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SUPPLEMENT TO “QUASI-BAYESIAN ANALYSIS OF
NONPARAMETRIC INSTRUMENTAL VARIABLES
MODELS”*

By KENGO KATO

University of Tokyo

This supplemental file contains the additional technical proofs omitted in
the main text, and some technical tools used in the proofs.

APPENDIX A: CDV WAVELET BASES AND BESOV SPACES

A.1. Wavelet bases for L2[0,1]. We review wavelet theory on the
compact interval [0, 1]. We refer the reader to [4], [6] and [5, Chapter 7 and
Appendix B] as useful general references on wavelet theory in the statistical
(and signal processing) context.

Let (y,%) be a Daubechies pair of the scaling function and wavelet of a
multiresolution analysis of the space La(R) of order N, with 1 having N
vanishing moments and support contained in [-N + 1, N|, and ¢ having
support contained in [0,2N — 1] [see 4, Remark 7.1]. We translate ¢ so that
its support is contained in [N + 1, N]. Define

pir(@) = 2202 x — k), Yu(z) =29/ 2p(20x — k).

Then, for any fixed Jo > 0, it is known that {¢ i, Yk, J > Jo,k € Z}
forms an orthonormal basis for Ly(R). However, we need an orthonormal
basis for L]0, 1]. From the Daubechies pair (p, 1), we wish to construct an
orthonormal basis for L]0, 1]. The construction here is based on Cohen et
al. [2, Section 4]. See also Chapter 7.5 of [6] for wavelet bases on [0, 1].

Take a fixed resolution level j such that 2/ > 2N. For k = N,...,2/ —
N — 1, pjj are supported in [0,1] and left unchanged: cpﬁt(az) = @jk(z) for
x € [0,1]. At boundaries, k = 0,..., N — 1, construct suitable functions g0£
with support [0, N + k] and % with support [-N — k, 0], and define

P (@) = 2Pep V), Gy (0) = 2P (2@ - 1)), 2 € [0,1].

Note that both (p£ and gka have the same smoothness as . Define the
multiresolution spaces V; = span{gaijr}f, k=0,...,27 — 1}, which satisfy the
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2 K. KATO

following properties (i) dim(V;) = 27; (ii) V; C Vj41; (iii) each V; contains
all polynomials of order at most N — 1.

Turning to the wavelet spaces, define W; by the orthogonal complement of
Vj in Vj41. Starting from the Daubechies wavelet 1), construct w}r,;t similarly

to gomt Then, we have W, = span{zpﬁt, k=0,...,2/—1}, and for any Jy > 1
with 270 > 2N and J > J,

VJ_VJO@WJ, Ly[0,1] = Vi, P W;.

Jj=Jo j=Jo

Therefore, {gomt 2 0 ly {@ZJ”“,] > Jo,k=0,...,27 —1} forms an orthonor-
mal basis for LQ [0 1] [see Sectlon 4 of 2, for formal proofs of these results]

DEFINITION 1. Call the so-constructed basis {cpf}:)tk}Q 'ty {wﬁt, Jj >
Jo,k = 0,...,2/ — 1} the CDV (Cohen-Daubechies-Vial) wavelet basis for
L5]0, 1] generated from the Daubechies pair (¢, ). If (¢, 1) is S-regular, i.e.,
if (¢,1) are S-times continuously differentiable, then call the so-generated
CDV wavelet basis S-regular.

REMARK 1. For any given positive integer S, there is an S-regular
Daubechies pair (¢,) by taking the order N sufficiently large [see 4, Re-
mark 7.1].

A.2. Besov spaces. We recall the definition of Besov spaces.

DEFINITION 2. Let 0 <s< SseRSeNand 1 < p,g < oo. Let
{gof}:)tk}i Tug ﬁt,j > Jo,k=0,...,27 — 1} be an S-regular CDV wavelet
basis for Lg[() 1]. Let

2o (f) / f@)p i (@)de, Yi(f / F ()
Then the Besov space By, is defined by the set of functions {f € L,[0,1] :
| flls.p.g < o0}, where

1/p

fllswa:={ D lehalHIP

0<k<2/0-1
1/p q\ 1/aq

+ Z 9i(s+1/2=1/p) Z ‘}rl;t(f)’p 7

i>Jo 0<k<2i-1
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QUASI-BAYES FOR NPIV 3
with the obvious modification in case p = oo or ¢ = oo.

REMARK 2. Besov spaces cover commonly used smooth function spaces.
For example, BS, , is equal to the Holder-Zygmund space, which coincides
with the classical Holder space for non-integer s. For integer s, they do not
coincide but the Holder-Zygmund space contains the classical Holder space.
Moreover, Bj , is equal to the classical Lo-Sobolev space when s is an integer.

See [5], Appendix B.

APPENDIX B: PROOFS OF LEMMAS 1-3

PROOF OF LEMMA 1. For part (ii), the lower bound on sy, (E[¢” (W)®2])
follows from Assumption 1 (iii); the upper bounds on syax (E[¢” (W)®?]) and
smax (E[¢7 (W)¢? (X)T]) follow from Assumption 1 (i) and the fact that {¢;}
is an orthonormal basis of L2[0,1] (see (8)). Part (iii) follows from Rudel-
son’s [8] inequality and (i). For the reader’s convenience, we state Rudel-
son’s inequality in Appendix E. For Part (v), we first note that, by (iii)
and Weyl’s perturbation theorem [1, Problem II1.6.13], smin(®wx) > 77, —
Op(\/Jn277 /n). Since now \/J,27n /n = o(7y, ), we have spin(Pwx) > (1—
op(1))7y,. For the proof of (i), denote by N the order of the Daubechies pair
(, 1) generating the CDV wavelet basis {¢;,! > 1}. Then, for each x € [0, 1]
and each j > Jy, the number of nonzero elements in ¢y; 1(z),..., ¢gj+1(x)
is bounded by some constant depending only on N, and each ¢y, (2)
is bounded by some constant (depending only on ) times 2//2 for all
k = 1,...,2/. Similarly, ¢1,...,¢qs are uniformly bounded. Therefore,

there exists a constant D depending only on (¢,?) such that [|¢”(z)||Z, <
D(2% + Y77} 27) = D27 for all z € [0,1].

Finally, we wish to show Part (iv). First, observe that ||Ep[¢7 (W;)Ry]||2, <
2B (Wi) Ryl — Bl (W) R]|12 + 2] [E[6” (W) R 2. By a simple moment
calculation, the first term is Op(27"/n). For the second term, by Assump-
tions 3 and 4 (ii),

IE[¢” (W)R]|Z = |[E[¢" (W)(go — Prgo)(X)]||
<77 1lgo — Py, gol?
< TEHQ_QJ”S.

This completes the proof. O
PROOF OF LEMMA 2. Step 1. We first show that [X,| = 1+ o(1) (|%,]
denotes the determinant of ¥,,). Let Ayinn and Amax,n denote the minimum

and maximum eigenvalues of X,,, respectively. Then, by Weyl’s perturbation
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4 K. KATO

theorem, 1 —o(k; ') < Aminn < Amaxn < 1+o(k; 1), so that (1—o(k; 1))k =
A <8, < M= (14 o(k;))#". Here both sides converge to 1.

min,n — max,n

Step 2. By Step 1, we have

/ﬂdN«xznxx)—dAmmlm)@mdx

_ 1 1 efxTZglx/Q o efxTac/2
= (27T)k"/2 |En|l/2

1 —Tste/2 _ —aTz/2
_1‘+ (27T)k"/2|2n|1/2/|6 T Tfa _ %72 |dCC

/esz:r/Q‘ewT(Enllkn)z/Q _ 1|dg;

dx

< 1
- |Zn|1/2

<o(1l)+

(2m)kn/2(1 + 0(1))

By assumption, we haxlfe en = 1501 = I llop < 1120 lopll e, — Znllop =
o(k,"). Now, leixT(E’: “Te)o/2 — 1] < e ©/2 _ o=ent2/2 By g direct

calculation, the conclusion follows from the fact that (1%e, )% = 1+0(1). O

PROOF OF LEMMA 3. The first assertion follows from the assumption.
Suppose now that A, is non-singular. Then, /Al;l T4, = (fln—An—i—An)*lAn =
(A'A,—I, +1;, )" Here, A A, —1, = AV (A,—A,), so that | A1 A, —
I llop < 1A lopllAn = Anllop = siai(A) | A = Anllop = Op(&;,'8n). Let

min
A =1, —A Ay, Then, A YA, = (I, —A) ™t =1, +> 00 A™ (Neumann
series). Therefore, we conclude that ||A; 1A, — i llop = | 2oy Am”op <
St NANG, = 1Allep - Xom—o A5, = Op (e n). O

APPENDIX C: PROOF OF THEOREM 3

For the notational convenience, define
En,[ | Dy) = / I, (dg | Dy), Eﬁn[ | Dn] = / ﬁn(dbjn | D).

PROOF OF THEOREM 3. Define the event
Esn ={Dy, : Sy x and Oy are non-singular}.

Then, by Lemma 1, P{1(&3,) = 1} = P(&3,) — 1. Suppose that 1(€3,) = 1.
Then, by (16), ¢4, (D;) defined in the proof of Proposition 4 is bounded
from below by

¢)|o7 |12 + a term independent of b,

for some positive random variable ¢. Hence, the integral Eﬁn[HbJ"H 2 | Dy
is finite as soon as 1(&s,,) = 1. This proves the first assertion.
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QUASI-BAYES FOR NPIV 5

In what follows, we wish to prove the convergence rate result (14). First
of all, by the triangle inequality and Jensen’s inequality,

L(&n)llgor — g0l < 1(Esn)lldoB — Pr.g0ll + [l90 — P, g0l
= 1(&30)|En1,, [9 — Pr.90 | Dulll + llg0 — Pr, g0l
= 1(E3)|Egy, [b7" = b | Dullle2 + llgo — P, g0l
< 1(Esn)Eq (167" = 03"z | Du + llg0 — P, g0ll-

Since ||go— Py, gol| = O(277»*), it suffices to show that there exists a constant
D > 0 such that for every M, — oo,

P|1(E3n)Eq, [II6™ — b5" 2 | D]

<D max{2_‘]”8, 71]_73 \/mv le_nlﬁnQnMn}] — L

Let 7% (0”7 | D,,) be the (random) density defined in the proof of Theorem
1. Note that 7 (67 | D,,) is well-defined as soon as 1(E3,,) = 1. Let 6, :=
€n + TJnQ_J”S. Then we have:

LEMMA 1. There exists a constant ¢; > 0 such that for every sequence
M,, — oo with M, = o(Ly,),

P{l(gsn)/’wj"!!@ | (67" | D) — AN (A, Sy ) (67)|d67

< efcannéﬁ + Mn\/ﬁéngn} — 1,

where A, := /nE,[¢7 (W;)R;].
We defer the proof of Lemma 1 after the proof of this theorem. Note that
. 2
e | [ 107N (8 v 00|

< 1(Esm) / 107 2N (Ap, By ) (07 )6

< AnlZ + tr(@ww).
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6 K. KATO

By the proof of Theorem 2, there exists a constant D; > 0 such that
P{|An|Z + tr(Pww) < Di(n73 272/7% 4 2/n)} — 1. Hence for every se-
quence M,, — oo with M,, = o(L,,), with probability approaching one,

\/Dl (nTganQJns + 2Jn) + e—cann&% + Mn\/ﬁ5n9n
> 1(E) [ 107 om0 | D

(&) / 1B x (67 — b0 | (b7 | D)™

> 1(Esn)vVismin(@wx)Eq, (167 = b5" llez | Dal.

Take M,, — oo sufficiently slowly such that g, M,, — 0. Since the left side is
then < max{/n7s,277/"% V2Jn \/ne,0,M,}, there exists a constant Dy > 0
such that

P[1(Ean)smin (@B [0 = b2 | D]
< Dymax{ry, 275, \/m, GnQnMn}] — 1.
Finally, by Lemma 1, P(smin(®wx) > 0.577,) — 1, by which we have
B|1(Esn)Eqy [16™ = 5"l | D]

< 2Dy max{2™ 7%, 77 \/ﬂ TﬁlengnMn}] — 1.

This leads to the desired conclusion (it is not difficult to see that the final
expression holds for every sequence M,, — o0). ]

Proor OF LEMMA 1. As before, we say that a sequence of random vari-
ables A, is eventually bounded by another sequence of random variables B,
if P(A, < B,) — 1.

Take any M,, — oo with M,, = o(L,,). Then,

1(Esm) / 16712 - |5 (67 | D) — AN (Ap, By )(67)] 6™
< 1(E3) / 16712 - |5 (67 | D) — AN (A, By )(67)] 6™
1077 ]| j2 <Mp/nén
1(Es) / 167 |2 (67 | D)™
H@Jﬂ ”g2 >Mn\/ﬁén

+1(Em) / 167 | 2 AN (A, Brryn ) (67 )6
109025 M 8
T IT+ I

imsart-aos ver. 2013/03/06 file: NPIV_supplement_v2.tex date: September 21, 2017



QUASI-BAYES FOR NPIV 7

We divide the rest of the proof into three steps.

Step 1. Claim: 3¢y > 0 such that P(IT < e~2Mandn) 5 1.

(Proof of Step 1): The assertion of Step 1 follows from the same line as
in the proof of Proposition 4 by noting that for any ¢ > 0, ze=" < emer/2
for all x > 0 sufficiently large. Hence the proof is omitted.

Step 2. Claim: Jcs > 0 such that P(JI] < e=sMnndn) 5 1,

(Proof of Step 2): By the Cauchy-Schwarz inequality, the square of I11 is
bounded by [ (|67 |2,dN (A, ®ww)do’ fHW"||42>Mn\/55n AN (A, Py )don.
Here the first integral is bounded by

1A + tr(Pww),

which is eventually bounded by D(n7'37l2_2‘] n$4+27n) for some constant D > 0
by the proof of Theorem 2. On the other hand, by the proof of Theorem 1, the
second integral is eventually bounded by f” 071 2>/ Faridn dN(0, Iy, )d67".

By Borell’s inequality for Gaussian measures (see (23)), the last integral
is bounded by e~¢'Mnn8. for some small constant ¢ > 0. Taking these to-
gether, we obtain the conclusion of Step 2 by choosing the constant c3 > 0
sufficiently small.
Step 3. Claim: Jeyq > 0 such that P(I < e—caMindy | My \/nénon) — 1.
(Proof of Step 3): Let C, = {07 € RZ™ : |67,z < My\/n6,}. Let
777’;76"(9‘]" | D,,) and dN" (A, Dy )(077) denote the probability densities

obtained by first restricting 7*(87* | D,) and dN(An, Pyww)(677) to the
ball C,, and then renormalizing, respectively. Then, abbreviating 7% (df”’» |
Dy) by m, w0 (d07" | Dp) by 7o, dN(An, Sy )(077) by dN, and
dNC (A, ®yw)(077) by AN we have

I< 1(53n)/||9"”||e2 | e, — AN
+ 1(53n)/ 1672 - |7 ¢, — 7]
17712 <M /78
+1(Esn) / 167" [|2 - |dNC" — dN]|
HQ‘]””42§M"L\/E(STL

= IV +V+1IV.

By the proof of Theorem 1, the term IV is eventually bounded by

l(ggn)Mnﬂén/ |Thc, — dNC"\ < My\/n6,0n.
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8 K. KATO

For the term V', we have

V < 1(E3n) My/n6,, / Tnc, =
677 || 2 <Mn+/nén

I

6Jn HZQ >Mp/ndn

By the proof of Proposition 4, there exists a constant ¢ > 0 such that the
integral on the right side is eventually bounded by 6_05M3L"53L, so that P(V <
e—esMindy / 2) — 1. Likewise, by Borell’s inequality for Gaussian measures,
there exists a constant cg > 0 such that P(VI < e~%Mnnd7) 5 1. Taking
these together, we obtain the conclusion of Step 3 by choosing the constant
c4 > 0 sufficiently small.

Finally, Steps 1-3 lead to the conclusion of Lemma 1.

APPENDIX D: PROOFS FOR SECTION 4

PROOF OF PROPOSITION 2. We only consider the mildly ill-posed case.
The proof for the severely ill-posed case is similar. For either case of product

or isotropic priors, it suffices to check conditions P1) and P2) in Theorem 1.
We shall do this with the choice €, = \/277(logn)/n ~ (logn)/2n~—(r+s)/(2r+2s+1)
Case of product priors: Let ¢min := mingep_4 41 ¢(z) > 0. Since [|b/» —

In
by 112 = 3771 (b — bor)? < 27" max; ;<0 (b1 — bor)?, we have

IL, (b7« |67 — b |2 < €,) > 10, (an : max |b — by| < en/\/2°7">

1<1<2Jn
27n
> [ n @7 : b = bor| < €n/V2).
=1

Since Je € (0, A), by € [-A+e, A—e¢] for all I > 1, for all n sufficiently large,
the last expression is bounded from below by

27n
<Cm1nj€n — €_2Jn lOg(\/Q‘]n/(Cmin€n)) Z e—CnE%’
\V2In

where C' > 0 is a sufficiently large constant, which verifies condition P1).
Second, with this €,, v, in condition P2) is ~ (logn)/2n =5/ (2r+2s+1),

Let, say, L,, ~ (logn)'/? so that L,v, ~ (logn)n=%/(@+2s+1) Then, {b/» :

|67 — b‘OI"ng < Loy} C [—A, A]?™ for all n sufficiently large, so that
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QUASI-BAYES FOR NPIV 9

Fn(bIn) = Hly'{ q(by) is positive for all ||b7» — b({"ng < LY. Let 0772 <
Ln’yn and ||’ ||,2 < Lpyn. Then,

- 27n
7Tn<bgn+bjn) 7
— =X log q(bg; + b;) — log q(bg; + b
PR A D ZZ:;{ g q(bor + by) — log q(bor + by) }
27n
<expd LY b= bl p < exp {LVRI 6" — 57| |
=1

< 62L\/2JnLn'yn _ 60(1),

where the last step is due to s > 1/2 . Likewise, we have
7n (by" +l~7‘]") > e 2LV Luyn _ o=oll).
7~1'n(b()n + bJ")

Therefore, condition P2) is verified.
Case of isotropic priors: Let cpin := minge(g 4 7(x) > 0. Then, for all n
sufficiently large,

f bIn—bIn || o <en T(||an||£2)den
” 0 ”52_

J (1ol g2)db T
_ Jivreae, TUB + 05 1@)d™ i fipn,<c, 97

Jr(Io7n|g2)db" = (e e )db

(O 67 = byl < €n) =

2Jn 1 7
e faze[O,en] x dx > e ( €n >2 " % 6—c”2‘]” log(27n)
= Cmin 2 Cmin

& 22 () da 9Jn

672J” log (277 Jen)—c"27n log(27n) > efc’ne%7

= Cmin

where C' > 0 is a sufficiently large constant, which verifies condition P1).

Second, with this €,, 7, in condition P2) is ~ (logn)/2n=s/(2r+2s+1) Let
Ly, ~ (logn)'/? so that L,y, ~ (logn)n=*/ 25+ Since [|bg" |2 < ||go]| <
A and Ly, — 0, {b™ : [[b" — bJ"|l;2 < Loyn} € {077 |72 < A}
for all n sufficiently large, so that 7,(b’) o r(||b”"||,2) is positive for all
|67 — b |l¢2 < Lnyn. Let [[b77]|;z < Lyyn and |62 < Lpvys. Then by
Parseval’s identity,

1537 + b7 [l < (13" le2 + Ly — g0l
and likewise we have

165" + 07 |2 > 165" lle2 = Loy = llgoll-
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10 K. KATO
Therefore, we conclude that, uniformly in |[67" ||,z < Lpym, |67z < Lnn,

Fnlbg” +6™) (6 + b ) r(llgol)
Fa +07) g+ ) (ol

Hence condition P2) is verified. O

PROOF OF PROPOSITION 3. Given the proof of Proposition 2 and the
discussion following Theorem 3, it is sufficient to verify that g, is o((logn)~/?)
in the mildly ill-posed case (in the severely ill-posed case, it is sufficient to
verify that g, = o(1)). However, this is readily verified by tracking the proof
of Proposition 2. O

APPENDIX E: TECHNICAL TOOLS

We state here Rudelson’s inequality for the reader’s convenience.

THEOREM 1 (Rudelson’s [8] inequality). Let Z1,..., Zy be i.i.d. random
vectors in RF with ¥ := E[Z®?]. Then for every k > 2,

log k

E < »|[L/25. 52 =D
< max{||%]o,°9,67}, 9 -

12
Bl max [1Z:]%),

1 n
®2
ﬁg VDY
i=1

op

where D is a universal constant.

Rudelson’s inequality implies the following corollary useful in our appli-
cation.

CoROLLARY 1. Let (X1,Y{)T,..., (X, Y,)T be i.i.d. random vectors
with X; € R¥Y; € R¥2 | and ky + ko > 2. Let Xx := E[XP?], 2y = E[Y}*?]
and Xxy := E[X1Y{']. Suppose that there exists a finite number m such that
E[maxi<i<n | Xill%] V Elmaxi<i<n | Vil ] < m. Then

E < max{(|Sx |52V ISy 1423, 6%},

1 n
=3 XV - Sxy
" i=1

op

where D is a universal constant.
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QUASI-BAYES FOR NPIV 11

PrOOF. Let Z; = (X;,Y,')T, and apply Rudelson’s inequality to Z1, . . . , Zy,.
Note that by the variational characterization of the operator norm, we
have [ln~" >ic1 XY = Sxyllop < [In! >ic1 Zz®2 - E[Zl®2]”0pv and by
the Cauchy-Schwarz inequality, [|E[Z7?]]lop < 212 [lop + 2[1Zv |lop- O

Lastly, we shall recall Talagrand’s [9] concentration inequality for general
empirical processes. The following version is due to [7]. Here, for a generic
class F of measurable functions on some measurable space X, we say that
F is pointwise measurable if there exists a countable subclass G C F such
that for any f € F, there exists a sequence {g,,} C G with g, (z) — f(2)
for every x € X. See Chapter 2.3 of [10].

THEOREM 2 (Massart’s form of Talagrand’s inequality). Let &1,...,&,
be i.i.d. random variables taking values in some measurable space X. Let F
be a pointwise measurable class of functions on X such that E[f(&1)] = 0

for all f € F and supscrsup,ey |f(z)| < B for some constant B > 0.
Let 02 be any positive constant such that o® > sup ez E[f?(&1)]. Let Z :=

sup rer | Doimy f(&i)l. Then for every x > 0,
P{Z > C(E[Z] 4+ ov/nz + Bx)} < e %,

where C' > 0 is a universal constant.
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