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SUPPLEMENT TO “ESTIMATION IN FUNCTIONAL
LINEAR QUANTILE REGRESSION”*

By KENGO KATO

Hiroshima University

This supplementary file contains the additional discussion on the connec-
tion to nonlinear ill-posed inverse problems, technical proofs omitted in the
main body, some useful technical tools and additional simulation results.
In this supplementary file, we follow the notation, the numbering and the
convention used in the main body. In the technical proofs, we use C' > 0 to
indicate a generic constant of which the value may change from line to line.

APPENDIX A: CONNECTION TO NONLINEAR ILL-POSED
INVERSE PROBLEMS

This section discusses the connection of our problem of estimating the
slope function to nonlinear ill-posed inverse problems. For any fixed u €
U, our estimator Z)(, u) can be understood as a regularized solution to an
empirical version of a nonlinear inverse problem that corresponds to the
“normal equation” :

where the map A : U x L3[0,1] — L2[0,1] is defined by

A(u, 9)(-) = E[{u— L(Y < [§g(t) X (t)dt)} X (")
= E[{u— Fyx(Jy 9()X“(t)dt | X)}X ()], u €U, g € Lo[0,1].

Here Fy|x(y | X) is the conditional distribution function of Y given X.
For the sake of simplicity, we have ignored the constant term. Observe that
for any fixed v € U, the map A(u,-) : L2[0,1] — L2[0, 1] is a nonlinear
operator. In fact, using an approximation X{ ~ Z;”:l fz-jéj =: X’f, our
estimator b(-,u) is an approximate solution to an empirical version of (A.1)
over the linear subspace spanned by {¢21, e qgm}

(A.2) A(u, b(-, u)) = 0,
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2 K. KATO
where the map A : U x Ly[0,1] — L3[0,1] is defined by
A(u, 9)(-) = Bul{u = 1(Y; < [59(t) X (1)d0)}X{ ()], w € U, g € L20,1].

To see (A.2), observe that

~ ~

A, b(,w)) () = S Enl{u — 1(Y; < 0L Einbr(w) ¥l (-
The first order condition to (2.4) (in the main body) implies that
En[{u - 1(Y; < 0L abi(w)}ij] 2 0, 1< j <m,

which leads to (A.2) [the discussion here is informal to give an intuition
behind our estimator|. Note that solving (2.4) (in the main body) is compu-
tationally more appealing than directly searching a solution to (A.2) as the
former problem is convex while the latter is not.

Meanwhile, as long as the map y — Fy|x(y | ) is continuous, for any
fixed u € U, the nonlinear inverse problem (A.1) is locally ill-posed at b(-, u)
in the sense of Hofmann and Scherzer (1998, Definition 1.1), i.e., there exists
a sequence of functions {g,} in a neighborhood of b(-,u) (in L2[0, 1]) such
that A(u, gn) — A(u,b(-,u)) but g, - b(-,u) in the Lo-norm. To see this,
take a sequence of functions {g,} in a neighborhood of b(:,u) such that
gn — b(-,u) but g, - b(-,u) in the Ly-norm, where = means the weak
convergence in Ls[0, 1]. Then, by the weak convergence, we have

1 1
(A.3) /0 gn()XC(t)dt — /0 b(t, u) X(t)dt.

By the continuity of the map y — Fyx(y | X), (A.3) implies that A(u, gn) —
A(u,b(-,u)) despite g, - b(-,u). This suggests that any sensible estimation
procedure based on the normal equation (A.1) has to involve some regular-
izations. In our case, the regularization is done by restricting the parameter
space for b(-,u) to a sequence of finite dimensional subspaces, where the
cut-off level m plays a role of regularization parameter.

APPENDIX B: PROOF OF THEOREM 3.2
Let X,,+1 be a copy of X independent of the data

Dy = {(Vi, X1y, (Yir, Xn))-
Then
EQy|x.u) =E{Qyix(u | Xn+1) — Qyix(u | Xns1)}? | Dul.
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FUNCTIONAL QUANTILE REGRESSION 3

Let X¢ | = Xnq1 — E[X(¢)] = 302, &ns1,04- Observe that
QY|X(U | Xnt1) = a(u) + Zl;j(u)fmrm
j=1

1 m
N /O X1 () Y by(u) (6 — 0 (0)dt

=1

~

1 ~ A~
T / (E[X(8)] — X (t)b(t, w)dt
0

and

Qyix (] Xnp1) = aw) + Y bj(w)énrri+ > bi(wéniry.

7=1 j=m+1
. -1/2
Letting 1415 = K, &n+1,5, we have

{Qyx (u | Xnt1) = Qyx (u | Xng1)}?

2 2
(@—a)*(u) + {Z(‘ij - dj)(u)ﬁnﬂ,j} + { > bj(u)fnﬂ,j}

Jj=m+1

<C

Taking expectation with respect to X, 41, we have

E{Qyix(u | Xnt1) = Qyix(u | Xnt1)}? | Dl

2
A e 1 m A A
< O|lld™(w) = d™ (W)l + D Hjb?(U)Jr/ {Z%(W(%%)(ﬂ} dt
j=m+1 0 Jj=1

T {/Ol(E[X(t)] - )A((t))la(t,u)dt}j'
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4 K. KATO

By the proof of Theorem 3.1, we have

SuB Hdm(u) - dm(u)HzQ — Op(m/n) — OP(n*(a+2,371)/(a+2ﬁ))7 and
ue

Z Z —a—28 _ mfa725+1) _ O(nf(a+2ﬁfl)/(a+25))'
Jj=m+1 Jj=m-+

Observe that

{ ) }2
by which we have

2
1 mo .
/ {beu)(@qu)(t)} a

<2mzb2 Id5 — &5l +2lld™ () — d™ (W)ll72 Y w5 H1d; — o511

Jj=1

hE
Q@‘

IN
DO

2 m 2
} +2{ (b; — b;) ¢J)}
7j=1
2 m 2
} +2{ w; 2y - dj) <><ésj¢j>}
7j=1

b} (w)(d; — ¢5)° +2l|d™ (u Heszﬁ_l ,

I/\ ||
EMS A

By the proof of Theorem 3.1, we see that

mZbQ ”QSJ ¢J”2<szj 2BH¢] ¢JH = Op(mn~ )

7=1
_ OP(n—(a-&-Z,@—l)/(a-i-Qﬁ))’

while by the proof of (5.4) in Appendix C, we have Z] 15K H(bj oil1? =
op(1). Hence we conclude that

2
sup /1 {Zi?](u)(&] - ¢])(t)} dt = Op(n_(a"'Qﬁ—l)/(a—i-Zﬂ))‘
i=1

uel JO
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FUNCTIONAL QUANTILE REGRESSION 5

Finally, using assumption (A8), we have
2

1 _ 1 _ 1
{[[@xer-xaieoa) < [ @ - 2ok [ #e
0 0 0
= Op(n_l + AW) X Op(l) = Op(n_l),
uniformly in u € U. Taking these together, we conclude that

SUEEHQHX(U | Xnt1) — QY\X(U | Xn+1)}2 | Dp] = OP(n_(a+26_1)/(a+2ﬁ))-
uec
This completes the proof. O

APPENDIX C: PROOF OF PROPOSITION 3.1

We here provide a proof for (3.4). Consider the same construction as in
Hall and Horowitz (2007). Let ¢1(t) = 1 and ¢;41(t) = 22 cos(jmt) for
j > 1. Put oj = 0,577 for [n'/(@+20)] 4 1 < j < 2[p!/(@+20)] and o; = 0
otherwise where [y] denotes the integer part of y € R and each 6 is either 0 or
1. Let Zy, Zy,- -+ ~ U[=3Y2,3Y/2] i.i.d. Take X (t) = 352, j~*/2Z;¢;(t) and

o[l (e+20)] .
o(t) = Zj:[nl/(a+2ﬂ)}+1 0j¢;(t). Note that the former sum is almost surely

uniformly convergent in ¢ € [0,1] and hence X has sample paths almost
surely continuous (see for example Marcus, 1975, Theorem 1.1). Consider a
sequence of data generating processes

1 2[n1/<a+26)}
Y = / X )dtte= > 07746 e~ N(0,1), e LX.
0 [/ (@t28)] 41

Then we have
Quix(u| X) =a(u) + [ bt u) X0,
where

a(u) = @7 (w), b(t,u) = o(t), fyixWIX) =y — [jet)X(t)dt),

by which one sees that assumptions (A4)-(A6) are satisfied. Here ¢(-) and
®(-) are the density and the distribution function of the standard normal
distribution, respectively. Suppose that o < 3. Then, since for any 0 < v <
a — 1, the function ¢ — cos(t) is v/2-Holder continuous (by the periodicity
of the cosine function), we have

E[(X(s) — X ()% < C|s — t|72j_a+“’ < C'|s—t|7, Vs,t €0,1],
j=1
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6 K. KATO

where C' and C’ are some constants. This shows that assumption (AS8) is
satisfied with 0 < v < @ — 1 when o < 3. For a > 3, K(s,t) is twice
continuously differentiable, so that assumptlon (A8) is satisfied with 0 <
v < 2. Finally, since E[Y | X] = fo t)dt, by Hall and Horowitz (2007),
for any estimator (¢, u) — b(t u),

1
sup* sup/0 E[(b(t,u) — b(t,u))?]dt

ueUd

1
> sup*/ E[(b(t, uo) — o(t))?]dt (ug is any point in U)
0

> Dp~(26-1)/(a+268)
where sup* denotes the supremum over all 2!/ Qifferent distributions
of (Y, X) obtained by taking different choices of O/ @t28)) 415 - - - 5 Oopp1/ @ty
and D > 0 is a constant. The “in-probability” version of the lower bound
(3.4) follows from the same reasoning as in the proof of Yuan and Cai
(2010, p. 3442) and the Paley-Zygmund inequality (which states that for
any nonnegative random variable Z with E[Z%] < oo, P(Z > AE[Z]) >
(1 —N)2(E[Z])?/(E[Z?]) for all A € (0,1)). The other assertions follow simi-
larly. This completes the proof. O

APPENDIX D: PROOFS OF (5.2), (5.4), (5.6), (5.7) AND (5.9)

In this section, we provide proofs of (5.2), (5.4), (5.6), (5.7) and (5.9)
omitted in Section 5. Throughout the section, we assume all the conditions
of Theorem 3.1. Define the (infeasible) empirical covariance kernel

K*(s,1) = Ea[(Xi(s) — X(5)) (Xu(t) = X (1)),

where X(t) = n~ '3 Xi(t). Let K*(s,t) = z;ol i3 ¢%5(s)@h(t) be the
spectral expansion of K*(s,t) where £] > £5 > --- > 0 and {¢* ©, is an
orthonormal basis of Ls[0,1]. Without loss of generahty, we may assume

that
/@%ZQ/%@ZQWZL

where, to ease the notation, fo t)dt is abbreviated as [ f for any function
f:[0,1] — R. Define

Fx 128 )
éLZJ:/(‘XV X)d)]a zg j /51]712].,,’0,]2]_
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FUNCTIONAL QUANTILE REGRESSION 7

Recall that n;; = ; /26 = k™12 [ X¢¢; (where X¢(t) = X (t) — E[X;(1)])

and 7j;; = K 1/25”— jl/Zf(X X)¢; fori=1,...,nand j > 1. We will
frequently use the following decomposition: for ¢ = 1 ..,mand j > 1,

Nij — Mij = Nig — Nij + Nij — Mig»
N sk —-1/2 —-1/2
Uij"?ij:’%//(X X¢g //X

5 [ X8 [ %G -6
= Ajji + Aijo — Njs — Ay,
iy = = [ X0 = 05— [ Xy [ X
=: Ayjs — Ajo — Ajr,

where X¢(t) =n~1 Y0 | X£(t).
We prepare some lemmas. For any function R : [0,1]?> — R, define |||R||| =
(f [ R*(s, t)dsdt)"/?. Recall that || f[|> = [ f(t)dt for any f :[0,1] — R.

LEMMA D.1.  We have
E, [l Xi = Xil?] = Op(A), ||IK = K*[|]* = Op(A").
Furthermore, as n — oo, with probability approaching one,
16, — G511 < Ci*THI|K — K¥||], 1 <Vj<m.

PROOF. Observe that
L;

Xi(t) — Xi(t) = Z(Xi(til) = Xi(t)1(t € [t tii+1)), t €[0,1),
=1

by which we have

. Li [ZRES]
I1%: — X2 = Z/ (X;(ta) — Xu())2dt.
1=1 7ti

Taking expectation, we have
R L i, l+1 9
BlI% - X = 3 / X (1) — X ()t
B Li

Z i1 —ta) T < OAY,
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8 K. KATO

where we have used assumption (A8). This leads to the first assertion. The
second assertion follows from the Schwarz inequality and the first assertion.
The third assertion needs some effort. By Bosq (2000, Lemmas 4.2 and 4.3;
see also the remark below), we have

(D.1) sup i} — k| < |||K* = K[|], supx;llé; — &5l < 8'2[[| K — K*]]|,
j=1 j>1

where x; = min{&]_; — &}, &} — £}, } for j > 2 and {1 = &} — A3. For some
small constant ¢ > 0, define the event

En={X;2¢j ", 1<Vj<m}.
It suffices to show that P(&,) — 1. By the first inequality in (D.1),
R = R 2wk — ke = 2K = K] 2 C7HR0 7! = 2||| K - K.

Since ko1 > m~o1 < p=(@tD)/(@+28) ||| K* — K||| = Op(n~'/2) (which
follows by a simple calculation), and n~'/2 = o(n~(@+1/(@+28)) (which fol-
lows by f > a/2 4 1), we have uniformly in 1 < k < m,

= R = O (1= op(1)k Y,
which leads to that P(&,) — 1 by taking ¢ sufficiently small. O

REMARK D.1. Lemma 4.3 of Bosq (2000) reads as follows: for functions
Q, R : [0,1]> — R having the spectral expansions in L5[0,1]? of the form

Qs.t) = 335 Ay ()05(t) and R(s,t) = 352, vj5(s)i (1), where Ay >
A > >0, >v9>--->0, and {Tbj};.il and {¢; 321 are orthonormal
bases for Ls[0, 1], we have: x;|l¢; — ¢;| < 8'/2|||R — Q||| for all j > 1 such
that x; > 0, where x; = min{\j_1—=X;, \j—Xj41} for j > 2and x1 = A1 —Xo.
Here, we have assumed that [ ¢;t; > 0 for all j > 1. This lemma actually
holds with sup,~; x;ll¢; — ¥ < 8/2|||R — Q||| since the inequality trivially
holds in case of x; = 0.

The following useful result was established in Hall and Horowitz (2007).

LEMMA D.2. Asn — oo, with probability approaching one,

2

165 = 651> <10 Y (s — kx) > {//(K - K)<3at)¢j(3)¢k(t)d3dt} :
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FUNCTIONAL QUANTILE REGRESSION 9

for all 1 < 5 < m. Furthermore, we have

2
> (5 - w28 |{ [ - )6, 00anttasar} | =0,
k:k#£j
uniformly in 1 < j < m.
PROOF. See Hall and Horowitz (2007, p.83-84). O

D.1. Proofs of (5.2) and (5.4). We first prove (5.4). By Lemmas D.1
and D.2, we have

fZZAm SEnllXi = XlP1 D w5t p = Op(mAT) = 0p(1),
j=1

=1 j=1

F 3 B < B S - 1

i=1 j=1
= Op(1) x OP(AWZ TL52T?) = Op(m** T AT) = op(1),
*ZZAms < En[[| X517 Z k|5 — &5l
=1 j=1 Jj=

= 0p(1) x Op(n™' 37 1jF2) = Op(m*n~") = 0p(1).

Similarly, we have

2533 = OP(mO‘+1A7) =op(1),

> A2 = Op(m* AT = op(1),

NE
D)

3 =0p(m*Tn7?) = op(1).

Using the decomposition X(t) = > 72 &ir¢r(t), we have

Ajﬁ = Hj1/2/Xc¢j = Ii;l/Zgj = 77/]7

by which we have
Z A% = Op(E[X]1, A%]) = Op(XTL El7]) = Op(mn™") = op(1).
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10 K. KATO

Finally, by a direct calculation, we have

En[[ln"[I*] = Op(m).

Taking these together, we obtain (5.4).
We now turn to prove (5.2). Observe that

m
max A | < max || X; — X;||? x Op(m®Th),
1<i<n 1<i<n
7j=1
m
max A » < max || X;||? x Op(m3*T3AY),
1<i<n 1<i<n
7j=1
m
A2 2 a+3, —1
2 < .
max IA@]5_1IgaX [ XF]7 x Op(m®™n™")
j:

Since [E[X?] < C, we have

max [[X7]2 = Op(n'/?),

1<4<
which leads to that
m m
1/2, 3a+3 +3, —1/2
1225, 22 Al = Orln mPe A0, o 32 Al = Op(m™ ™1,
Jj= j=

Using the trivial bound maxj<;<, | X; — X;||> < 327, | Xi — Xi||?, we also

have
m

max A2
1<i<n
Jj=1

= = Op(nm®T1AY).
Similarly, since ]E[nfj] = nj_ZE[ 24]] < C for all j > 1 by assumption (A2), we
have

max an Op(mn*/?).

1<1<n
Taking these together, we have

11282{ ”771 ||£2 Op(nma+1A’y + n1/2m3a+3A'y + ma+3n71/2 + mnl/Q)'
Since a > 1, f > /2 4+ 1 and m?*T3AY — 0, there exists a small constant
¢ > 0 (depending on « and ) such that the right side is Op(n=¢(n/m)).
This implies (5.2), completing the proof.

O
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FUNCTIONAL QUANTILE REGRESSION 11

D.2. Proofs of (5.6) and (5.7). We first prove (5.6). Observe that
(R™ )% = (W™ )2 = (R - (7 = ")} A+ 20 - ) {R™ - (0 =)},
by which we have for all A" € S™,

[En[(h™ - 7)?] = En[(h™ - 0f")?)] < B[l — 0" ||7]
+ 2(Bn[ (W™ - )]Vl — i 7).
By the proof of (5.4), we have
En ([l = ni"||7) = op(1).

While by Rudelson’s inequality (Theorem E.1 in Appendix E), we have

logn
2 2
JET R R SCV o Bl Il

provided that the right side is smaller than 1. Since ]E[nfj] = /{]._QIE[@‘-*].} <C
for all 7 > 1 by assumption (A2), by Lemma E.1 in Appendix E, we have

my 2] _ 1/2
E[g@g\lm 2] = O(mn™/*).

Therefore, we conclude that

sup [Eq[(A7 1?2 — 1] = Op(n~Y4m2(logn)/2) = op(1),
me m

so that uniformly in A™ € S™,
En[(h™ - 71")?) = Ey[(h™ - 0i")*] + 0p(1) + Op(1) x op(1)
=1+op(1).

This completes the proof of (5.6).
We now turn to prove (5.7). Observe that

2

) < 240" =) - dM W) +24 Y di(u)ny
j=m+1

Since E[n;;] = O,E[nl-zj] =1 and E[n;;jn;x] = 0 for all j # k, we have

2
E(Q D diwmsp | = > duwy= > #b(u)
j=m+1 Jj=m+1 Jj=m+1

<C Z §77% = O(mn™1).

j=m+1
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12 K. KATO

Hence, to prove that

2
n
supE, > di(uns; = Op(m/n),
uel j=m+1
it suffices to prove that
2 2
sup |E, Z d;(u)n;j - E Z d;(u)n;j = Op(m/n).
uel j=m+1 j=m+1

Defining f,(X;) = 3272, dj(u)nij, we wish to show that

sup = O0(m).

ueU

Z{fu i)” = E[fu(Xi) ]}‘

By the symmetrization inequality, the left side is bounded by

Zalfu ] :

where o1,...,0, are i.i.d. Rademacher random variables independent of
X1,...,Xp. Observe that | f,(X;)] < CZ;’ierlj’B’a/z\mj] = F(X;); then
by the contraction principle (see van der Vaart and Wellner, 1996, Proposi-
tion A.3.2), the above term is further bounded by

sup
uel

R L= Z"zfu z ]
2
< )2
< 8\/E[1§3<§F(Xz) J B |sup Zozfu
(D.2)
< )?
<0(1) {E[g%F(XZ) ]+ \/E[lrggan( litelg Zazfu i) ”

where the first inequality follows from the Schwarz inequality and the sec-
ond inequality follows from the Hoffmann-Jorgensen inequality (see van der
Vaart and Wellner, 1996, Proposition A.1.6). Observe that

oo
N < i—B—a/2
max F(X)<C ) max 71,
j=m+1
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FUNCTIONAL QUANTILE REGRESSION 13

and Elmaxi<;<, 7712]] < (E[maxi<i<n 7721]'])1/2 < (Z;L:lE[ngljbl/Q < Cnl/2?; so
that

o0 [ee]
121 o a2 - f-a/2 2
E[max F(X,)?] < O(1) Z j Z j E[ max 07
j=m-+1 j=m+1

_ O(n1/2m72ﬁ7a+2)’

which is o(1) because 8 + /2 > a + 1 > 2 and m < n'/2f+®) Further,

because
n o n
D ooifu(Xi) = > di(w)d oy,
i=1 j=m+1 i=1
we have
n [oe) n
5 [sup mh|| <0 35 jeers zamij]
uel |y j=m+1 i—1
o0
Scn1/2 Z j—ﬁ—a/Q:O(nl/Qm—ﬁ—a/Q—Fl)‘
j=m+1

Hence the second term in (D.2) is
O(n3/4m—2,3—a+2) _ O(m)

under our assumption.
On the other hand, by the proof of (5.4), we have

SUBEnH(ﬁQ” =) - d™ ()] < CY 5B (i — mig)?)
UE j=1

_ OP(Z?";lj—a—ZB(n—lja-i-Q + A7j3a+2>)7

where
> i =00)
j=1
and
m 0(1) if —2642a+2< —1
D TR = L O(log n) if —28+20+2=—-1
=1 O(m™28+2a%3) if 28 + 200 +2 > —1.
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14 K. KATO

Since m~2A+2043 = p=lipdatd and m3**t3 < n when —26 4+ 2a+ 2 = —1,
we have

Zj—a—Qﬁ(n—lja—i-Q + A'yj3a+2) — O(n—l + AT+ n—l(logn)m3a+3A'y)
j=1
=0(n ).

Taking these together, we obtain (5.7). This completes the proof. ]

D.3. Proof of (5.9). Consider the classes of functions

Gi = {Rx D[0,1] x R 5 (y,a,0™) = 1y < 0™ - (d"(w) + 6™) (A" - ™)

cu €U R €S™ §™ = MWhm},
and

G, — {R x D0, 1 X R™1 5 (y,2,1™) = 1y < Qyxcla | ) (7 7™
:UGL{,hmGSm}.

It is relatively standard to see that G; is a VC subgraph class with VC index
bounded by ¢m for some constant ¢ > 1 (see Belloni et al., 2011, Lemma
18). For Ga, observe first that 1(y < Qy|x(u | z)) = 1(Fy|x (y|r) < u). Since
Fy|x (ylz) is a fixed function, it is also shown that G, is a VC subgraph class
with VC index bounded by ¢/m for some constant ¢ > 1. The conclusion now
follows from an application of Theorem 2.6.7 of van der Vaart and Wellner
(1996) and a simple covering number calculation. O

APPENDIX E: USEFUL INEQUALITIES

We introduce some useful inequalities.

THEOREM E.1 (Rudelson’s (1999) inequality). Let Zi,...,Z, be i.i.d.
random vectors in R* with ¥ := E[Z1Z}]. Then, for all k > 2,

1 1 1/25 52 log k 2
BlG 2z | = maxtISl's. 0%, 8 = Cy =R max 1Z1]
— op
where || - ||op is the operator norm and C is a universal constant.

imsart-aos ver. 2013/03/06 file: FunctionQR-supplement-v4.tex date: July 12, 2016



FUNCTIONAL QUANTILE REGRESSION 15

The expression of Theorem E.1 is slightly different from Rudelson’s origi-
nal form, but is directly deduced from his proof. Theorem E.1 gives moment
bounds on the difference between empirical and population Gram matri-
ces in the operator norm. Recall that for any k& x k symmetric matrix A,
| Allop = max,cgr—1 [v" Av|. To apply Rudelson’s inequality, we have to bound
E[maxi<i<p || Zi||%], which is typically implemented by using the following
lemma.

LEmmaA E.1. Let X4,...,X, be arbitrary scalar random wvariables such
that maxi<i<n E[| X;|"] < oo for some r > 1. Then, we have

E[ max |X;|] < Conl/",
1<i<n

where Cy. is a constant depending only on r and maxi<;<n E[| X;|"].

For the proof, see van der Vaart and Wellner (1996, Lemma 2.2.2).

In what follows, we introduce “conditional” maximal inequalities. Below
we assume the class of functions to be a “pointwise measurable class” to
avoid a measurability complication. A class of measurable functions G on
a measurable space S is said to be pointwise measurable if there exists a
countable class of measurable functions H on S such that for any g € G,
there exists a sequence {hy,,} C H with h,,(z) — g(z) for all z € S. See
Chapter 2.3 of van der Vaart and Wellner (1996). This condition is satisfied
in our application.

ProproSITION E.1.  Let (2, A, P) denote the underlying probability space.
Let D be a sub o-field of A. Let {(ui,v;)}', be a sequence of random vari-
ables taking values in some measurable space S such that vi,...,v, are D-
measurable, the regular conditional distribution of (u1,...,u,) given D ex-
ists, and conditional on D, uq,...,u, are independent. Let G be a pointwise
measurable class of functions on S such that for some D-measurable random
variables B and T,

(i) sup |g(u;,v;)| < B, 1<Vi<n,
geg

(i) sup En[Elg?(ui,v;) | D]] < 72,
geg

(iii) # < B,

almost surely. Suppose that there exist constants A > 3\/e and W > 1 such
that

(E.1) N(Be,G, Ly(Py)) < (A/e)V, 0 < Ve < 1,
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16 K. KATO
where P, denotes the empirical distribution on S that assigns probability
n~1 to each (u;,v;), i =1,...,n. Let o1, ...,0, be independent Rademacher

random variables defined on another probability space. Extend the underlying
probability space by the product probability space. Then, we have

E sup ‘En[azg(uuvl>]| ‘ D]

9geg
|#2W  AB  WB_ AB
<1(7>0)D T log— + —log— |, a.s.,
n 7 n 7

where D is a universal constant.

Proposition E.1 is a conditional version of Proposition 2.1 of Giné and
Guillou (2001). Here, {(u;, v;)}_, are not necessarily independent. However,
conditional on D, {u;}!" ; are independent.

PrRoOOF OF PROPOSITION E.1. The proofis a modification of that of Giné
and Guillou (2001, Proposition 2.1). For the sake of completeness, we pro-
vide the full proof. Without loss of generality we may assume that G contains
the 0-function. Suppose that E[sup,eg Enlg?(us, vi)] | D] A7 > 0. Otherwise
the conclusion follows trivially. By Dudley’s inequality (see van der Vaart
and Wellner, 1996, Corollary 2.2.8), we have

0
E Sup|\/ﬁEn[0i9(uiavi)” | {(uivvi)}?:ll < D/O \/logN(eag’[Q(Pn))dev

geg

where 0 := (sup,cg En[g (us, v;)])/? and D is a universal constant. Suppose

that 6 > 0. Using changes of variables, we have

9 . [9/B -
/ V1og N(e,G, Ly(P,))de = B/ \/log N(Be, G, Ly(P,))de
0 0

0/B
< BVW /0 VIog(A/e)de
> loge

AB/6 €2

(E.2) < BAVW de.

Integration by parts gives
> VI Viogel™ 1 >~ 1
[ [,
. € e J. 2J. €eloge
Viog e 1/°° Viog e
+ = 5 —de,
c 2J. €

<
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FUNCTIONAL QUANTILE REGRESSION 17

provided that ¢ > e, by which we have

(o9}
/ loged6 < 2¢/log c
c
C

€2 -

, ifc>e.
Since AE/O > A > 3\/e > e, we have

(E.2) < 2VW6\/log(AB/0),

by which we have, using Hélder’s inequality,

A2B3?
02

E[(E.2) | D] < V2W,|E [ (0 > 0)62log ( D|.

For any fixed ¢ > 0, define f(u) = ulog(c/u) if w > 0 and f(0) = 0. Then,
f(u) is concave on [0,00). Thus, by Jensen’s inequality, the last expression
is bounded by

A2B?
V2 \/ [sup En[g%(ui, vi)] | D] x log

9€6 E[supgeg Enlg? (i, vi)] | DI’
Using the decomposition
9% (ui,vi) = E[g* (s, vi) | D)+ {g?(us, vi) — Elg* (s, vi) | D]},

and the symmetrization inequality conditional on D, we have

E [supEn[QQ(uuvi)] | D
geg

< SupEn[E[g (Ul,’U@) ’ DH +2E
geg

SUP|E [Uzg (ulvvl)” |D]
g€eg

<724 92E

sup|E [Uzg (ulvvl)” |D]
geg

Using now the contraction principle (see van der Vaart and Wellner, 1996,
Proposition A.3.2), we have

E [sup Enloig® (ui, v:)]] | {(Unvi)}?ﬂ]

geg

< 4BE

sup [En [o7g(ui, vi)]] | {(ui, vi) o 1] )

9€G
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18 K. KATO

so that

E sup ‘En[aig(uivvi)” ‘ Dy.

S S

supIEn[QQ(ui,vi)] \ D] < +#2 4+ 8BE

Note that the right side is at most 9B2. Since for any given ¢ > 0, the map
u +— ulog(c/u) is non-decreasing for 0 < u < ¢/e, and A > 3./e, we have

N A%B?
El[sup E,[g”(u;, v;)] | D] % log
S Enlg (s o)L D) o8 g Blg?(us, 0] 1 D)
R A2R?2
< (#*4+8BZ)log ————
724+ 8BZ
R 2732
< (#*+8BZ)log —
z

. AB
= 2(#* 4+ 8BZ)log —,
=

where

Z =FE

sup |Ep 059 (u;, v;)]] D] '
geg

Taking these together, we have

— - AB
T

Solving this inequality with respect to Z gives the desired bound. O

ProrosiTION E.2. Consider the same setting as in Proposition E.1.
Instead of (i)-(iii) and (E.1), suppose that there is an envelope function G
for G such that for some constants A >e and W > 1,

N(€HG”L2(Pn)7gaL2(Pn)) < (A/E)W7 0 < Ve <L

Then, we have for all q € [1,00),

<E
< Dn V2 (B, [E[GY(ui, v;) | D]))Y9/Wlog A a.s.,

where ¢ = qV 2 and D is a constant depending only on q.

1/q
sup |Ey[o5g(us, v;)]|? | D])
geg
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FUNCTIONAL QUANTILE REGRESSION 19

PRrROOF. Without loss of generality we may assume that G contains the
0-function. By Dudley’s inequality,

(E

[%
< D/ Vog N(e,G, Ly(P,))de,
0

1/q
sup [v/nEn[oig(ui, vi)]|? | {(u@wvz‘)}?l])

geg

where 0 := (sup,cg B, [g2 (ui, v:)])Y/? < (E,[G?(us, v;)])/? and D is a con-
stant depending only on ¢. Using changes of variables, we have that the right
side is bounded by

DG o)) VT | | oa(Ae)de.
If ¢ > 2, then by Holder’s inequality,
E[(En[G*(ui, vi))?? | D] < E[Ea[GY(us, vi)] | D] = En[E[G (s, vi) | D).
On the other hand, if ¢ € [1,2),
E[(En[G? (uis vi)])V? | D] < (Bn[E[G? (ui, vy) | D).
This leads to the desired inequality. O

APPENDIX F: TABLE AND FIGURES FOR CASE (B) IN SECTION 4
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20 K. KATO

F1G 1. Performance of selection criteria. Case (b). Estimation of (t,u) — b(t,u).
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F1G 2. Performance of selection criteria. Case (b). Estimation of Qy|x(u | ).
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FUNCTIONAL QUANTILE REGRESSION 21

F1G 3. Performance of selection criteria. Case (b). Estimation of (t,u) — b(t,u).

n=100,alpha=1.1,Cauchy error n=200,alpha=1.1,Cauchy error n=500,alpha=1.1,Cauchy error
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F1G 4. Performance of selection criteria. Case (b). Estimation of Qy|x(u | ).
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22 K. KATO

TABLE 1
Average numbers of m selected by three criteria in case (b).
Standard deviations are given in parentheses.

n o error dist. AIC BIC GACV
100 1.1  normal  8.76 (4.33) 3.12 (L.17) 7.25 (3.95)
200 1.1  normal 854 (4.07) 3.47 (1.11) 7.78 (3.86)
500 1.1 normal 9.09 (3.69) 4.01 (0.99) 8.66 (3.60)
100 2 normal  8.06 (4.59) 2.52 (0.84) 6.37 (4.12)
200 2 normal 7.75 (4.30) 2.72 (0.87) 6.82 (4.03)
500 2 normal 7.69 (3.96) 3.09 (0.67) 7.23 (3.82)
100 1.1  Cauchy  2.36 (1.53) 1.50 (0.59) 2.25 (1.34)
200 1.1  Cauchy 243 (1.03) 1.76 (0.56) 2.42 (1.01)
500 1.1 Cauchy 2.86 (0.92) 2.06 (0.48) 2.83 (0.90)
100 2 Cauchy  1.99 (1.42) 1.27(0.47) 1.86 (1.14)
200 2 Cauchy 2.06 (0.88) 1.44 (0.53) 2.04 (0.83)
500 2 Cauchy 2.30 (0.66) 1.80 (0.45) 2.28 (0.63)
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