and thus ||P, — P||z — 0 almost surely and in L.

Proof. By the symmetrization inequality (Theorem 1), we have

E[|| P, — Pl|lF] < 2E [H Zfzf

f

<9E +92E

Z%f sy (Xi)

H Z&f ) Lip<ary (Xi)

J

f
The second term is bounded by
23 E[F(X)1 s ary (X))

n

Therefore, it is enough to show that for every M > 0,

% Z €if(Xz)
=1

Fix Xy,...,X,. For ¢ > 0, let {f1,...,fn} be a minimal e-net of Fj; with N =
N(Fum, || - |p,1,€); that is, for every f € Fps there exists a number 1 < k(f) < N such
that || f — fiup)llp,,1 < & Hence we may bound the term E:[ln™t Y0 ei f(Xi)|l 7] by

— 0, n — oo.

Fr

1 n
Hn;&Tz‘{f(Xi)—fk(f)(Xi)}F +E - | max | Zngk ]
<€+CW > fAX)

1+logN .
<5—|—CM\/ +log N(Far [ lr.2)

n
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where we have used the inequality (17). Because of the hypothesis of the theorem,
n~og N(Far, || - | poase)* = 0, which implies that Ec[[[n=' 0, & £(X)||7,,] — 0; but
since the left hand side is bounded by M, we conclude from the dominated convergence
theorem that E[[[n~1 Y, &;f(X;)||7,,] — 0. This completes the proof. O

The following is a simple corollary of Theorem 13, which we will use in the proof of the
uniform central limit theorem.

Corollary 6. If PF < co and ntlog N(F,| - ||p,.1,€l| Fllp,.1)* 50 for every € > 0, then
1P, — P|l7 5 0, and thus ||P, — P||7z — 0 almost surely and in L.

Proof. We have to check that n=log N (Far, ||| p,.1,€)* % 0. Without loss of generality, we
may assume that PF > 0. Then by the law of large numbers, || F||p, 1 = P,F — PF almost
surely and thus P{||F||p, 1 < 2PF} — 1. Because N(Fu, | - ||p..1,€) < N(F, |- |lP.1,€/2),
on the event that || F||p, 1 < 2PF, we have

N(Fum - llparse) S N(F -l s el Fl P 1/ (4PF)).

This implies that n=1log N(Far, || - | p,.1,€)* Eo. 0

3.3 Uniform central limit theorem

We are now in position to study conditions under which a class F of measurable functions
S — R obeys the “uniform” central limit theorem, that is, the (scaled) empirical process
Vn(P,—P)f, f € F converges weakly to a tight random element in £°°(F). This statement
makes sense only when /n(P, — P)f, f € F is a sample-bounded stochastic process. In
addition, as long as F C L?(P) which we alway assume, the limit process (if exists) must
be Gaussian because of the multivariate central limit theorem. If this limit process admits
a version that is a tight random element in ¢>°(T'), we call the class F P-pre-Gaussian.
The formal definition is as follows.

Definition 4 (Pre-Gaussian class). A class F of measurable functions S — R is called P-
pre-Gaussian if F C L?(P) and if there exists a tight Gaussian random element Gp(f), f €
F in £2°(F) such that E[Gp(f)] =0forall f € Fand E[Gp(f)Gp(9)] = P(f—Pf)(g—Pg)
for all f,g € F. In this definition, F need not be pointwise measurable.

Whenever F C L?(P), Kolmogorov’s extension theorem ensures that there exists a
centered Gaussian process Gp(f), f € F whose covariance function is E[Gp(f)Gp(g)] =
P(f —Pf)(g — Pg). Consider the semi-metric ppo on F defined by

ppa(f.9) = (E[Gp(g) — Gp(f)*])"/* = (P(f — Pf — g+ Pg)*)"/%.

Then by Theorem 10, F is P-pre-Gaussian if and only if (7', pp2) is totally bounded and
G p has a version that has sample paths almost surely uniformly pp2-continuous.
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In what follows, we denote by G p a centered Gaussian process whose covariance function
is E[Gp(f)Gp(9)] = P(f—Pf)(g— Pg), and when F is P-pre-Gaussian, G p is understood
as a tight random element in ¢>°(F).

Definition 5 (Donsker class). Let F be a class of measurable functions S — R, not
necessarily pointwise measurable, such that F C L*(P),sup ez |f(z)| < oo for all z € S,
and supscr |Pf| < oo. Then F is said to be P-Donsker if F is P-pre-Gaussian and the
sequence of sample-bounded stochastic processes \/n(P,f — Pf), f € F converges weakly
to Gp in (>°(F).

Consider the semi-metric epy defined by

6p2fg mngLQ )

The following lemma is a consequence of Theorem 11.

Lemma 17. Let F be a class of measurable functions S — R, not necessarily pointwise
measurable, such that F C L*(P),sup ez |f(z)| < oo for allz € S, and sup;c 7 |Pf| < oo.
Then the following three statements are equivalent:

(i) F is P-Donsker;
(ii) (T, pp2) is totally bounded and for every e > 0,

WZ (f —9)(Xi) = P(f — g))

lim lim sup P* sup
ol n—oo ppg(fg <6 if.9eF

(i1i) (T,epz2) is totally bounded and for every e > 0,

-0

Proof. Recall that F is P-pre-Gaussian if and only if (F, pp2) is totally bounded and G p
has a version that has sample paths almost surely uniformly pp2-continuous. Hence the
equivalence between (i) and (ii) follows from Theorem 11. In addition, the direction (iii)
= (i) also follows from the same theorem.

We have to prove the converse direction (i) = (iii). Since ppy < ep2, Gp has sample
paths almost surely uniformly eps-continuous. Hence by Theorem 11, all what we need
is to prove that (7, epy2) is totally bounded. Pick any ¢ > 0. Since (T, pp2) is totally
bounded, there is an e-net {fi,..., fy} of F under pps, that is, for every f € F, there
is a function f; such that ppa(f,fi) < €. Since supscr |Pf| < oo, for every 1 < i <
N, {Pf : f € F,ppa(f,fi) < €} is a bounded subset in R. Choose a finite subset
{fi1,---, fin,} C{f € F:ppa(f, fi) <e} such that for every f € F with ppa(f, fi) <e,

lim lim sup P* sup
310 n—oo ep2(f.9)<8;f.geF

IZ (f = 9)(X:) = P(f —g))| >
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there exists a function f;; with |P(f — fi;)| < e. Then for every f € F, there exist
1 <i< Nand1<j<N;such that ppa(f, fi) < e and |P(f — fij)| < e, so that

€ba(f. fij) = Pba(f. fig) + |P(f = fig)?
< 20p5(f. fi) + 20B2(fis fig) + |1P(f = fig)[* < 5%
Therefore, {fi,j :1<i<N,1<j<N;}isa V/be-net of F under epo. ]
The following theorem gives a sufficient condition for F to be P-Donsker.

Theorem 14 (Dudley (1978); Koltchinskii (1981); Pollard (1982)). Let F be a pointwise
measurable class of functions S — R, to which a measurable envelope F is attached. Sup-
pose that PF? < 0o and

1
sup 4/log N(F,| -
| s flog N7 -

where the supremum is taken over all finitely discrete distributions. Then the class F is
P-Donsker.

Q,275||F‘|Q72>d5 < 00, (22)

Remark 7. When [|F| g2 = 0, all functions in F are 0 almost surely in @, and so
N(F - e, 0) = 1.

We present two proofs for Theorem 14; the first one relies on the ULLN, and the second
one, which I think is simpler, does not.

First proof of Theorem 14. By Lemma 17, we have to check (i) the total boundedness
of (F,ep2); and (ii) the asymptotic equicontinuity condition. The total boundedness of
(F,epz) follows from the next lemma.

Lemma 18. supy e [(Pn — P)(f — 9)?| — 0 almost surely.

Proof of Lemma 18. Let H = {(f — g)? : f,g € F}. Then an envelope function for # is
given by 4F2. Let us write F — F ={f —g: f,g € F}. For f,g € F — F,

Polf? = g%l = Palf — gllf + 9] < Pulf — g|(4F) < ||f — gllp. 2ll4F || P, 2,

by which we have
NH, || lp1,€ll4F?[[p,1) < N(F = F, |- Ipo2:ellF P, 2)
< NAF - pa2. el Fllp,2/2)
< SgpNQ(f, I o2 el Fllq.2/2)-
The far right hand side is finite and independent of n, so that
_ « P
n"og N(H, || - || p,1,ell4F?(|p,1)" = 0.

Therefore, by Corollary 6, we conclude that || P, — P||3 — 0 almost surely. O
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This lemma shows in particular that there exists w € {2 such that for every € > 0 there
exists n € N with supy o7 |(Pn(w) — P)(f — 9)?| < 2. With this w and n, we have

N(F, |- lp2, V2e) < N(F, || - | prw),2:€) < 0.

Therefore, (T, ep32) is totally bounded.
It remains to check the asymptotic equicontinuity condition. By the symmetrization
inequality for probabilities (Theorem 2), it is enough to prove that

lim lim sup P { sup
n “

10 n—oo ep2(f,9)<d;f,9eF

\} Z&'(f(Xi) —9(Xy))
i=1

>5}:0, Ve > 0.

Fix any € > 0. The left probability is bounded by

P sup >¢€

€3, 2(f.9)<26% f,g€F

\} Z gi(f(Xs) — 9(Xi))
=1

n -

+P{ sup \e%mz(f,g) - 6%,2(f79)’ > 52}

f.9eF
=:ps+ IL”;.

By Lemma 18, I1,, 5 — 0 as n — oo for each fixed ¢ > 0.

We have to bound I,, 5. Without loss of generality, we may assume that F' > 1 (oth-
erwise take F'V 1 instead of F'). In what follows, let C' > 0 denote a universal constant
of which the value may change from line to line. By Theorem 6 with ¢ = 1o applied to
X(f) = (1/v/n) 37 eif(X;) conditionally on Xi,...,X,, together with inequality (9),
we have

n

1

E. sup
b, o(f.9)<26% f,9eF

é
(f(Xz) - g(Xz))‘ < C/O \/IOgN(}—, ePn,2>5)d€

S/IF| Py 2
—Cl|Flr, | VIEN(F.ep, 2.l Flp, 2)de
0

é
<CIFlp.a [ supyfos N(E ||
0 @

=: C||F[|p, 2A(9).

Q.2:¢l|Fllq.2)de

Hence we have

E sup
3, o(£,9)<28% f,9eF

jﬁ S e(F(X) - g(X))| | < CIFIaA©).
=1
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Since the right hand side is independent of n and A(6) — 0 as § | 0, we have

lim lim sup I,, s = 0.
410 n—)oop "

This completes the overall proof. ]

Before presenting the second proof, we introduce packing numbers. For any semi-metric
space (T,d), a collection of points in T is said to be e-separated if the d-distance between
each pair of points is greater than . The packing number D(T,d,c) is the maximum
number of e-separated points in T'.

Lemma 19. For every e > 0,
N(T7d75) S D(T7d7€> S N(T7d78/2)

Proof. If {t1,...,tp} is a maximal e-separated subset of T, then by maximality it must
be an e-net, so that N (7', d,e) < D. Conversely, if {t},...,t,} is a minimal €/2-net of T,
then no two points in {t1,...,tp} are not in the same ball with center ¢, and radius /2,
so that D < N'. O

The following lemma shows that supg in (22) can be replaced by the supremum over
all probability measures @) such that QF* < oo.

Lemma 20. Let P be a probability measure on (S,S) such that PF" < oo for some r > 1.
Then

pr2e|[Fllpr) < Sng(F, -l el @),

where supg means the supremum over all finitely discrete distributions.

Proof. Let {fi,..., fm} be a maximal 2¢||F| p,-separated subset of (F,| - ||p,), so that
Plfi — f;|" > (2e)"PF" for all i # j. Take X1, Xo,--- ~ P iid. Then by the strong law
of large numbers, P,|f; — f;|" — P|fi — f;|" for all i # j and P,F" — PF" almost surely.
Hence there exist w and n such that P, (w)|fi — f;|" > (2¢)"PF" > " P, (w)F" for all i # j,
which leads to the desired conclusion. O

Second proof of Theorem 14. The total boundedness of (T,ep2) follows from combining
(22) and the previous lemma. We have to verify the asymptotic equicontinuity, to which
end it is enough to show that

lim limsup E[\/n||P, — P||£] =0,

00 n—oo
where Fs = {f —g: f,g € F,epa(f,g9) < 0||F|p2}. The class Fs5 has envelope 2F', and
since Fs C{f —g: f,g € F}, we have

Sup N(Fs. |l - g2 2V2e[12F lg2) < Sup N*(F. - lloz-ellFllg2).
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which leads to J(e, F5,2F) < CJ(e, F, F). Hence by Theorem 8,

BnJ?(5, F, F)
52y/n ’
where B, = \/E[maxi<;<, F2(X;)]. Because F € L*(P), we have! B,, = o(y/n), so that

E[VAllP, — Pls,] < C {J(é, F,F)|Fllpz +

limsup E[v/n|| P, — P|| 5] < CJ(6, F, F)||F|| p2-

n—oo

Then the right hand side goes to 0 as ¢ | 0, so that the desired conclusion follows. O

3.4 Application: CLT in C-space

Let (K,d) be a compact metric space, and let C(K) denote the space of all continuous
functions K — R, equipped with the uniform norm |z|x = sup,cx |z(t)|. The space
(C(K),| - |lx) is a separable Banach space. In this subsection, we assume that X1, Xo, ...
are i.i.d. random elements in C(K) with mean zero (that is, E[X;(¢)] = 0), and study
conditions under which the normalized sum S, = n~1/2 >-n . X; obeys the central limit
theorem, that is, S,, converges weakly to a Gaussian random element in C'(K) as n — oc.
We first recall some definition. In general, a sequence Y,, of random elements in a metric
space U is said to converge weakly to a random element Y in U, denoted by ¥;, = Y in U,
if
lim E[H(Y,)] = E[H(Y)]
n—oo
for all bounded continuous functions H : U — R.
A Gaussian process indexed by K whose sample paths are continuous may be viewed
as a map from 2 into C'(K), which is automatically Borel measurable (see Lemma 12) and
we call it a Gaussian random element in C'(K).

Theorem 15 (Jain and Marcus (1975)). Let X, X1, Xo,... be i.i.d. random elements in
C(K) such that E[X(t)] = 0 and E[X?(t)] < oo for all t € K. Suppose that there exists a
non-negative random variable M with E[M?] < oo such that

| X(t,w) — X(s,w)| < M(w)d(s,t), w € Q,s,t €K,

and moreover,

1
/ Vieg N(K,d,e)ds < 0.
0

Then the normalized sum S, = n—1/2 Z?:l X; obeys the central limit theorem, that is, Sy
converges weakly to a Gaussian random element G in C(K) with mean zero and covariance

function Cov(G(t),G(s)) = Cov(X(t), X(s)).

4Recall that for i.i.d. random variables &;,&s, ..., the following three statements are equivalent: (1)
E[|&1]] < o0; (2) maxi<i<n |&|/n — 0 almost surely; E[maxi<i<n |&i]] = o(n).
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Proof. Let

d(s,t)

Consider the following setting: S = BL(K), S = the o-field consisting of all Borel subsets
of C(K) contained in BL(K), P = the distribution of X (note that BL(K) is a Borel
subset of C(K) and the distribution of X concentrates on BL(K)).

Consider the class F of functions BL(K) — R defined by

lgll 5z = llgllec +sg‘g(t)‘g(‘“")‘, BL(K) := {g € C(K) : |lg|lpL < o0}.

F={fi:te K} fi:gmg(t).

Then F C L?(S,S,P), Pf =0 for all f € F,

sup [ f(g)| = sup|g(?)| = llgllx < [lgllsL =: F(g) < oo, and
feF teK

E[F2(X)] < 2(B[X2(to)] + DXE[M?]) < oo,

where tg € K is any point and D is the diameter of K. Since |fi(g)— fs(g9)| = |g(t) —g(s)]| <
F(g)d(s,t), we have
SgpN(f, - l@.2: €l F]

Q’g) S N(K, d, E).

Therefore, by Theorem 14, F is P-Donsker, which implies that

1 n
limlimsup]P’{ sup ‘— E (ft — f)(X5) | > 6} =0.
M0 n—oo ep2(ft,fs)<0ift,fs€F \/ﬁizl %/—’S -
=Xi(t)—Xi(s)

Observe that

epa(fs fo) = VP(fe = fs)? = (BI(X () = X (9))])"/? < (BIM?)2d(s, 1),

so that we conclude that

lim lim sup P sup |Sn(t) — Sn(s)| > =0.
010 n—oo d(s,t)<&;steK

Therefore, by Theorem 11, S, viewed as maps from Q into ¢*°(K), converge weakly to
a tight Gaussian random element G in ¢°°(K) with mean zero and covariance function
Cov(G(t),G(s)) = Cov(X(t),X(s)), and G has samples paths almost surely continuous.
We may take G in such a way that all sample paths of G are continuous. Since .S, and
G take values in C(K), the weak convergence takes place in C(K), that is, S, — G in
C(K). O
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4 Covering numbers

In order to apply the maximal inequalities in Theorems 7 and 8, the uniform law of large
numbers (Theorem 13), or the uniform central limit theorem (Theorem 14), one has to
bound the covering numbers. An important class of examples for which good estimates
on the covering numbers are known are Vapnik-Cervonenkis (VC) subgraph classes and
their suitable transformations. This section defines VC-subgraph and type classes, and
investigates their basic properties.

4.1 VC subgraph classes

We begin with the definition of VC classes of sets. Let .S be a set, and let C be a class of
subsets of S. We say that C picks out a certain subset A of a finite set {z1,...,2,} C S if
it can be written as A = {x1,...,2,} N C for some C € C. Let A¢(x1,...,x,) denote the
number of subsets of {z1,...,z,} picked out by C, that is,

AC(zy, ... xp) = |{{z1,...,2,}NC:C e}

The class C is said to shatter {xi,...,z,} if C picks out all of its 2™ subsets, that is,
AC(x1,...,2,) = 2". The VC index V(C) is defined by the smallest n for which no set of
size n is shattered by C, that is, letting mc(n) = MaXy, . .z, Ac(ml, cey ),

V(e) = {inf {n:mfn) <2"} if the set is non-empty ‘

00 otherwise

The class C is said to be a VC-class if V(C) < oco. Note that

V(C) <n <« for every n points xy, ..., x,, there exists a subset A
of {z1,...,x,} such that A is not picked out by C.

Example 5. 1. Consider the collection of subsets C = {(—o0, | : ¢ € R} of S = R. This
C has VC index = 2. Indeed, clearly V(C) > 2, and for every z; < x2, {z2} is not picked
out by C.

2. Consider the collection of subsets C = {(a,b] : a,b € R,a < b} of S = R. This C
has VC index = 3. Indeed, clearly V(C) > 3, and for every =1 < z2 < z3, {x1,23} is not
picked out by C.

The concept of VC classes of sets can be used to define suitable classes of functions.
The subgraph of a function f : S — R, denoted by sg(f), is defined by

sg(f) =A{(z,t) : t < f(z)}.

A class F of functions on S is said to be a VC-subgraph class if the collection of all subgraphs
of functions in F (which we denote by sg(F) := {sg(f) : f € F}) is a VC class of sets in
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S x R. The VC-index of F, denoted by V (F), is defined by the VC-index of the collection
of the subgraphs, that is, V(F) = V(sg(F)).

For a VC-class C of sets, m€(n) < 2" for n > V(C). Indeed, asymptotically (n — o),
mC(n) is much smaller than 2":

m€(n) = O(n" 1.

This is a consequence of Sauer’s lemma (van der Vaart and Wellner, 1996, Lemma 2.6.2),
which we do not prove here. By Sauer’s Lemma, together with an additional work, we can
bound the covering numbers for VC-subgraph classes as follows. In what follows, supg
means the supremum over all finitely discrete distributions.

Theorem 16. Let F be a VC-subgraph class of functions on S with envelope F'. Letr > 1.
Then we have

, 0 < Ve <1,

r(V(F)-1)
)

1
sup N(E [ o ellFllo,) < KV(F)160)" 2
Q
where K > 0 is a universal constant.

Proof. See van der Vaart and Wellner (1996), Theorem 2.6.7. O

The theorem shows that for VC-subgraph classes, the covering numbers grow only
polynomially in 1/e, and hence, for example, condition (22) in the uniform central limit
theorem (Theorem 14) is satisfied for VC-subgraph classes.

Lemma 21. Let C be a VC class of sets, and let Fo = {1¢ : C € C} be the associated class
of indicator functions. Then F¢ is a VC-subgraph class with VC index V (C).

Proof. If {x1,...,zy,} is shattered by C, then (z1,0),...,(z,,0) are shattered by sg(F¢).
Conversely, suppose that (z1,t1),...,(zn,t,) are shattered by sg(F¢). Pick any subset
{i1,...,im} C {1,...,n}. We wish to show that {x;,,...,z; } is picked out by C. By re-
arranging the labeling, we may take {i1,...,in} = {1,...,m}. Since (z1,t1),..., (Tm, tm)
are picked out by sg(F¢), there is a set C1 € C such that

t; < 101($¢), 1<Vi< m, tm+j > 1C1(l‘m+j)a 1< Vj <n-—m.

Since (z1,t1),. . ., (zn, t,) are shattered by sg(Fe), (Tm+1, tm+1), - - - 5 (Tn, tn) must be picked
out by sg(F¢), so that there is a set Cy € C such that

ti > 1oy (), 1 <Vi<m, tygj < loy(@meg), 1 <Vj <n—m.

Hence one finds that 0 <t < 1 forall 1 <k <n, so that z; € C7 for all 1 < i < m and

Tmes ¢ C1 for all 1 < j < n —m, which means that {z1,...,zn} = {21,--- ,2,} N Cy.
Therefore, {z1,...,x,} is shattered by C. Combining the following lemma, we conclude
that V(F¢) = V(C). O
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Lemma 22. Ifsg(F) shatters n distinct points (x1,t1),..., (xn, ty) in SXR, thenx1,...,z,
are distinct.

Proof. Suppose on the contrary some of x1,...,x, are equal. Without loss of generality,
we may assume x; = xg. Since sg(F) picks out (x1,t1), there is an f; € F such that
t1 < fi(z1) and ty > fi(x2) = fi(z1). Hence t; < t3. On the other hand, since sg(F) picks
out (xg,t2), there is an fo € F such that to < fa(z2) and t1 > fao(x1) = fa(x2), which in
turn implies t9 < t1, a contradiction. ]

Lemma 23. Any finite dimensional vector space F of functions is a VC-subgraph class
with VC-index at most dim(F) + 2.

Proof. Pick any collection of n := dim(F) + 2 points (x1,%1), ..., (2, t,). By assumption,
the vectors

(f(@1) —tr, . f(2n) —tn)), fEF,

are contained in a (n — 1)-dimensional subspace of R™. Pick any vector a = (aq,...,a,) €
R™ that is orthogonal to this subspace. Then

n

> ai(f(azi) —ti) =0, Vf € F,

=1

that is,

D ailf(@) —ti) = > (=ai)(f(zi) —t:), Vf € F.

a; >0 a; <0
It is clear that there exists such a vector a with at least one positive coordinate. Then the
set {(x;,t;) : a; > 0} is not picked out by sg(F) since otherwise there is an f € F with
ti < f(x;) for all a; > 0 and t; > f(x;) for all a; > 0, in which case Zai>0 a;(f(x;)—t;) >0
and >, o(—ai)(f(z;) —t;) <0, a contradiction. O

Lemma 24. Let F be a VC-subgraph class, and let ¢ : R — R be a monotone function.
Then the class o F = {¢po f: f € F} is also a VC-subgraph class with VC-index at most
V(F).

Proof. Without loss of generality we may assume that ¢ is non-decreasing (consider —¢ if
¢ is non-increasing). Suppose on the contrary that V(¢ o F) > V(F) =: n. Then there
are n points (z1,t1),..., (zn,ty) in S x R that are shattered by {sg(¢o f): f € F}. Note
that z1,...,z, must be distinct. Choose functions fi,..., f;, in F with m = 2" such
that {sg(¢ o f;) : 7 = 1,...,m} shatters (z1,t1),...,(2pn,t,). For each 1 < i < n, define
si = max{f;(zi) : ¢(fj(zi)) < ti}. Then

S < f](x,) St < (;50 fj(xl)
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(the direction “=" is trivial; for the converse direction, if t; < ¢of;(x;), forevery 1 <k <m
with 6(fi(ws)) < ti, 6(feli)) < G(f;(xi)), which implies that fu(z:) < f;(z:) since 6 is
non-decreasing, so that s; < fj(z;).) This implies that (z1,s1),...,(zp,sy) are shattered
by {sg(fj): j =1,...,m}, a contradiction.

O

4.2 VC type classes

An important consequence of Theorem 16 is that there exist universal constants A > 1
and ¢ > 1 such that for every VC-subgraph class F and every envelope F for F, we have

wp N(F | -loa:el1Flg2) < (4/97, 0 <ve < 1. (23)

Indeed, this property is precisely what we need in many applications. Given these obser-
vations, we define VC-type classes of functions as follows.

Definition 6. Let F be a class of functions S — R with envelope F'. We say that F is
VC-type with constants A > 1,V > 1 and envelope F, if

SgpN(f I llo2: el Fllg2) < (Afe)V, 0 < Ve < 1. (24)

Clearly, VC-subgraph classes are VC-type. A useful feature of the VC type property is
that it is closed under Lipschitz transformations.

Proposition 5. Let Fi,...,F be classes of functions S — R with envelopes Fy, ..., Fy,
respectively, and let ¢ : RF — R be a map that is Lipschitz in the sense that for every

f:(flv---afk’)ag:(917"'ag/€)€~/—-'1X"'ka::f7
k
[po f(x)—pog(x Z )| fi(z) — g;(x)], = €8S,

where Ly, ..., Ly are some functions on S. Consider the class of functions ¢(F) := {¢o f
f € F}. Denote (Z?Zl LJQ-F]-Q)I/2 by L - F. Then we have

k

Sup N@G(F), | lzsellL- Flige) < [ [sup N(Fj, | - Ir; 2 €1 Ejllg, 2)
j=1 1

for every 0 < e < 1, where the suprema are taken over all finitely discrete distributions.

Proof. Let @ be any finitely discrete distribution, and define the measure dR; = L?dQ,
which may not be a probability measure. Then

k k
l6of—dogllys < Z/!fj — giP2dR; = Y Ri(1f; — g5,
=1 j=1
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For each j, construct a minimal €| Fj|| g, 2-net G; for F; with respect to || - [[g;2. Then
the set of points ¢(g1, ..., gx) with (g1,. .., gx) ranging over all possible combinations of g;
from G; forms an ¢||L - F|| g 2-net for ¢(F) with respect to || - || 2, so that

k
N(&(F), |- llQzsellL - Fllgz) < [T N(Fji |l - I, 2.l EylI vy 2)-
j=1
Replacing R; by R;/R;(1) (the latter is a probability measure), we obtain the desired
result. O

The following corollary is a direct consequence of Proposition 5.

Corollary 7. (i) Let F and G be classes of functions S — R with envelopes F' and G,
respectively. Then

Sgp N(F+G,|-llg2 V2|F + Glgz)

< sgp N(F, - g2, ellFll@.2) Sgp NG, |- llg2 lGllg2)

SgpN(fg, I llQ.2, 2| FGllg,2)

< sgpN(J’, [ - HQ,27€IIFHQ,2)SgpN(Q, |- ll@.2 ellGllQ.2)

for every 0 < e <1, where FG ={fg: f € F,g€G}.
(ii) Let F be a class of functions S — R with envelope F. For every q > 1, let
|F|l2=A{|f|?: f € F}. Then

Sup N(FIGN - g2 aell F¥lQ.2) < Sup N(FE - Qe ell Fllez)

for every 0 < e < 1.

Example 6. Let ¢ and ¢ be monotone functions R — R, and let F and G be VC-
subgraph classes. Suppose that there exists a non-negative function H : § — R, with
supser|po f(z)| < H(x) and supyeg [p o g(w)| < H(z) for all z € S. Then ¢po F + oG
is a VC-type class with constants A, c¢(V(F) + V(G)) and envelope 2H, where A and c are
universal constants.

The following proposition, essentially taken from Lemma 1 in Giné and Nickl (2009),
is useful in analyzing kernel estimators. Recall that, for p € [1,0), a function f: R — R
is said to have bounded p-variation if

N
vp(f) = sup{Z\f(xZ) — fzic)P i —o<zp <71 < <Ny < oo} < 00.
i=1
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A function of bounded 1-variation is said to be of bounded variation, and a function of
2-variation is said to be of bounded quadratic variation. If a function f : R — R is of
bounded p-variation, then f is bounded, since |f(z)| < 2P~ f(0)| + 2P~ 1| f(x) — f(0)] <
2074 £(0)] + vp(f).

Proposition 6. Let f : R — R be a function of bounded p-variation for some p € [1,2],
and consider the function class

F={x+~ flax+D):a,beR}.
Then there exist constants A,V > 0 that depend only on p such that

up N, | llgz 0}" (1) < (4/2)", 0 < ve <1,

where supg, is taken over all finitely discrete distributions on R.

In what follows, we will prove Proposition 6. Define

Upf(7) = vp(fl(—ooq))s T ER.
Note that v, () is non-decreasing in .

Lemma 25. Let f : R — R be of bounded p-variation for some p € [1,00). Then there
ezist a non-decreasing function h : R — R with 0 < h < v,(f), and a 1/p-Hélder function
g : [0,v,(f)] = R with Hélder constant at most 1 (i.e., |g(x) — g(y)| < |z — y|*/P for all
z,y € [0,v,(f)]) such that f = goh.

The proof of this lemma relies on the following Kirszbraun-McShane extension theorem.

Theorem 17 (Kirszbraun-McShane extension theorem). Let (T, d) be a metric space, and
let S C T be non-empty. Let f : S — R be a bounded function, bounded by M > 0, and
with the property that |f(s) — f(t)| < w(d(s,t)) for all x,y € S, where ¢ : [0,00) — [0, 00)
is a non-decreasing function such that ¢(0) = 0 and (x+vy) < o(x)+¢(y) for all x,y > 0.
Then there exists a real-valued function F' defined on T such that F|s = f,|F| < M, and
|F'(s) — F(t)| < ¢(d(s,t)) for all s,t € T.

Proof. Let g(t) = infses[f(s) + ¢(d(s,t))] > —M and F(t) = min{g(t), M} for t € T. By
definition, |F| < M. Observe that if t € S, then f(t) < f(s) + ¢(d(s,t)) for all s € S,
and the equality takes place when s = ¢t. Hence g|S = f, and since |f| < M, we have that
F|s = f. It remains to prove that |F(s) — F(t)| < ¢(d(s,t)) for all s,t € T. Pick any
s,t € T. Since the function x — min{x, M} is 1-Lipschitz, we have that

[F(s) = F()] < |g(s) —g(t)] < sup |p(d(u, s)) — e(d(u,1))].
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Since p(d(u, 5)) < @(d(u, 1) +d(t, 5)) < p(d(u, 1) +(d(s, 1)) and (d(u,)) < p(d(u, 5)) +
©(d(s,t)), we have that

|o(d(u, 5)) — @(d(u, 1) < @(d(s,1)).
This shows that |F(s) — F(t)] < ¢(d(s,t)). O

Proof of Lemma 25. We first verify that for any z < y,

[f () = F(@)" < vy p(y) = vp (). (25)

To see this, for a given ¢ > 0, pick —co < zp < --- < xy = =z such that v, f(z) <
Z£i1 |f(x;) — f(zi—1)|P +e. Let xn+1 = y, and observe that ZZJ\Q{I |f(xs) — f(zic)|P <
vp,f(y). This implies that vy, r(y) — vy s(x) > |f(y) — f(z)|P — e. Letting € | 0, we have
proved (25).

Now, let h = vy y with Ry = {h(x) : € R} C [0,v,(f)]. From (25), f is constant on
h=1({u}) for every u € Ry. So, for every u € Ry, let g(u) be the value of f on h=!({u}).
By construction, f = g o h. Furthermore, it is seen that g is 1/p-Holder continuous with
Holder constant at most 1 on Ry. In fact, for any u,v € Ry, pick any € h~'({u}) and
y € i\ ({0}). Then |g(u) — g(v)] = |£(z) — F(&)| < [h(z) — h(y)|/? = [u — v]/7. Finally,
from the Kirszbraun-McShane extension theorem, g extends to a 1/p-Holder continuous
function with Hoélder constant at most 1 defined on [0, v,(f)]. O

Proof of Proposition 6. Let f = g o h be the decomposition as in Lemma 25. Since the
function class {z — az + b : a,b € R} is a vector space of dimension 2, it is a VC
subgraph class with VC index at most 4. Since h is monotone, the function class M :=
{z — h(azx +b) : a,b € R} is also a VC subgraph class with VC index at most 4. Recall
that |h| < vp(f). Now, for any finitely discrete probability measure ) on R and for
any € > 0, let {my,...,my} be a minimal ev,(f)-net of M under [ - ||/, With N =
NM, |- llg2/prevp(f)). Let fj = gomj,j =1,...,N. By definition, for every m € M,
there exists m; such that ||m —m;l|g 2/, < evp(f). Hence, for f = gom, we have that

I1f = Jil

2, = /R (f - f;)%dQ < /R m — m, PPdQ < (evy ().
This implies that

N(F, |- llgz: (0p(f))P) < NM. || - llgasp evp(f))-

Since M is a VC subgraph class with VC index at most 4, and M is uniformly bounded
by vp(f), there exist constants A, V; > 0 that depend only on p such that

N(M’ H : ||Q,2/p’5vp(f)) < (A1/5)V1, 0 < Ve < 1,
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which yields that
N(F |- lgzevy/P(1) < (A"t < (47 /e, 0 < Ve < 1.
This completes the proof. O

We have seen that suitable transformations of VC subgraph classes are VC type. In
some cases, one can directly compute the covering numbers. The following is a simple
example.

Lemma 26. Let © C R? be a non-empty bounded subset with diameter D, and let F =
{fo : 0 € ©} be a class of functions on S indexed by © such that for some non-negative
function M : S — Ry,

|fo, () — fo,(z)] < M(2)|01 — 02|, = €S, 01,05 € O. (26)
Then we have

4D\ ¢
sgpN(E |- llg2 ellM]lg2) < I+—) ,e>0

Proof. Let @ be any finitely discrete distribution. By (26), we can see that
N(F, |- lQe.ellM|lq2) < N(©,]-],¢).
Since © has diameter D, by Lemma 4, we have
N(@’ ’ : |?25) < N(BD’ | : ‘76>7

where Bp is a ball in R? with radius D. We shall prove the following lemma, from which
the desired conclusion follows.

Lemma 27. Let B, be a ball in R¢ with radius r < co. Then for every e > 0,

2r d
N(By,|-|,e) < <1+€> .

Proof of Lemma 27. By homogeneity, we may assume r = 1. Let {x1,...,2n} be a maxi-
mal subset of By such that |x; — ;| > ¢ for all i # j. By maximality, {z1,...,2n} is an
e-net of Bj. Then the open balls with center x; and radius /2 are disjoint and contained
in By, /7. Hence comparing the volumes, we conclude that

N(e/2)? < (1 +¢/2)%,

2\ ¢
N§<1+> .
€

that is

This completes the proof.
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5 Gaussian processes

The study of Gaussian processes is one of central issues in probability theory. In the context
of empirical process theory, Gaussian processes arise as limit processes. Not surprisingly,
Gaussian processes possess many fine properties. We will review a few of them. For a
Gaussian process X (t),t € T indexed by a non-empty set 7', we always equip 7" with the
intrinsic semi-metric p2 defined by

pa(s,1) = (E[(X (1) — X(5))*)"*.

In addition, when we say X is separable, we mean X is separable with respect to this
intrinsic semi-metric.

5.1 Gaussian concentration inequality

Since a Gaussian process is a collection of jointly normal random variables, and a separable
Gaussian process can be approximated (in a suitable sense) by a set of finite jointly normal
random variables, the properties of separable Gaussian processes are typically deduced
from studying Gaussian measures on finite dimensional Euclidean spaces. We begin with
the simplest case: the standard normal distribution on R. One important feature of the
standard normal distribution is its concentration property. More formally, we have the
following lemma.

Lemma 28. Let Z be a standard normal random variable in R. Then for every r > 0,
P(|Z| >7r)<e /2

Proof. Let ¢ denote the density function of N(0,1). Then

P(1Z] 2 7) = 2/00 ¢(z)dz < 2/00 %qﬁ(z)dz _ 200 _1 2 2

r r ™

The far right hand side is at most e /2 for r > V2/m. For 0 < r < ,/2/m, we make a

direct calculation. Let

h(r) = e 22 /00 o(2)dz.

2
B (r) = —re T2 4 \/>e_r2/2,
T

which is non-negative for 0 < r < \/2/m, so that h(r) > h(0) =0 for 0 <r < y/2/7. O

Observe that h(0) = 0 and
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The message of this lemma is that the probability that |Z| is larger than r decreases
quite fast as 7 — oo; in other words, the standard normal distribution concentrates around
its mean 0. Lemma 28 is a consequence of an elementary calculation and perhaps not
surprising. What is remarkable is the following result.

Theorem 18 (Borell (1975); Sudakov and Tsirel’son (1978)). Let Z be a stantdard normal
random vector in R™, and let F' : R™ — R be a Lipschitz continuous function with Lipschitz
constant at most 1. Then for every r > 0,

P{F(Z) > E[F(Z)] +r} <e /2 (27)

First proof of Theorem 18. The theorem has several proofs. We present two approaches.
The first proof, due to Pisier (1989, Theorem 4.7), is totally elementary but with a worse
constant. The second proof, which we will present in the next subsection, is based on the
log-Sobolev inequality for Gaussian measures and is more involved than the first proof, but
with the sharp constant and can be generalized to other distributions.

Without loss of generality, we may assume that F is continuously differentiable (other-
wise, approximate F' by a sequence of smooth Lipschitz functions). Let Z be an independent
copy of Z. Let

Z(0) = Zsin® + Zcos, Z'(0) = Zcosh — Zsin.

Then we have
B w/2
F(Z)—-F(Z)=F(Z(r/2) — F(Z(0)) = /0 VF(Z(O))TZ’(O)dO.

Let ®)(z) = exp(Az). Since ®) is convex, we have

by Jensen’s inequality, and thus

- 2 [T/2 ™ ,

BOA(F(2)~ FZ) < = [ B [0 (FYF20)70))] a0
) [% (gVF(Z)TZﬂ .

The last equality is because (Z(0)",2Z/(0)")" L (Z7,ZT)T. Now we have

sfon(Gor2) 17— {4 () wreor) s

and so E[®y(F(Z) — F(Z))] < e“2>‘2~/8. Since @) is convex, the left hand side is bounded
from below by E[®\(F(Z) — E[F(Z)])] by Jensen’s inequality. Therefore, by Markov’s
inequality, we have for every A > 0,

P{F(Z) —E[F(Z)] > r} < ™ N/8-,
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Choosing A = 4r /7%, we find that
P{F(Z) - E[F(Z)] > r} < e 27/™,
This completes the first proof. O
Applying inequality (27) to —F, we also have
P{IF(2) ~E[F(Z)]| > r} <2772,

which shows that F'(Z) sharply concentrates around its mean, like a standard normal
random variable despite the possibility that F' may be a complicated function. Theorem
18 is referred to as the Gaussian concentration inequality. We refer the reader to the
monograph by Ledoux (2001) for a comprehensive account on concentration of measure
phenomenon.

The following is a simple application of Theorem 18 that is relevant in statistics.

Proposition 7. Let €1,...,e, be independent normal random variables with mean 0 and
variance 0 > 0, and let € = (1,...,e,)". Let A be an arbitrary n x n matriz. Then for
every n > 0, we have

P {]Aa]Q > (14 )0 Tr(AT A) +2(1 + n_l)UQHAngr} <e", V>0,

Proof. By homogeneity, we may assume o2 = 1. We shall apply Theorem 18 to F(z) = | Az|
with z = (z1,.. .,zn)T. The F' is Lipschitz continuous with Lipschitz constant at most
|Allop- Then for every r > 0,

P {|Ae| > E[|Ae]] + || Aflopr} < e"/2.

We have E[|A¢|] < /E[|4¢|?] = \/Tr(AT A). Furthermore, for every n > 0, (a + b)? <
(1+mn)a*+ (1 +n~1)b?, and hence

P{JAP 2 (14 n)o> T(ATA) + (Lt DA} < 77/
The final conclusion follows from a simple change of variables. O

We shall study a few implications of the Gaussian concentration inequality to Gaussian
processes. Recall that ||.X |7 = sup,cp [ X (2)].

Theorem 19. Let X(t),t € T be a separable, centered Gaussian process indexed by
a non-empty set T, such that | X||r < oo almost surely. Then automatically o® =
sup,ep E[X2(t)] < oo, E[||X| 7] < o0, and for every r > 0,

P{I|X]lr > E[IX]l7] +r} < e /o).
Furthermore, for every r > 0,

P {1 X |1z — E[IX )] > r} < 277/,
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Proof. We begin with verifying that 02 < co. Let 07 = E[X?2(t)]. Since || X||r is finite
almost surely, there exists a finite M with P(||X ||z < M) > 1/2 (say). Then for every
teT,P(X(t) < M) >1/2. But since for every t with o2 > 0, X(t)/or ~ N(0,1), there
exists a universal constant ¢ > 0 such that M /o, > ¢ whenever O‘t2 > 0. Hence we conclude
that 02 = supyep 07 < (M/c)? < .

Fix any t1,...,t, € T and consider the centered normal random vector

(X(t1), ., X ()"
Denote by I' the covariance matrix of this random vector. Define the function F' :
R™ — R by F(z) = maxjci<m |(TY22);] for 2 € R™. Take Z ~ N(0,1,). Then

(X(t1),.. ., X(tn)T £ TY2Z and thus maxy<i<m |X ()| < F(Z). The Lipschitz constant
of F' is bounded by

1/2

m

1/2y2. = 204 N1/2 «
max z;(F %) Jmax (B[X(t)])? <o
]:
Hence by Theorem 18, we have
A > : < e ?/(20%)
P {fg&g{n | X (ti)] > E[lgeg;l | X ()] + T} <e (28)

Applying the same theorem to —F, we also have
P X(t;)| <E X(t)]—ry <e /%)
{ o 1X(0] < Blmax 1x(0) -1} <

Take 7o large enough so that e "8/(20") < 1/2. Then E[maxi<i<m |X (t;)|] — ro must be
bounded from above by M, that is, E[maxi<;<m | X (¢;)|] < M +1r. Note that M and rg are
chosen independently from %1, ...,t,,. By separability, there exists an increasing sequence
of finite subsets T;, of T such that

max [ X (8)] 1 sup |X(8)] = | X[l a.s.
teT, teT
By the monotone convergence theorem, we conclude that
E[|| X]|7] = lim Elmax|X(¢)|] < M +ry < 0.
n—oo  teT,
In addition, we have

P {max | X ()| > E[|X||r] + 7‘} <P {max | X (t)| > E[max | X (t)|] + r} < e T/(207)
teT, teT,, teT,,

n

by inequality (28). Letting n — oo, we conclude that
P{I Xl > E[|X[lz] +r} < e /G,
This completes the proof. O
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An inspection of the proof shows that the assumption that || X || < oo almost surely can
be relaxed to P(|| X ||z < co) > 0. Hence we have proved the 0-1 law: P(|| X || < 0c0) =0
or 1 for every separable Gaussian process X (t),t € T

Theorem 19 shows that || X || has finite moments of all orders. More precisely, we have
the following corollary on the integrability of the supremum of a Gaussian process.

Corollary 8 (Landau and Shepp (1970); Marcus and Shepp (1971)). Let X(t),t € T be a
separable, centered Gaussian process indexed by a non-empty set T', such that || X||p < oo
almost surely. Let 0 := sup,cp E[X?(t)] < co. Then we have

Elexp(al| X ||3)] < 0o ¢ 2a0? < 1.

Proof. The “<” part follows from Theorem 19. We wish to show the converse direction.
If E[exp(a|| X ||%)] < oo, then E[exp(aX?(t))] < oo for every t € T, and a direct calculation
shows that 2aE[X?2(t)] < 1. Taking the supremum, we have 2ac < 1. We have to show

that 2a0? # 1. Suppose on the contrary that 2ac? = 1. Choose a sequence t,, in such a,
way that o2 := E[X?(t,)] T 02. Then we have Elexp(aX?(t,))] = 2/(1 — 2a02) 1 0, a
contradiction. O

In addition, all the LP norms of || X||7 are equivalent.

Corollary 9. Let X (t),t € T be a separable, centered Gaussian process indexed by a non-
empty set T, such that || X |7 < oo almost surely. Then for every 1 < p < oo, we have

E(|IXIlz] < (B[IX 7)) < GE[IX 7],

where C, > 0 is a constant that depends only on p.

Proof. The absolute moment of the standard normal distribution is (2/7)'/2. Hence
E[|X(1)[] = (E[X?(1)]))"/*(2/m)"/?, and so
(E[X>ODY? = (v/2) P E|X(#)[] < (x/2)/*E[| X |I7]
This shows that o < (7/2)2E[|| X||7]. By Theorem 19,
E[[[ Xz — E[IXIr][*] = /0 pre P{(IX | — B[l X|7]| > r}dr
0
= 2pap/ PP Llemr* 2y,
0
Taking these together, we obtain the desired conclusion. O

65



5.2 Second proof of Borell-Sudakov-Tsirel’son theorem

The second proof of Theorem 18 uses Gross’s (1975) log-Sobolev inequality for Gaussian
measures. Let (U,U, ) be a probability space. For a non-negative measurable function
f:U —= R4, define the entropy functional

Bt (1) = [ (Flog e~ [ fa-tog ( / fdu).

Note that the entropy functional is well-defined (with the convention that 0log0 = lim, | zlogz =
0) whenever f € L'(u) since zlogx > —1/e for x > 0. In addition, the entropy functional
is non-negative by Jensen’s inequality, as the map z — zlogz is convex on R;.

The log-Sobolev inequality for Gaussian measures is stated as follows. Let v = 1 =
N(0,1), and let v, = Y®- - -®~ = N(0, I;,). Let W4 (v,,) denote the set of all continuously
differentiable functions f : R™ — R such that

/ (F12 + 1V £12)dm < o0,

Theorem 20 (Gross (1975)). For every f € W (vm),

Eut,,, (%) <2 [ 197 Pdy. (20)
We will prove this theorem in the next subsection.

Second proof of Theorem 18. We derive from the log-Sobolev inequality a suitable bound
on the Laplace transform of F'(Z) —E[F(Z)]. This derivation is called the Herbst argument
(Ledoux, 2001, Chapter 5).

As before, we may assume that F' is smooth. In addition, we may assume that
E[F(Z)] =0 (replace F' by F' — E[F(Z)]). Let

G()\) _ E[GAF(Z)_AZ/Q].

Define the function f : R™ — R by f2 = e’ -/ 2 and apply the log-Sobolev inequality
(29) to f. On the one hand, we have

Ent., (f2) = B[N O-N2(\F(Z) — A2/2)] — G(A) log G(N).
On the other hand, differentiating f2, we have Vf = (\/2) fVF and
‘Vf|2 < ()\2/4)6)\F—)\2/2|VF|2 < ()\2/4)6)\F_>\2/2.

Therefore, we have

E[eAF(Z)f)\Q/?()\F(Z) —22/2)] = G(\)log G(N) < )\;G()\)7
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by which we conclude that
B[ D-N2(\F(2) = 3)] < G(\)log G(N),

that is,
AG'(\) < G(\) log G(N).
Equivalently, letting H()\) := A~!log G()\) for A > 0, we have

H(\) = AQém{w(x) — G log G(A)} <0, YA > 0.

This implies that

HO) < lim HO) = o8

In particular, G(A) < 1, that is,

E[e,\F(z)] < N2,
The rest of the proof is the same as in the first proof. O

5.3 Proof of Gross’s log-Sobolev inequality

Gross’s log-Sobolev inequality has also several proofs. The original proof by Gross (1975)
is lengthly and complicated. A shorter proof can be found in Ledoux (2001, Theorem
5.1), which relies on stochastic analysis and is still not elementary. We shall follow here
an approach described in Massart (2007, p.62-p.64), which is based on the tensorization
inequality of the entropy functional and a clever use of the central limit theorem.

We first study the properties of the entropy functional.

Lemma 29 (Duality and variational formulas for entropy functional). Let (U,U, u) be
a probability space. Let f : U — Ry be a non-negative measurable function such that
flog f € L'(n). Then we have (i)

Ent,(f) :sup{/fgdu : /egdu < 1}.

(ii) Furthermore,

But,(f) = inf, | [f(1og f ~ logu) ~ ( = w)dn.

Proof. We use the notation E,[-] for the expectation under p. If E,[f] =0, then f =0 u-
a.e. and there is nothing to prove. Hence we assume E,[f] > 0.
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(i). Note that the entropy functional is homogeneous in the sense that Ent,(cf) =
cEnt,(f) for ¢ > 0. Hence we may assume that E,[f] = 1, in which case Ent,(f) =
E,[flog f]. By Young’s inequality:

uv < ulogu —u+ e,
we have, whenever E,[e9] <1,

E,lfg] < Entu(f) — 1+ E,[e’] < Bnt, ().

On the other hand, choosing g = log f leads to E,[fg] = Ent,(f). This completes the
proof for the first assertion.
(ii). To prove the second assertion, define

U(u) = Ey[f(log f —logu) — (f —u)].
Note that

U(u) = Ent,(f) + Eu[f) {E:[f} —1-1log (Ej[f]) } .

Here the map  — x — 1 — logx is non-negative and equal to 0 when = = 1. Hence
U(u) > Ent,(f) and the equality takes place when u = E,[f]. This completes the proof
for the second assertion. O

For a function f defined on the product space Uy X --- X Up,, let f; denote the function
on U; defined by “freezing” all variables except for the i-th coordinate, that is,
fz() = f(acl, ey Lj—1y s Ljt1s - - - ,ZL‘m).

Lemma 30 (Tensorization inequality). Let (U;,U;, p;),1 < i < m be probability spaces,
and let p = p1 ® -+ - ® iy be the product probability measure on the product space U =
Uy X -+ x Uy, equipped with the product o-field. Then for every non-negative measurable
function f : U — Ry such that flog f € L'(u), we have

Ent,(f) <) / Ent,, (fi)du.
i=1
Proof. The proof is by induction. The m = 1 case is trivial. Suppose that the lemma holds
for m — 1 and we will prove it for m. If [ fdu = 0, then f =0 p-.a.e. and there is nothing

to prove. Hence we assume [ fdu > 0. Let ®(z) = zlogz and pi_y, = p1 ® *++ ® 1.
Then by Fubini’s theorem,

o= | { / @(f(-,xm»du_m}dum(xm)

< / {cb ( / f<~,xm>dﬂm) +mz / Entuxfi(-,xm))d;zm} At (). (30)
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Define
9(Tm) = log/f(',xm)du—m —log/fdu-

Then [ e9dpu, = 1, so that by the duality formula for the entropy functional (Lemma 29

(i), we have
/ Enty,, (fm)dp > / { / fmgdum}du-m

:/ (/f xmd,um)d,u,mxm— (/fdu> (31)

Combining (30) and (31) leads to the desired result. O

Proof of Theorem 18. By the tensorization inequality (Lemma 30), it is enough to prove
inequality (29) for m = 1, that is, we shall prove that for every f € Wi(y),

ut, (/) <2 [ |fPdy

Recall that v = N(0,1). We first prove the following lemma.

Lemma 31. Let v denote the distribution of a Rademacher random wvariable, that is,
v({=1}) = v({1}) = 1/2. Then for every function f on {—1,1}, we have

L - s

Entl,(fQ) < 5

Proof of Lemma 31. Let € be a Rademacher random variable. Since the inequality is trivial
when f is constant (in which case Ent,(f) = 0), and

D= DI AR = f(=1))

without loss of generality, we may assume that f is non-negative and either f(—1) > f(1)
or f(1) > f(—1). Assume here that f(—1) > f(1). Then, by homogeneity of the entropy
functional, it is enough to prove

2
2t (12/2(~1)) < (f{(_ll)) _ 1) .

The left hand side is calculated as

2E[(f*(e)/ f2(=1)) log(£*(e) / f*(=1))]
= 2E[(f*(e)/ £ (=) log(E[(f*(e)/f* (1))
)

fé?(l y o8 <f2((1z)> (féi(—li> * 1) o @ <f];2((—13) * 1)) '




Putting z = f2(1)/f?(—1) and h(z) = xlogz, we shall prove
h(z) — (x+Dh((z+1)/2) < (Vz —1)%, 0<z < 1,
from which the desired claim follows. Let
Y(a) = (Vo = 1)* = h(z) + (z + 1)h((z +1)/2).
Then we have (1) = 0, and
W(x) = =272 —logz + h((x +1)/2) + 27 (z + 1)(1 + log((z + 1)/2)),
W'(x) =2 (V22 -1) +1/2.

For 0 < z <1, 4" (x) > 0, and hence ¢/(z) < +’(1) = 0. This implies that ¢)(x) > ¥ (1) =0
for 0 < x <1, completing the proof. O

Going back to the proof of Theorem 18, we may indeed assume that f is twice continu-
ously differentiable and of compact support (otherwise use approximations). Let €1, ...,y
be independent Rademacher random variables, and let S, = n~1/2 > ¢ei. The central
limit theorem yields that S, = Z ~ N(0,1). Hence we have

E[f*(Sn) log f2(Sn)] — E[f*(S)] log(E[f*(S,)])
— E[f*(Z)log f*(Z)] — E[f*(Z)] log(E[f*(Z)]) = Ent, (f?).

On the other hand, by Lemma 31 together with the tensorization inequality (Lemma 30),
the far left hand side is bounded by

Sl ) o)

which is, by Taylor’s theorem, expanded as 2E[| f'(S,,)|?] +O(n~1/?). Taking these together,
we conclude that

i

Eut, (/%) <2 lim EI|f'(S,)] =281 (2)P) =2 [ |f' Py
This completes the proof. ]

5.4 Size of expected suprema

So far in this section, we have not discussed the size of the expectation E[|| X ||7]. Example
3 in Section 2 gives an upper bound, namely Dudley’s entropy integral bound, on the
expectation. There is also a reverse inequality due to Sudakov, which we wish to prove
here.
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Theorem 21 (Dudley (1967); Sudakov (1971)). Let X (t),t € T be a separable, centered
Gaussian process indeved by a non-empty set T. Let 0% := supyep E[X2(t)]. Then

csupey/log N(T, pa,2) < E[|[X|lr] < C / VI+1og N(T, pg,)de,
0

e>0

where ¢, C > 0 are universal constants.

As noted, we have already shown the upper bound in Section 2, Example 3. To prove
the lower bound, we shall prove the following lemma.

Lemma 32 (Slepian (1962)). Let Y = (Y1,...,YN)" and Z = (Z1,...,2ZN)" be two
centered normal random vectors in RN. IfE[(Z; — Z;)?] < E[(Y; — Y;)?] for all i # j, then
E[maxlgigN Zl] S E[maxlgiSN }/1]

Proof of Lemma 32. We shall prove a less sharp inequality:

E[max ZZ} §2E[max Yl]
1<i<N 1<i<N

For a proof for the precise inequality, see Dudley (1999), Theorem 2.3.7. The current proof
is divided into two steps.
Step 1. Suppose that E[Y;?] = E[Z?Z] for all 1 <4 < N. Under this additional assump-

tion, we shall prove that for every x1,...,xny € R,
P{Yl le,...,YN §33N} §]P’{Z1 le,...,ZN §xN}
Without loss of generality, we may assume that two random vectors Y = (Yq,...,Yy) "

and Z = (Z1,...,Zy)" are independent.
We first assume that the covariance matrices of Y and Z are non-singular. For 0 < A <
1, define the random vector Y (\) = (Y1(A),...,Yy(\)" by

Yi(A) = (1 = \)Y2y; + A\Y227,

Fix any z1,...,zy € R. Let p(A) = P{Y1(A) < z1,...,YN(N) < zny}. We shall prove that
the map A — p(A) is non-decreasing. Let gy denote the density function of Y'(\), which
exists since the covariance matrix of Y (\) is non-singular. Let o3(s) = E[(sTY()))?] for
s € RN, Since sTY()\) ~ N(0,0%(s)), the characteristic function of Y'()) is given by

E [eﬁsww} — exp{—a2(s)/2}.

Hence the Fourier inversion formula gives

oY) = (2;)]\, /exp{—ﬁsTy — 03(s)/2}ds.
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Note that

03(s) = E[((1— N)'2sTY +AV2T 22 = 03 (s) + 20 Y sis (E[Z,2)] — E[V;Y))),

i<j

where we have used the fact that E[Y?] = E[Z?] for all 1 < i < N. Setting v;; =
E[Z; Z;] — E[Y;Y}], we have

1
a(y) = W /exp {—V —1s'y — 0(2)(3)/2 - )‘Zi<j5isj%'j} ds,
and hence
0
59)\( )
/Z 5i557ij €XP {—V —1s'y —od(s)/2 — Azkdswﬂm} ds
1<)
82
Z’%Ja 83/] g)\(y)

1<J

Note that 7;; > 0 since E[(Z; — Z;)?] < E[(Y; — Y;)?] for all i # j and E[Y;?] = E[Z?] for all
1 <i< N. Then

p'(\) Z/wl 7 88)\9>\( )dy
=2 / / 33/133/3 w)dy

1<J

The far right hand side is non-negative, since, for example for ¢ = 1 and j = 2,

x1 TN 62 x3 TN
/_oo/_oo 8y18y2‘g)\(y)dy:/_oo/_oo gA(ﬂfl,fUQ,?/?n,yN)dydeNZO

This shows that p()) is non-decreasing, and hence

P{Y1 <x1,...,Yny <2y} =p(0) <p(1) =P{Z; < 1,...,Zy < 2N}

Consider now the general case where the covariance matrices of ¥ and Z may be
singular. It is enough to consider the case where E[Y;?] = E[Z?] > 0 for all 1 <i < N.
Let n1,...,mnn,C1, ...,y be independent standard normal random variables, independent
of Y and Z, and let

Y =Yi4en, Z7 = Z;i + G
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for e > 0. Then E[(Z7 — Z5)%] < E[(Y7 — Y[)?] for all i # j, E[(Y7)?] = E[(Z;)?] for all
1 < ¢ < N, and the covariance matrices of Y = (YF,... ,Y]f,)T and Z° = (Z5,.. .,ZJE\,)T
are non-singular, so that

P{Yy <xy,.... Yy <zn} <P{Z] < x1,...,Z5% < zn}.

Now, as € | 0, Y* B2 Y and Z° 2 Z, and for A = (—oc0,z1] X --- X (=00, zx], we have
P(Y € 0A) = P(Z € dA) = 0 because E[Y?] and E[Z?] are positive for all 1 < i < N.
Therefore, by the Portmanteau theorem,

PY e A) =limP(Y* € A) <limP(Z° € A) =P(Z € A).
el0 el0

Step 2. Without loss of generality, we may assume that Y7 = Z; = 0 (since otherwise
we can replace Y; by Y; — Y] and Z; by Z; — Z;), in which case ]E[Zf] < E[Yf] for all
1 <7< N. Let ¢ be another standard normal random variable independent of ¥ and Z.
Define C? = Max| <;<N E[Y-Q] and let

Y; = Yi+¢(C? - E[YA +E[Z2)?, Zi=Z;+(C.

It is clear that E[(Z; — Z;)?] = E[(Z; — Z;)*] < E[(Y; - Y;)?] < E[(Y; — Y;)?] and E[Z?] =
E[Y;?]. Hence by Step 1, we have

P(max Z>x> §]P’<max Y >a:)
1<i<N 1<i<N

that is, max;<;<n 17@ stochastically dominates maxi<j<n Z;, so that

]E[max Zl] §E[max }71}
1<i<N 1<i<N

Note that maxi<;<nN Z I’IlaX1<l<N Z + CC and thus ]E[ma,xl<l<N Z] E[max1<Z<N Z]
On the other hand, max;<j<n Y; < max<;<y Y; + (+C and E[(y] = /1/(27). Observe
that E[|Y;|] = (2/71')1/2( [V2])Y/2, and

C < (x/2)? @%EHYH (7/2)"?E [ max |Y|] < V2rE Linix y]

The last inequality is because |Y;| =Y; V (—Y;) and

E [ max \Y@ E [ max Y; V max (—Yz)]
1<i<N 1<i<N 1<i<N

§E[max Y] —|—E[max (—E)] (max :I:Y;Z:I:Y1:0>
1<i<N 1<i<N 1<i<N

:2E[max Y} Y < -y)
1<i<N
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Therefore, we conclude that

]E[max ﬁ] SQE[maX YZ}

1<i<N 1<i<N
This completes the proof. O
Lemma 33. There exists a universal constant ¢ > 0 such that for every independent
standard normal random variables Z1,...,Zn,
E Z;] > cy/log N.
[max Z] > cy/log

Proof of Lemma 33. Let ®(-) and ¢(-) denote the distribution and density functions of
N(0,1), respectively, and let ®(z) =1 — ®(z). For N = 1, E[Z;] = 0, and for N = 2,

1
E[max{Z1, Z2}] = 2/ng(z)¢>(z)dz = 2/¢2(2)dz = \/7 > 0.
T
Let Y7,..., Yy beii.d. random variables taking values in [1, o) with density f(y) = y~2
and distribution function F(y) = 1 —y~!. Then the density function of min{Y7,..., Yy}

Nf(y)(1—Fy))N =Ny N1,

so that

E[min{Yy,..., YN :/ Ny Ndy = ——.
min n- [ e

Note that Y; < 1/®(Z;). Hence

~ 1 = Emin{¥i,..., Yv}] = E[min{®(Z;)",...,®(Zy)"'}]

= E[®(max{Z1,...,Zn}) "]

Observe that

P2o(z)"! d

= £9(2)0(2) 2 + 26(2)0(2) ",

I
N
<
—~
8
~
&
—~
8
~

5
~—
I

-1

and the last expression is positive for all x € R. Hence ®(x)™" is convex and Jensen’s

inequality yields that
N -1

O(Emax{Z,...,Zn}]) > N

that is,
Emax{Z,...,Zy}] > ® 11 - N"H) =0} (N 7).
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The right hand side is positive for N > 3. Furthermore,

. @ (x) : y

lim ——— = lim ————,
=0 \/=2logz  y—=oo \/—2log ®(y)
and

y2

im ——————— = lim v) =
y—oo —2log ®(y) y—oo

o) _
o(y)
Hence there exists a constant ¢ > 0 such that
YN > ¢y/2log N, VN > 3.
This completes the proof. O

We are now in position to prove Theorem 21.

Proof of Theorem 21. We only have to prove the lower inequality. Pick any € > 0. Let
{t1,...,tn} be a maximal subset of T such that (E[(X (t;) — X (t;))?])"/? = pa(ti, t;) > ¢ for
all i # j. By maximality, N (T, p2,¢) < N. Let Z1,..., Zxn be independent standard normal
random variables, and let V; = £Z;/v/2. Then E[(V; — V;)?] = 2 < E[(X (;) — X (;))?] for
all ¢ # j. Hence by Lemmas 32 and 33, we have

E [ilelg \X(t)\] >E Lrg%v X(tz‘)}

> E [ max VZ]
1<i<N

=¢E [ max ZZ} /N2

1<i<N
> cey/log N.

This completes the proof. O

The proof of Theorem 21 implies that for any centered, possibly non-separable Gaussian
process X (t),t € T index by a non-empty set 7',

csupe/N(T,p2,e) < sup E [max]X(t)} ,
e>0 FCT,Ffinite | 1€F

and so if the right hand side is finite, the left hand side is finite. In particular, we obtain
the following corollary.

Corollary 10 (Sudakov-Chevet). Let X (t),t € T be a centered Gaussian process index by
a non-empty set T, and suppose that supp E[maxer | X (t)|]] < oo where the supremum is
taken over all finite subsets F' of T. Then (T, p2) is totally bounded.
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It is natural to ask whether Dudley’s entropy integral bound is sharp. The following is

an example in which Dudley’s entropy integral bound is not sharp.

Example 7. Let X1, Xo,... be a sequence of independent, centered normal random vari-

ables such that

02 =E[X2] = (1+logn)~L.

Then E[sup,,>; |Xn|] < oo but the entropy integral becomes infinite.

Proof. For n > 1 and r > 2,

B(|Xn| > 7) < e /o)

< e—%rz(l—klog n)

279 2
:nr/Zer/Z’

by which we have

oo
P {sup | Xn| > 7’} <e T2 ZniTQ/Z
n>1 _
n=1
< Ce /2,

This implies that E[sup,,> | X,|] < cc.

On the other hand, pick any ¢ > 0. For n < n. = exp(—1+1/(2¢2)), we have 02 > 2¢2.

Since X, are independent,

p2(n,m) = /02 + o2, > 2, Vn,m < ne,

which means that n and m can not belong to the same e-ball as long as n,m < n.. Hence

N(N, p2,e) > n. — 1, so that
inf e4/log N(N, p2,e) > 0,
e>0

and especially

1
/ V1og N (N, pg, e)de = oo.
0

O]

This example shows that Dudley’s entropy integral bound may not be sharp in some
cases. A shaper bound can be obtained by using the “generic chaining” method. See

Talagrand (2005).
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5.5 Absolute continuity of Gaussian suprema

Let X(t),t € T be a separable, centered Gaussian process such that
0<||X|lr <o0 a.s. (32)

We are interested in the distribution of || X||7. Let F' be the distribution function of || X||r,
namely,

F(r) =P{|X]lr <r}.

Define
ro = inf{r > 0: F(r) > 0},

that is, rg is the left endpoint of the support of F.
The following is taken from Theorem 11.1 of Davydov et al. (1998).

Theorem 22. The distribution function F is absolutely continuous on (rg,00), and the
derivative F', which exists on (rg,00) except on an at most countable subset A C (rg, 00),
is positive on (rg,00) \ A.

The function F' may have a jump at ryp. Denote by ¢ its jump size, i.e.,
q = F(ro).

Note that ¢ < 1 (because F' is strictly increasing on (rg, 00) by Theorem 22). The following
corollary, which is important in statistical applications, is a direct consequence of Theorem
22.

Corollary 11. The quantile function F~' is continuous and strictly increasing on (q,1).

The ¢ may take any value in [0, 1) even under the assumption (32). See Example 3.2
in Hoffmann-Jorgensen et al. (1979). Nonetheless, we have the following lemma.

Lemma 34. Let X(t),t € T be a tight Gaussian random element in £>°(T') with mean
zero. Then ro = 0. Hence g =0 unless || X ||z = 0 almost surely.

Proof. The proof is due to Ledoux and Talagrand (1991), p.57-p.58. To ease the notation,
write ||| = || X |-
Step 1. We first show that for every ¢ > 0 and = € £>°(T),

P{IX — x| < eh)? <P{|X] < V2e}.
To see this, if Y is an independent copy of X,

(P{IX —z| <eP? =P{|X —z| <}P{|Y +2l| <&} (-Y £X)
<P{IX —z+Y +2| <2}

<P{|X| < V2¢}. (X +Y < 2X)
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Step 2. Suppose on the contrary there exists an €g > 0 such that P{||X|| < o} = 0.
By Theorem 10, (T, p2) is totally bounded and almost all sample paths of X are uniformly
p2-continuous, that is, P{X € Cy(T,p2)} = 1. Since C,(T, p2) is separable (see Lemma
12), choose a countable dense subset {x,} of C\, (T, p2), so that

P{3n, || X — z,|| < eo/V2} = 1.
But then
1< STB{IX — aull < e0/V2) < 3 (B{IX] < 20} =0,
a contradiction. O

We now turn to the proof of Theorem 22. The proof relies on the log-concavity of
Gaussian measures. For A, B C R™ and )\ € R, we write

M={ x:zec A}, A+ B={z+y:xz€ A yec B}

Generally, a Borel probability measure g on R” is said to be log-concave if for all Borel
subsets A, B C R" and X\ € [0,1],

pOAA+ (1= N)B) > p(A) u(B)' .

[There is a subtle measurability problem in this definition, namely, AA + (1 — \)B need
not be Borel measurable (Erdds and Stone, 1970), but since AA + (1 — \)B is the image
of the Borel set A x B in R?" by the continuous map R** > (z,y) +— Az + (1 — \)y, it is
an analytic set and thus universally measurable (see Dudley, 2002, Section 13.2). Hence
u(AA 4 (1 — X)B) makes sense.] The following theorem shows that the canonical Gaussian
measure on R" is log-concave.

Theorem 23. Let vy, be the canonical Gaussian measure on R™. Then for all Borel subsets
A,B CR" and X € [0,1],

Yn(AA+ (1= X)B) > 7, (A) y(B)' .
This theorem is a direct consequence of the following Prékopa-Leindler inequality.

Theorem 24 (Prékopa-Leindler). Let f,g and h be non-negative, integrable functions on
R™, and let X € [0,1]. If for all z,y € R",

h(Az + (1= N)y) > f(2)g' (),

/ h@)de > < s f(g;)dgc>A ( / ) g(x)dg;>“.
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Proof of Theorem 23. In Theorem 24, take f = ¢nla,9 = ¢nlp and h = ¢nlyar1-n)B
where ¢, () = (277)_”/2e_|’”|2/2,m € R™. Since log ¢, is concave, these f,g,h verify the
hypothesis of Theorem 24, so that the desired conclusion follows. O

Proof of Theorem 24. We only need to consider the case where 0 < A < 1. The proof is by
induction. Suppose that n = 1. By the hypothesis of the theorem, we have for ¢ > 0,

Cyi={z:h(x) >t} D {x: fO ) >t} +{z:g((1 —N"tz) >t} = A + By,

/Rh(x)dx:/R/Oool(t<h(x))dtdx

_ / TGt > / (A + B, (33)
0 0

so that,

where p denotes the Lebesgue measure on R. We shall prove the following lemma.

Lemma 35. For all Borel subsets A, B C R,
(A + B) = p(A) + p(B).

Proof of Lemma 85. We first prove the lemma when A and B are compact. We may
assume that A and B are non-empty. Since A+ B D (supA + B) U (A + inf B) and
(sup A+B)N(A+inf B) = {sup A+inf B}, we have u(A+B) > u(sup A+ B)+u(A+inf B) =
u(A) + p(B).

We now prove the lemma for general Borel subsets A, B of R. By regularity of the
Lebesgue measure, there exist sequences A,,, and B,, of compact subsets of R with 4,, C A

and By, C B such that pu(A,) T 1(A) and p(By,) T u(B). Then
Taking the limit, we obtain the desired conclusion. O

We go back to the proof of Theorem 24. By Lemma 35, we have
63> [ uandr+ [ us
0 0
= )\/ f(x)dz 4+ (1 =) / g(x)dx
R R

=(/ f(w)dw)A (/ g(x)dw)u,

where the last inequality follows from the weighted arithmetic geometric mean inequality
Aa+ (1= XN)b> a2,
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Suppose that the lemma holds up to some n and we would like to show that it holds
for n + 1. By assumption, for z,y € R®, u,v € R,

h(dz + (1= Ny, du+ (1= Nw) > fA(@,u)g'(y,v).
For a while fix u and v, and let us define
hl(w) = h((E, Au + (1 - A)”)v fl(w) = f((L',U), gl(x) = g(x,v).

Then by the induction hypothesis,

[ (@i > ( N fl(x)da:>/\ ( / ) gl(:n)dx>1_/\. (34)
Define

ho(u) = /n h(z,u)dz, fa(u)= . f(z,u)dz, ga(u) :/ g(x,u)dz.

n

Then the inequality (34) implies that
PR BN
ha(Au + (1= Xv) = f5(u)g;~" (v),

so that by the induction hypothesis,

/R | hla,w)drdu = /R ho(u)du > < /R f2(u)du>A ( /R gz(u)duy
_ < /]R o f(gc,u)d:,;du>A ( /R o g(x,u)da:du)l_A.

This completes the proof. ]
The log-concavity of Gaussian measures implies the following lemma.
Lemma 36. The function log F' is concave on (rg,o0).

Proof. By separability of X, there exist t1,t2,-- € T such that

li X, | =sup|Xy| as. 35
Al max X, 22%2' el as (35)

Denote by F), the distribution function of max;<;<y |X¢,|. For a while fix n, and denote by
I' the covariance matrix of (Xy,,...,X;,) . Then

X1y, X)) T LETY2Z, 7 ~ N(0, I,).
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Let 71,70 € R and A € [0,1], and set A = {z € R" : max15i§n|(f‘1/2:1:)i] < r1} and
B = {z € R" : maxj<i<p |(F1/2x)¢| < rg}. Since

A+ (1= NBC {z €R": max (TY22);] < My + (1= Ao},

we conclude by Theorem 23 that
Ey(Ar1 4 (1= AN)rg) > E(r1) Fu(rg) ' (36)

By (35), Fy(r) — F(r) as n — oo for every continuity point of F'. Denote by D the set
of jump points of F'. The set D is countable. Choose and fix r1,72 € R\ D with r1 # ro,
and let Ap = {\ € [0,1] : Ary + (1 — X\)rp € D}. The set Ap is also countable. Taking
n — oo in (36), we have for all A € [0,1] \ Ap,

F(ry + (1= M) > F(r) F(rg) (37)

We shall verify that the above inequality holds for all A € [0,1]. Indeed, for A € Ap, take
a sequence \p, in [0,1] \ Ap with A\, — X such that \p,r1 + (1 — Apy)re L Arp + (1 — A)re.
Then by the right continuity of F', we see that (37) also holds for such A. In the similar
manner, we see that (37) holds for all 1,79 € R. Therefore, by taking logarithm of both
sides of (37), we obtain the desired conclusion. O

We recall the following (well-known) fact on convex/concave functions.

Lemma 37. Let f : (a,b) — R be a convex (or concave) function (a < b; a = —o0 and
b = oo are allowed). Then f is locally absolutely continuous on (a,b), i.e., f is absolutely
continuous on each compact subinterval of (a,b).

Proof. We only need to consider convex f. Take any compact subinterval [a1,b1] C (a,b),
and moreover take a < ag < a; < by < by < b. Since f is convex, for all z,y € [a1,b1] with

x # y, we have
flaz) — f(a1) < fy) — fz) < f(b2)—f(bl)’

as — aq y—x b2—b1

so that
flaz) — f(a1)

az — aj

() — f(@)] < |y — =] -max{

f(b2) — f(b1)
’ ba — by ’
This implies that f is Lipschitz continuous on [a1, b1]. Every Lipschitz continuous function

on a compact interval is absolutely continuous on the same interval, so that the desired
conclusion follows. O

We are now in position to prove Theorem 22.
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Proof of Theorem 22. Let G = log F so that F = ¢“. By Lemma 36, G is concave on
(rg,00). By Lemma 37, G is locally absolutely continuous on (rg,o0), and so is F. Since
F is a probability distribution function, F' is absolutely continuous on (rg, 00).

To prove the second assertion, we first verify that G is strictly increasing. Observe that
for tg € T such that E[X2] > 0 (such ¢, is assumed to exist), F(r) < P(X(t)) < r) < 1
for all » € R. Suppose on the contrary that there exist points ro > r1(> 79) such that
F(r1) = F(re) =: p. Note that p < 1, and take r3 > ry such that F'(r3) > p. Write r2 as a
convex combination of r; and r3: ro = Ary + (1 — A)rg for some A € (0,1). Then

G(re) =logp < AG(r1) + (1 — N)G(r3),

which contradicts concavity of G.

By concavity of G, it is routine to see that the map

G(r+t)— G(r)
t

t—

» (0,00) = R,

is non-increasing, so that the right derivative G’, (1) exists and is positive (the latter follows
from the fact that G is strictly increasing), i.e.,

> 0.

;o . Glr+t)—G(r)
G (r)= lt%l "

Then G’_(r) is finite and map r +— G’,(r) is non-increasing. Hence G’, is continuous except
on at most countably many points, which implies that, except on at most countably many
points, G is differentiable and its derivative is positive. This completes the proof. O
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6 Rademacher processes

This section studies Rademacher processes. Let T' C R™ be a non-empty bounded subset,
and let e1,...,&, be independent Rademacher random variables. A stochastic process of
the form

n
X(t) = Z&'ti, t=(t1,...,.tn)" €T
i=1

is called a Rademacher process. Rademacher processes share many fine properties with
Gaussian processes. As in the Gaussian case, many of these properties follow from an
analogue of Theorem 18 to the Rademacher case.

A function R™ — R is said to be separately convex if it is convex in each coordinate.

Theorem 25. Let €1,...,em be independent Rademacher random wvariables, and let ¢ =
(€1, .. ,gm)T. Let F': R™ — R be a separately convexr and Lipschitz continuous function
with Lipschitz constant at most 1. Then for every r > 0 we have

P{F(e) > E[F(e)] + 1} < e /4,

In view of the second proof of Theorem 18, Theorem 25 follows from the next lemma,
which is an easy consequence of Lemma 31.

Lemma 38. Let v, denote the distribution of € = (€1,...,em) " with €1,. .., em indepen-
dent Rademacher random variables. Then for every separately convexr and continuously
differentiable f : R™ — R, v, satisfies the log-Sobolev inequality of the form

Ent,, (f2) < 4/|ny2dum.

Proof. By the tensorization inequality (Lemma 30), it is enough to prove the theorem for
m=1,¢=¢1 and v = ;. By Lemma 31, we have

Bty (/%) < 5(/(1) - f(~1))

If f is convex and smooth, f(g) — f(—¢) > 2f/(
f(—e) — f(e) = —2f'(e)e. This shows that

(f(e) = f(=))? <Al () +1f' (=e)P),

= L@~ F(=)
—8)

€. Replacing € by —e, we also have

by which we have

Ent, (f2) < 2E[|f'(e)]* + | (—¢) |}
= 4E[|f'(¢)]?]

= 4/ |f|2dv.

This completes the proof. O
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Given Theorem 25, we can obtain an analogue of Theorem 19 to Rademacher processes.

Theorem 26. LetT' C R" be a non-empty bounded subset, and leteq, ..., e, be independent
Rademacher random variables. Let X (t) = S0 eiti, t = (t1,...,tn)" € T. Then for
every r > 0 we have

P{|X|lr > B[l X|l7] + 7} < e /07,

where 02 = sup,er |t|?. Furthermore, all the LP norms of | X||z are equivalent for 1 <
p < 00, that is,

E[|X 7] < EIXIFD'? < GE[IX|7], (38)
where C, > 0 is a constant depending only on p.
The inequality in (38) is (a version of) the Khinchin-Kahane inequality.

Proof of Theorem 26. Let F(¢) = sup,er | > o1 eitil, t = (t1,...,t,) . Then F is convex
and Lipschitz continuous with Lipschitz constant bounded by sup;cr |t| = 0. Hence by
Theorem 25, we obtain the first assertion.

To prove the second assertion, we shall prove the following classical Khinchin inequality.

Lemma 39. [t| < V3E[| 31, eiti]].

Proof of Lemma 39. The proof is due to Littlewood. Let Z = 7 | &;t;. Then a simple
computation gives

n
E[Z%) = [t]?, E[Z*] =) ti +3) _tt7 < 3[t|* = 3(E[27))*.
i=1 i#j
For 0 < a < 1, Holder’s inequality yields
E[Z%] = B[|Z|*|Z*~°] < (E[|Z]))* (B[ 2|~/ 0-e)yl-e,

Choosing « in such a way that
2—-a

1—a ’

that is, « = 2/3, we have
E[2%] < (E[|ZI))**(E[2*)"/* < 33 (B[ 2|)** (E[2*)*?,
by which we conclude that [t|? = E[Z?] < 3(E[|Z]])%. O
Going back to the proof of Proposition 26, we have

o = sup [t| < V3supE[| X (t)]] < V3E[| X||7].
teT teT
The rest of the proof is exactly the same as the proof of Corollary 9. O
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Remark 8. The Khinchin-Kahane inequality does not lead to an inequality of the form
(E[| P, — PIBEDY? < CLE[[| P, — Pl|#]. (39)

Compare this with the Hoffmann-Jgrgensen inequality (see Theorem 4). By the sym-
metrization inequality, one has

p ]

f

Conditionally on X3, ..., X,,, the Khinchin-Kahane inequality yields

)
)

n p

S (f(X5) - Pf)

=1

E < 2PE

> eif(Xi)
i—1

f

p

Ee | Y eif(Xq) > eif(Xi)
i=1 i=1

<cp(=
f

However, Jensen’s inequality yields that

(el )= CLE

E > eif(Xi)
=1
and so we can not conclude (39).

> eif(Xi)
=1
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7 Talagrand’s concentration inequality

Talagrand (1996) proved a remarkable concentration inequality for a general empirical
process indexed by a uniformly bounded class of functions. Subsequently, Massart (2000),
Bousquet (2002) and Krein and Rio (2005) (and others not cited here) refined Talagland’s
original result. We state here Bousquet’s version.

Theorem 27 (Talagrand (1996); in this form Bousquet (2002)). Let F be a pointwise
measurable class of functions S — R. Suppose that there exists a constant B > 0 such
that || flleo < B for all f € F. Suppose further that Pf = 0 for all f € F. Let 0® > 0
be any positive constant such that o® > supser Pf?. Let Z := || Y1 f(Xy)|F and V :=
no? + 2BE[Z]. Then for every x > 0,

B
P {Z > E[Z] + V2Vz + ;} <e®, (40)
Consequently, for every x > 0,
1 1
P [Z > ir;% {(1 + a)E[Z] + oV2nx + <3 + ) Bw}] <e " (41)
a (0%

The second inequality (41) is a direct consequence of the first inequality (40). Indeed,
using the simple inequalities

Va+b<va+ Vb,

2ab < ca® + ¢ b2, Ve > 0,

we have

V2V < ov2nzx + 21/BaE[Z]
< oV2nz + aE[Z] + o' Ba.

Inequality (40) is a deviation inequality rather than a concentration inequality. There
is an analogous lower tail inequality,

P {Z <E[Z] - V2Vz — Ba:} < e, V>0, (42)

proved by Krein and Rio (2005). Combining (40) and (42) leads to a concentration in-
equality for Z around E[Z]. However, we focus here on the upper tail inequality.

We shall prove Theorem 27, but with worse constants. For a proof for the better
constants, see the original paper by Bousquet (2002). We shall follow here the proof
described in Massart (2007), which is based on Massart (2000) and Boucheron et al. (2003).
A major inspiration of their approach, called the “entropy method”, comes from Ledoux
(1996).
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7.1 Two technical theorems

We begin with recalling the setting: each X is the i-th coordinate of the product probabil-
ity space (S™,S8™, P™). To obtain an inequality of type (40), it is enough to have a suitable
bound on the Laplace transform of Z — E[Z] (see also the proofs of the Gaussian concen-
tration inequality). We consider here a more general problem of bounding the Laplace
transform of a generic statistic of X1,..., X,.

Let X = (X1,...,X,). We also use the notation

X—’i = (X17 Ce 7Xi—17Xi+17 e 7Xn)'

Let X7,..., X, be independent copies of X1, ..., X,,. For a generic statistic Z = {(X1,..., Xp)
of Xq,...,X,, we write

Z\/i = C(Xl’ e ,Xi_l,Xz{,Xi—i-la LR 7Xn)
Define
Vt=E

n
Sz~ 2% 1x|.
i=1

Boucheron et al. (2003) proved a remarkable inequality that relates the Laplace trans-

form of Z —E[Z] to that of V. The usefulness of this inequality comes from the fact that
VT is typically easier to control.

Theorem 28 (Boucheron et al. (2003)). Let Z be a bounded statistic of X. Then for every
0 >0 and X € (0,1/0), we have

0
log Elexp(A(Z — E[Z])] < 0 log E[exp(AV1/0))].
Theorem 28 may be viewed as an exponential version of the Efron-Stein inequality that
states

Var(Z) < % izn;E[(z _ 2V — B[V,

The Efron-Stein inequality has been found useful to bound the variance of complicated

statistics of independent random variables. See Efron and Stein (1981) and Steele (1986).
One may find that Theorem 28 is useful only when a convenient bound on the Laplace

transform of V' is available. For that purpose, the following theorem will be useful.

Theorem 29 (Massart (2000); Boucheron et al. (2000)). Let Z be a non-negative bounded
statistic of X, and suppose that there exist bounded statistics Z; of X_; fori =1,...,n
such that

n
0<Z-Z <1, Vi=1,...,n, Y (Z—Z)<Z
=1
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Then for every A € R, we have
log Elexp(AZ)] < (e* — 1)E[Z]. (43)

Consequently, for every x > 0,

P{ZEE[Z]+\/W+§Q;} <e®, (44)
and

P {Z <E[Z] - ZIE[Z]:I;} <e (45)

The last two inequalities (44) and (45) will not be used in the proof of Talagrand’s
inequality. However, they are of interest in their own right.

We shall prove these theorems in what follows. The following modified log-Sobolev
inequalities will play a key role.

Proposition 8 (Massart (2000)). Let Z be a bounded statistic of X, and for each i =
1,...,n, let Z; be a bounded statistic of (X1,...,Xi—1, X}, Xit1,...,Xpn). Then for every
A € R, we have

A\E[ZeM) — Ele? Z]log E[e*i] < zn:JE[eAZ@(—A(Z - 7)),
i=1
where p(x) = €® —x — 1. Furthermore, if we take Z; = ZV* fori=1,...,n, we have
A\E[ZeM] — E[e? Z]log E[e*?] < iE[e’\Zw(—)\(Z - ZVH ),
i=1
where P(x) = x(e® —1).

Proof. Let G be a non-negative bounded statistic of X, and let ®(u) = ulogu. We use the
notation EV[-] = E[- | X_;]. First, the tensorization inequality (Lemma 30) yields

E[®(G)] - ®(E[G]) <E | Y (EV[®(G)] - (E[G]))| - (46)

i=1
Further, the variational formula for the entropy functional (Lemma 29 (ii)) yields that

EY[B(G)) - ®(E"[G])) = inf EV[G(log G — logu) — (G — u)].
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Let G = e and G; = e*%i for i = 1,...,n. Since G; is a statistic of (X/, X_;), we may
take u = Gj for fixed X/ in the above inequality, and using Fubini’s theorem, we have

EV'[®(G)] — ®(EV[G])) < EV'[G(log G —log G;) — (G — Gy)].
Because

G(log G —log Gy) — (G — Gy) = M (\Z — \Z;) — (M — X2
M

Z(NZ — Z;) — 1 4 MN4i=2))
= e/\ZSO(_)‘(Z - ZZ))v

we conclude that
EV[®(M)] - ®(EV[M])) < BV [Mp(-A\Z - Zi))].

Combining inequality (46), we obtain the first inequality.
The second inequality is deduced from the first inequality. Observe that, asa = a4 —a—
and ¢(0) =0,

Pp(=MZ = 2"") = o(-MZ = Z2"")4) + p(\(Z — Z27)-).
Since conditionally on X_;, Z and Z"? have the same distribution, we have

B[ (M2 — 2¥)_)] = B [e* " o(A O <ZW — 7))

_EVz[ez\Z XNZV'-Z) ()\(Z\/i—Z),)]
_ E\/l[e)\z —-\ZVi-Z)_ ()\(ZV'L . Z)_)]
_EV7,[€ —)\(Z ZVi) 4 ()\(Z— ZVi)+):|.

Since ¥(x) = e®¢(—z) + ¢(z), we conclude that

EV[Mp(=NZ — 27))] = BV [eMp(=MZ — Z277)1)],
which leads to the second inequality. O
Proof of Theorem 28. Let A > 0 and F(\) = E[exp(AZ)]. Observe that, in Proposition 8,

Y(—1) = 2(1 — e ®) < 22 for x > 0, so that

AF'(A) — F(\)log F(\) < \? Zn:E[e’\Z (Z — Z2V)2]
=1
= NE[Vter].

We shall prove the following lemma.
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Lemma 40. Let Z and W be bounded statistics of X. Then for every A € R,
EAWer]  E[NZeM]
E[QAZ] E[e)‘z]

Proof of Lemma 40. Let Q be the distribution on S™ defined by dQ = (e’ /E[e*?])dP".
Denote by Eqg[-] the expectation under ). Then the left hand side is EQ[AW], and the
right hand side is Eg[AZ] + log Eg[e’"~%)]. Now, by Jensen’s inequality,

log Eq[e*W=2)] > log(eBePW=2)y — Eo MW — 2)],

—log E[e*] + log E[e*].

<

that is
Eq[AW] < Eq[AZ] + log Eq[e*W~2)],

completing the proof. O

Going back to the proof of Theorem 28, let G(\) = log E[exp(AV ™)]. Note that G(0) =
0 and G is convex. Applying Lemma 40 to W = V*/0, we have

ENV*/0)eM] < ENZeM] — E[e*]log E[eM] + E[e*] log B[V /]
= AF'(\) = F(A)log F(A) + F(\)G(A/6),
by which we have

AF'(A) — F(\) log F(A) < A20 | F/(\) + %F()\)G(A/O) _ %F(A) log F())|

Dividing both sides by A2F (), this inequality is rearranged as
1E'(\) 1 0G(N\/0)
— — —log F()\) < —————.
NFo) a2 s = 5

Setting H(\) = A~ !log F()\), we may observe that the left hand side is the derivative of
H(\). Since limy o H(X) = E[Z], we have

A S
H()\) <E[Z] + /0 mds.

We shall prove the following lemma.

Lemma 41. The map s — G(s/0)/s(1 — s0) is non-decreasing on (0,1/0).

Proof of Lemma 41. Let 0 < s <t < 1/0. Write s as s = at with a € (0,1). Then since G
is convex and G(0) = 0,

G(s/0) < aG(t/0).
Since av = s/t, and the map s +— 1/(1 — sf) is non-decreasing,

G(s/0)/s(1 —s0) < G(t/0)/t(1 —s0) < G(t/6)/t(1 — th),
completing the proof. O
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Going back to the proof of Theorem 28, we have shown that

AOG()\/6)

log F(\) < AE[Z] + =)

This is the conclusion of the theorem. O

Proof of Theorem 29. In Proposition 8, since ¢ is convex with ¢(0) = 0, p(—Au) < up(—2A)
for every A € R and u € [0,1]. Hence we have o(—\(Z — Z;)) < (Z — Z;)p(—\) (as
0<Z-27;<1),and

AE[ZeM) — E[e*]log E[eM] < E | p(—)\)et? Zn:(z — Z;)
=1
< o(=NE[ZeM].

The second inequality is due to the fact that S°F (Z — Z;) < Z. Let Z = Z — E[Z], and
define F'(\) = E[e*?]. Then the previous inequality becomes

0= A 1o F(3) < agl-3)

where a = E[Z]. Setting G()\) = log F'()), we have
(1= e ME W) = GO < ap(-).
Let Go(A\) = ap(A). Then Gy is a solution of the ordinaly differential equation
(L= (N) = fA) = ap(=N).
We want to show that G(A) < Go(A). Let G1 = G — Go. Then
(1—e MG\ —Gi(N) <0.
Setting g(\) = G1(\)/(e* — 1) for A # 0, we have G1()\) = (e* — 1)g(\) and hence
(1= e Mg + (€ — g/ (W)} — (> — g(N) <0,

that is,
(1— ™)~ 1)g'(N) < 0.

So ¢'(\) < 0 for A # 0. Since Z is centered, G'(0) = E[Z] = 0. Furthermore, G}(0) =
=0.

ay’(0) Using the ’'Hopital rule, we have
| G G
1 A)=1 =1 =0.
Jp o) = Jim 1 =i e =0
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Taking these together, g(A) > 0 on (0,00) and g(A) < 0 on (—o0,0), by which we conclude
that G1(\) <0 for all A € R. This completes the proof for (43).

Proving the remaining two inequalities (44) and (45) is rather a routine work. We first
prove (44). Let x > 0. For A > 0, by Markov’s inequality together with inequality (43)

just proved,
P{Z - E[Z] > 2} < e—AwE[eA(Z—JE[Z])] < e Aetar(N),

We have to minimize the right hand side. Let
h(\) = =Xz + ap(N) = ae’ — (z + a)\ — a.
Differentiating h(\) yields
W\ = ae* — (z + a),
and the solution of A'(A\) = 0 is given by A = log(1+z/a) =: A\*. Clearly, h()) is minimized
at A = \* and
h(A*) =a(l+x/a) — (x +a)log(l +x/a) —a

=—a{(l1+=z/a)log(l+x/a) —x/a}

= _G’Q(x/a)a
where q(y) = (1 +y)log(1+y) — .

Lemma 42. Fory > 0,
2

Yy
> —
aly) 2 2(1+y/3)
Proof of Lemma 42. By Fubini’s theorem, we have

115
q(y)=y2/0 ds

14+ ys

1 1
1
2/ {/ 1(0§s§t§1)dt} ds
1+ ys

0 0
y2 1 1 1
:.2//1(0§s§t§1) dsdl.
2 0o Jo L+ys

<

Let (S,T') be a random vector uniformly distributed on the triangle region {(s,t) : 0 < s <

t <1}. Then
1 1
1 1
2//1(0§s§t§1) dsdt:E[ ]
0 Jo L+ sy 1+yS

Since the map s +— 1/(1 + ys) is convex, and E[S] = 1/3, we have

E[ 1 ]> 1 1
1+yS| =~ 1+yE[S] 1+y/3
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Hence we have ,

P{Z —E[Z] > 2} < e Zate/3.

Solving
2

2a+2/3) "7

gives x = y/3 4+ \/y%/9 + 2ay < 2y/3 + \/2ay. Therefore, we have
2
P{Z—E[Z} > \/2ay + éy} <eV.

For the opposite inequality (45), observe that

P{—Z + E[Z] > x} < ef)“TIE[e*A(Z*E[ZD] < e*)\eracp(f/\).

A straightforward calculation gives

:L‘2

min{—\z + ap(—N)} = —ag(~z/a) =~

when z < a, where we have used the inequality q(—t) > t2/2 for t € (0,1). So we have

z2
P{Z <E[Z] -z} <e T,

for < a, but this inequality trivially holds for x > a = E[Z] and so for all > 0.

7.2 Proof of Talagrand’s concentration inequality

Proof of Theorem 27. Instead of (40) itself, we shall prove a less sharp inequality:

P{Z > E[Z] 4+ 2+/(2n0? + 16 BE[Z])z + 2Bz} < ¢ 7.

Because of pointwise measurability, we may assume here that F is countable. Using
approximations, we may further assume that F is finite. In addition, by homogeneity, we
may assume that B = 1, that is, || f|jc <1 for every f € F.

Conditionally on X1,...,X,, let f be a function in F at which the maximum in Z is

attained, that is,
n n 5
> x| =D f(x)
i=1 i=1

Under the notation of the previous subsection, one can see that

Z — max
feF

7 7vi< Zf(XJ) _ Zf(Xj) + F(X))| < IF(X0) = F(X)),
j=1 J#
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and hence

vt <E| SO - FO)? | X

=1

n ~ ~
=Y JAX) +nPf?

=1

n

< 2(x, 2
_?ea}c;f (Xi) +no
=W +w.

We shall apply Theorem 29 to Z = W. Let f be a function in F at which the maximum
in W is attained. For each 1 <i <mn, let W; = maxser >, f2(X;). Then we have

OSW—Wz’Si:fQ(Xj)—ZfQ(Xj):F(Xi) <1,

=1 J#i
and
MW =) <D AX) =W
i=1 i=1

Hence by Theorem 29,
log Elexp(AW)] < (e — 1)E[W].

Combining Theorem 28 with 6 = 1, for every A € (0,1), we have

log Elexp(A(Z — E[Z]))] < ﬁ()\u + (e)‘ — DE[W]).

Using the simple inequality (e* — 1)(1 — \) < ), we conclude that for every A € (0,1/2),

2 2
AV TEWD = 7753

Therefore, by Markov’s inequality, for every x > 0,

log Elexp(AM(Z — E[Z]))] <

(v + E[W]).

P{Z —E[Z] > 2} < exp{—Az+ (A\/(1 —2X))a}, X € (0,1/2),

where a = v + E[W]. We have to minimize the right hand side with respect to A. Fix

z > 0. Define ) ( )2
Aa a—+2r)\ —x
hA) = =Az+ 7757 = 1—2x
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Differentiating h(\), we have by setting b = a + 2z,
(1= 202K (N) = (2bA — 2)(1 — 2X) + 2(bA? — z))
= —2b\% + 20\ —

1\? b
_—2b(/\—2> +5 -

P S
= 5 5
Hence the solution of A'(\) =0 on (0,1/2) is given by A = 1/2 — /a/(4b) =: A*. Further-

more, h'(A) < 0 for A € (0,\*) and h'(X) > 0 for X € (\*,1/2), by which we conclude that
h(A) is minimized at A = A* on (0,1/2). A straightforward calculation shows that

2
p(L_ JeN (L  Jey_b_, /e e x o
2 b T\ 2 ) 1 w1 2" N 1w

- TR T
a
1—2) =2,/ =
A b’

—b+Vab+zx B —x —a+Va?+ 2ax
2 N 2 '

and

by which we have

h(X*) =

Hence we have .
P{Z>E[Z] +a} <e T F

Setting z = 2y + 2,/ay for y > 0, we have

x+a—\/a2+2ax:2y+2\/@+a—\/a2+4ay+4a\/ay=2y,

so that
P{Z > E[Z] +2\/(v+ E[W])y + 2y} < e Y.

Applying Corollary 1, we also have
E[W] < no? + 16E[Z] = v + 16E[Z].
Therefore, we conclude that

P{Z > E[Z] + 2v/(2v + 16E[Z])y + 22} < V.

This completes the proof. O
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7.3 A “statistical version” of Talagrand’s inequality

Suppose here that f are not P-centered, and ||f].c < B and o2 > P(f — Pf)? for all
f € F. Then inequalities (40) and (42) are rephrased as

2B
]P’{HPn — P||7 > E[|P, — Pll#] + n 'V2Vz + 3;} <e”, (47)
1 2Bx a
PS||P, — Pl <E[|P, — Pllr] — n \/2Va:—T <e 7 (48)

where V' = no? + 4BnE|[||P, — P||#]. Note that we have used the simple inequality
IIf — Pflloo < 2B. In statistical applications, it is of importance to have data-dependent
“confidence intervals” for the random quantity || P, — P||z. This quantity is a natural
measure of the accuracy of the approximation of an unknown distribution by the empir-
ical distribution P,. However, ||P, — P||# itself depends on the unknown distribution P
and is not directly available. It is a reasonable idea to construct data-dependent intervals
[Lo(X),Uq(X)] such that

P{[|Pn = Pll7 € [La(X),Ua(X)]} 2 1 = a,

with a given confidence level 1 — . Inequalities (47) and (48) may be used to assess this
problem. Of course, we have to replace the unknown quantities E[| P, — P||#], o and B
by suitable estimates or bounds. Suppose for the sake of simplicity, o2 and B are known,
and the only problem is to estimate or bound the expectation E[|| P, — P|| #].

We have discussed so far how to bound the expectation E[|| P, — P||z]. However, such
bounds typically depend on other unknown constants and may not be sharp. An interesting
idea, discussed in Koltchinskii (2011), is to compare

n
E[[>_(f(X:)—Pf) (49)
=1 F
with the random quantity
n

Z ng(Xl) )

i=1 F
where €1, ..., e, are independent Rademacher random variables independent of X1,..., X,.
The latter quantity is computable. However, the latter quantity varies with different draws
of €1,...,en, and from a statistical perspective, it is more natural to compare (49) with

3 e () ] : (50)
i=1 F

Based on these observations, we consider a version of inequality (47) with (49) replaced
by (50), and with different constants, which may be coined as a “statistical version” of
Talagrand’s inequality.
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Theorem 30 (Bartlett et al. (2005)). Let F be a pointwise measurable class of functions
S — R. Suppose that there exists a constant B > 0 such that || f||coc < B for all f € F,

and let 0% > 0 be any positive constant such that o > SUPfcr P(f — Pf)?. Letey,..., e,
be independent Rademacher random variables independent of X1,...,X,. Then for every
x>0,

n

> (f(Xi) - Pf)

=1

|

The following proposition will be crucial.

- {2<1+>IE
a€g(0,1) 1l—-—a

Zfz‘f(Xi)
=1 F

+a\/%+2<<1+;)+1+0‘))3x}

f

3

Proposition 9 (Boucheron et al. (2003)). Let F be a pointwise measurable class of func-
tions S — R. Suppose that there exists a constant B > 0 such that || f|lecc < B forall f € F.
Leteq, ..., en be independent Rademacher random variables independent of X1, ..., X,. Let

Z =E[| > eif(Xi)|l#]. Then for every x > 0,

2
P {Z > E[Z] + \/2BE[Z]z + 3Bm} <e 7,
and

P{Z <E[Z] — /2BE[Z]z} < e ™.
Proof. The proof is an application of Theorem 29. As before, we may assume that F is

finite and B = 1. We first observe that, by setting F = FU —F = {f,—f : f € F},

max
fer

Z&f(Xi)
=1

For each 1 < i < n, let Z; = Ec[max,cz) ;¢ f(X;)]. Fix Xi,...,X,. For every
1 <i<mn,let f; be a function (that may depend on £_; but not on &;) in F at which the
maximum in max .z > ;€ f(X;) is attained. Then

n
= max g f(X;).
3 (X

machajf(Xj) - I;IE?ZEjf(Xj)

jeF

i
> i filX) = > eifiXy)
j=1 J#1
= Ezfz(X’L)
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Since ﬁ is independent of ¢;, we have
Z = Z; > B[z fi( X)) = Elei]E[f(X:)] = 0.

On the other hand, let f be a function (that may depend on e1,...,&,) in F at which
the maximum in max .z >7_; £;f(Xj) is attained. Then

n
machajf(X maxZEJf
feF o

7 A

<Y e f(X) =) e f(X
j=1

J#i
= Elf(XZ) S 1
so that Z — Z; < 1. Furthermore,
n n _ n
Z(Z —7Z;) < Ea[z gif(Xi)] = a[f]{la;{ZEjf(Xj)] =7
i=1 i=1 & =1

Therefore, Theorem 29 can be applied to Z. The desired conclusion directly follows from
the theorem. O

Proof of Theorem 30. Let x > 0. By Theorem 27 and the symmetrization inequality, with
probability greater than 1 —e™*

)

n

> (f(X5) - Pf)

=1

f

1—|—a

Zezf

On the other hand, by Proposition 9, with probability greater than 1 — e™*,

> eif(X > eif(Xi) ]— 2BE | || eif (Xi) ]x
=1 F F

i=1 i=1
Using the inequality v/2ab < aa + (2a)~1b, we have

Eli 1)

1—@ ,\V/OZE(O,l),

1 1
+oV2nx + 2 <3—|—> Bx, Ya > 0.
«

f

]:

> eif(X

i=1

X;) ]— 2BE
F
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x

so that with probability greater than 1 —e™%,

n
Bx
=1 F
Combining these results, we obtain the desired conclusmn. O

7.4 A Fuk-Nagaev type inequality

Talagrand’s inequality is not applicable to the case where the envelope function F' is un-
bounded. However, by using truncation, we are able to prove the following Fuk-Nagaev
type inequality for the supremum of the empirical process.

Theorem 31 (Einmahl and Li (2008); Adamczak (2010)). Let F be a pointwise measurable
class of functions f : S — R with measurable envelope F such that F € LP(P) for some
1 < p < co. Suppose that Pf = 0 for all f € F and F is bounded in L*(P) (which of
course follows if p > 2). Further, let Z = || > 1 f(X;)||# and let 6® > 0 be any positive
constant such that o > SUpfecr Pf2. Then for every a,x > 0,

P{Z > (1 + Q)E[Z] + x} < e~ /(%) 4 JE[MP]/a?, (51)
where M := maxi<;<n, F'(X;) and ¢, are positive constants that depend only on p, «

We will use the following version of Talagrand’s inequality: under the assumption of
Theorem 27, for every a,x > 0,

]P){Z 2 (]. + a)EI:Z] —|— x} S 6*61:)32/(710'2) + echI/B (52)

where c1, co are positive constants that depend only on «. This follows from Talagrand’s
inequality by considering the cases where ov/nx > Bx or not.

Proof. 1t is enough to prove the inequality when (1 + «)12E[M] < x/4 since otherwise we
can make the right hand side larger than 1 by taking ¢’ large enough. In what follows,
constants ¢y, co, ... are those that depend only on p, a; the values of these constants should
be understood from the context.

Set p = 24E[M], and let

> {Upsp))(Xi) = P(flipsp))}

i=1

NXi) = P(flr<p)t||  Z2 =
F F

Because Pf =0 for all f € F, we have Z < Z; + Z,. Further, since f = flip<py+ fl{rsp)
and thus flyp<,y = f + (=f1{p>py), we have E[Z1] < E[Z] 4 E[Z5] and so E[Z] > E[Z;] —

E[Z5]. Hence

P{Z > (1+a)E[Z] + 2} <P{Z1 > (1 + o)E[Z] + 3x/4} + P{Zy > x/4}
<P{Z; > (1+ a)(E[Z1] — E[Z5]) + 32 /4} + P{Zy > x/4}.
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Now, by the symmetrization inequality, for independent Rademacher random variables
€1, ...,y independent of Xi,..., X,,

E(Zs] < 2B || e f1rspp)(X0) ] :
=1 F
and because
IP{ Zn:gi(fl{F>p})(Xi) > 0} <P(M >p) < p_lE[M] <1/24
=1 F

by our choice of p, the Hoffmann-Jgrgensen inequality (Proposition 2) yields that

E[Z,] < 12E[M] < ra)

Hence we have

P{Z1 > (1 + a)(E[Z1] — E[Z5]) + 3z /4} < P{Z1 > (1 + )E[Z1] + z/2}.
Applying Talagrand’s inequality of the form (52) to Z;, we conclude that

P{Z > (1 + Q)E[Z)] + 2/2} < e %"/ (n0%) | g=eau/EIM]
In addition, using the Hoffmann-Jgrgensen inequality again, we have
(E[Z5)'7 < e3{E[Zs] + (B[MP)'/P} < cy(B[MP])P,
and so Markov’s inequality yields that
P{Zy > x/4} < csE[MP]/P.
Finally, since e—c22/EM] < e*C”/(E[MpDI/p, and e /2P — 0 as * — oo, we have
e~ 2@ EM] < e[ MP] /2P

when z/(E[MP])'/? > 1. But when z/(E[MP?])}/P < 1, the inequality (51) becomes trivial
by taking ¢’ large enough. This completes the proof. O
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8 Rudelson’s inequality

The purpose of this section is to prove the following remarkable inequality by Rudelson
(1999). For a matrix A, let ||A|lop be the operator norm of A, that is, when A has d
columns, || Allop = sup,epd jgj=1 |Az].

Theorem 32 (Rudelson (1999)). Let X a random vector of dimension d > 2 with ¥ :=
E[XXT]. Let X1,...,X, be independent copies of X. Then we have

logd
< max{|| 2] }/26,5%}, 6 := c\/ b

E E[ max |X;|?],

1<i<n

1 n
- Y XX -%
=1

op
where C' > 0 is a universal constant.
The theorem indeed follows from the following proposition, which we will prove later.

Proposition 10. Let Aq,..., A, be fired d x d symmetric matrices. Let €1,...,e, be
independent Rademacher random variables. Let 0 := || >_1 | A?||op. Then we have

>t 8 <2de /7)) w0, (53)

op

P

n
E eid;
i=1

and consequently

E < Cyo, (54)

n
E e A;
i—1

op

where Cq := /2log(2d) + \/7/2.

Proof of Theorem 32. By the variational characterization of the operator norm, together
with the symmetrization inequality (Theorem 1), we have

1 — 1 —
B2 xxT—s| | =E| swp |23 {(TX)? - B[ X))}
n i=1 op aGRd,|a|:1 n i=1
_ o
<2E sup =) eila’ X;)?
| a€RY Ja|=1 n ; ’ '
_ o ||| 2 f: XX
= n 4 EqAGAN;
i =1 op
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We shall apply Proposition 10 to the right hand side with A; = XiXZ-—r conditionally on
X1,...,X,. Then

n n 1/2

i=1 op i=1 op
n 1/2
=Ca| ) IXiPxix
i=1 op
1/2
< Ca max, \X] ZXXT
=1 op
Hence we have
1< T
~> Xix[ -
i=1 op
1/2

20, 1 « T
< ¢ it X
vl bl PP

=1 op

< 2Ca E[ max |X;|?] 1zn:XXT

f 1<i<n n o

QCd

< 2[Rl 1P 1y/D + 1S op-

Solving this inequality gives the desired conclusion. O

The remainder of this section is devoted to proving Proposition 10. The original proof
uses the non-commutative Khinchin inequality. A more simple (to me) proof is given by
Oliveira (2010). We shall follow here Tropp (2012b).

To prove Proposition 10, we have to prepare some background materials on matrix
analysis. Let Sym, denote the space of all d x d symmetric matrices, and let Symj denote
the space of all d x d symmetric positive definite matrices. For A € Symy, let A = QAQ" be
the spectral expansion of A, that is, @) is an orthogonal matrix and A is a diagonal matrix
of which the diagonal entries consist of the eigenvalues of A. Let A = diag(A1,...,A\g). A
function f: R — R (or (0,00) — R) can be extended to a function on Sym, (or Sym}) by

F(A) = Qdiag(f (M), -, F(A))Q"-
For example, the exponential of A, e, is defined by

A= Qdiag(eM,...,eM)Q".
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The Taylor expansion of z — e” leads to
o0
AP
A — -
A=y
p=0
Another example is the logarithm of A, for A € Sym;, which is defined by

log A := Qdiag(log A1, ...,logAg)Q".

Observe that log(e?) = A for all A € Sym,.
For A € Symy, let Apnax(A) denote the largest eigenvalue of A. Observe that

[ Allop = max{Amax(A4), Amax(—A)}.
We introduce the partial ordering > on the space of symmetric matrices by
A > B < A — B is positive semi-definite.

We now move to proving Proposition 10. At a first sight, one might think that the
proposition could be proved by directly mimicking the proof of Hoeffding’s inequality, by
using the fact that e*max(4) = X . (e4) < Tr(e?) for A € Sym,. However, the situation
is not so simple, as we discuss below. For the matrix exponential, although the equality
TreAt8 = Tr(e4e?) does not hold in general, the one-sided inequality

Tret? < Tr(e?e?), VA, B € Symy,

is still valid, which is called the Golden-Thomson inequality (Bhatia, 1997, p.261). How-
ever, a version of the Golden-Thompson inequality for three matrices is false, that is,
TreAtB+C £ Tr(edePe”) (Bhatia, 1997, Problem IX.8.4). A consequence of this fact is
that we can not directly extend the proof of Hoeffding’s inequality to the proof of inequality
(53). Instead, we make use of Lieb’s concavity theorem.

Theorem 33 (Lieb (1973)). Let B € Sym,. Then the map
Sym} 2 A Trexp(B + log(A))
18 concave.

We do not prove this theorem here. See Tropp (2012a) for a simple proof. An important
consequence of Lieb’s theorem is the following.

Lemma 43. Let Y7,...,Y, be independent random d x d symmetric matrices. Then we

have
P < Amax Y; ty<infle T log E[e?Yi t > 0.
{ (; >> }_520{6 rexp(iz; og E[e”"] , Vt>0
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Proof. By Markov’s inequality, for 8 > 0, we have

P {)\max <Z K) > t} S 6_9tE[6>\max(92?:1 Yl)]

i=1
= ¢ R D (9 21=1 Y1)
< e OR[Tr ¢ Xi=1 Vi),
Applying Lieb’s concavity theorem (Theorem 33) with A = €Y1 and B =63 7, V; condi-
tionally on Y3, ...,Y,, we have
E[Tr e? Xi=1Yi] = E[Tr exp(B + log(A))]
< E[Trexp(B + logE[A])] (Jensen’s inequality)

Trexp (9 Z Y; + log E[€6Y1]>

=K
i=2

Iterating this step leads to the inequality
n
E[Tr ¢’ Zi=1 Y] < Trexp (Z log E[eeYi]> :
i=1
This completes the proof. ]

Proof of Proposition 10. We make use of Lemma 43. For 6 > 0, we have

0A; —0A;
E[eegiAi] — & =1+ QZA? + 9441?? < 602‘412/2
2 2 ! - ’

and hence

n 2 n
Trexp (Z log ]E[eeeiAi]> < Trexp <92 ZA?)
i=1

=1
> max p 9 ZE - 3
max )
g de::p 2 a ; - ‘17,

— d69202/2
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Therefore, we have

P {)\max (Z 5,-Ai> > t} < dgng o—t0+620%/2 _ g,—1?/(207)
>
i=1

Likewise, we also have

]P) {)\max <_ 251A1> > t} S dén% e*t9+0202/2 — deftz/(20'2)'
>
=1

The first assertion (53) follows from combining these two inequalities.
The second assertion (54) follows from the first assertion (53). Indeed, by setting
Z = || > €idillop, we have

E((Z/o — \/21og(2d))1] = /Ooo P{(Z/o — \/2log(2d))+ > t}dt
= /OOOP{Z > (/2log(2d) + t)o}dt
<2d / - (/FIosd 0?2 gy
0
< 2d /OO e—(2log(2d)+t%)/2 1y
0

_ / 2t = \/7]2.

0

The final conclusion follows from the inequality

Z < +/2log(2d)o + (Z/o — \/21og(2d)) 0.
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