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APPENDIX A: CDV WAVELET BASES AND BESOV SPACES

A.1. Wavelet bases for L2[0, 1]. We review wavelet theory on the
compact interval [0, 1]. We refer the reader to [4], [6] and [5, Chapter 7 and
Appendix B] as useful general references on wavelet theory in the statistical
(and signal processing) context.

Let (ϕ,ψ) be a Daubechies pair of the scaling function and wavelet of a
multiresolution analysis of the space L2(R) of order N , with ψ having N
vanishing moments and support contained in [−N + 1, N ], and ϕ having
support contained in [0, 2N − 1] [see 4, Remark 7.1]. We translate ϕ so that
its support is contained in [−N + 1, N ]. Define

ϕjk(x) = 2j/2ϕ(2jx− k), ψjk(x) = 2j/2ψ(2jx− k).

Then, for any fixed J0 ≥ 0, it is known that {ϕJ0k, ψjk, j ≥ J0, k ∈ Z}
forms an orthonormal basis for L2(R). However, we need an orthonormal
basis for L2[0, 1]. From the Daubechies pair (ϕ,ψ), we wish to construct an
orthonormal basis for L2[0, 1]. The construction here is based on Cohen et
al. [2, Section 4]. See also Chapter 7.5 of [6] for wavelet bases on [0, 1].

Take a fixed resolution level j such that 2j ≥ 2N . For k = N, . . . , 2j −
N − 1, ϕjk are supported in [0, 1] and left unchanged: ϕint

jk (x) = ϕjk(x) for

x ∈ [0, 1]. At boundaries, k = 0, . . . , N − 1, construct suitable functions ϕLk
with support [0, N + k] and ϕRk with support [−N − k, 0], and define

ϕint
jk (x) = 2j/2ϕLk (2jx), ϕint

j,2j−k−1(x) = 2j/2ϕRk (2j(x− 1)), x ∈ [0, 1].

Note that both ϕLk and ϕRk have the same smoothness as ϕ. Define the
multiresolution spaces Vj = span{ϕint

jk , k = 0, . . . , 2j − 1}, which satisfy the
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2 K. KATO

following properties (i) dim(Vj) = 2j ; (ii) Vj ⊂ Vj+1; (iii) each Vj contains
all polynomials of order at most N − 1.

Turning to the wavelet spaces, define Wj by the orthogonal complement of
Vj in Vj+1. Starting from the Daubechies wavelet ψ, construct ψint

jk similarly

to ϕint
jk . Then, we have Wj = span{ψint

jk , k = 0, . . . , 2j−1}, and for any J0 ≥ 1

with 2J0 ≥ 2N and J > J0,

VJ = VJ0

J−1⊕
j≥J0

Wj , L2[0, 1] = VJ0
⊕
j≥J0

Wj .

Therefore, {ϕint
J0k
}2J0−1
k=0 ∪{ψint

jk , j ≥ J0, k = 0, . . . , 2j − 1} forms an orthonor-
mal basis for L2[0, 1] [see Section 4 of 2, for formal proofs of these results]

Definition 1. Call the so-constructed basis {ϕint
J0k
}2J0−1
k=0 ∪ {ψint

jk , j ≥
J0, k = 0, . . . , 2j − 1} the CDV (Cohen-Daubechies-Vial) wavelet basis for
L2[0, 1] generated from the Daubechies pair (ϕ,ψ). If (ϕ,ψ) is S-regular, i.e.,
if (ϕ,ψ) are S-times continuously differentiable, then call the so-generated
CDV wavelet basis S-regular.

Remark 1. For any given positive integer S, there is an S-regular
Daubechies pair (ϕ,ψ) by taking the order N sufficiently large [see 4, Re-
mark 7.1].

A.2. Besov spaces. We recall the definition of Besov spaces.

Definition 2. Let 0 < s < S, s ∈ R, S ∈ N and 1 ≤ p, q ≤ ∞. Let

{ϕint
J0k
}2J0−1
k=0 ∪ {ψint

jk , j ≥ J0, k = 0, . . . , 2j − 1} be an S-regular CDV wavelet
basis for L2[0, 1]. Let

ϕint
J0k(f) =

∫ 1

0
f(x)ϕint

J0k(x)dx, ψint
jk (f) =

∫ 1

0
f(x)ψint

jk (x)dx.

Then the Besov space Bs
p,q is defined by the set of functions {f ∈ Lp[0, 1] :

‖f‖s,p,q <∞}, where

‖f‖s,p,q :=

 ∑
0≤k≤2J0−1

|ϕint
J0k(f)|p

1/p

+

∑
j≥J0

2j(s+1/2−1/p)

 ∑
0≤k≤2j−1

|ψint
jk (f)|p

1/p

q

1/q

,
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QUASI-BAYES FOR NPIV 3

with the obvious modification in case p =∞ or q =∞.

Remark 2. Besov spaces cover commonly used smooth function spaces.
For example, Bs

∞,∞ is equal to the Hölder-Zygmund space, which coincides
with the classical Hölder space for non-integer s. For integer s, they do not
coincide but the Hölder-Zygmund space contains the classical Hölder space.
Moreover, Bs

2,2 is equal to the classical L2-Sobolev space when s is an integer.
See [5], Appendix B.

APPENDIX B: PROOFS OF LEMMAS 1-3

Proof of Lemma 1. For part (ii), the lower bound on smin(E[φJ(W )⊗2])
follows from Assumption 1 (iii); the upper bounds on smax(E[φJ(W )⊗2]) and
smax(E[φJ(W )φJ(X)T ]) follow from Assumption 1 (i) and the fact that {φl}
is an orthonormal basis of L2[0, 1] (see (8)). Part (iii) follows from Rudel-
son’s [8] inequality and (i). For the reader’s convenience, we state Rudel-
son’s inequality in Appendix E. For Part (v), we first note that, by (iii)
and Weyl’s perturbation theorem [1, Problem III.6.13], smin(Φ̂WX) ≥ τJn −
OP (

√
Jn2Jn/n). Since now

√
Jn2Jn/n = o(τJn), we have smin(Φ̂WX) ≥ (1−

oP (1))τJn . For the proof of (i), denote by N the order of the Daubechies pair
(ϕ,ψ) generating the CDV wavelet basis {φl, l ≥ 1}. Then, for each x ∈ [0, 1]
and each j ≥ J0, the number of nonzero elements in φ2j+1(x), . . . , φ2j+1(x)
is bounded by some constant depending only on N , and each φ2j+k(x)
is bounded by some constant (depending only on ψ) times 2j/2 for all
k = 1, . . . , 2j . Similarly, φ1, . . . , φ2J0 are uniformly bounded. Therefore,
there exists a constant D depending only on (ϕ,ψ) such that ‖φJ(x)‖2`2 ≤
D(2J0 +

∑J−1
j=J0

2j) = D2J for all x ∈ [0, 1].

Finally, we wish to show Part (iv). First, observe that ‖En[φJn(Wi)Ri]‖2`2 ≤
2‖En[φJn(Wi)Ri]−E[φJn(W )R]‖2`2 +2‖E[φJn(W )R]‖2`2 . By a simple moment
calculation, the first term is OP (2Jn/n). For the second term, by Assump-
tions 3 and 4 (ii),

‖E[φJn(W )R]‖2`2 = ‖E[φJn(W )(g0 − PJg0)(X)]‖2`2
. τ2

Jn‖g0 − PJng0‖2

. τ2
Jn2−2Jns.

This completes the proof.

Proof of Lemma 2. Step 1. We first show that |Σn| = 1 + o(1) (|Σn|
denotes the determinant of Σn). Let λmin,n and λmax,n denote the minimum
and maximum eigenvalues of Σn, respectively. Then, by Weyl’s perturbation
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4 K. KATO

theorem, 1−o(k−1
n ) ≤ λmin,n ≤ λmax,n ≤ 1+o(k−1

n ), so that (1−o(k−1
n ))kn =

λknmin,n ≤ |Σn| ≤ λknmax,n = (1 + o(k−1
n ))kn . Here both sides converge to 1.

Step 2. By Step 1, we have∫
|dN(0,Σn)(x)− dN(0, Ikn)(x)|dx

=
1

(2π)kn/2

∫ ∣∣∣∣ 1

|Σn|1/2
e−x

T Σ−1
n x/2 − e−xT x/2

∣∣∣∣ dx
≤
∣∣∣∣ 1

|Σn|1/2
− 1

∣∣∣∣+
1

(2π)kn/2|Σn|1/2

∫
|e−xT Σ−1

n x/2 − e−xT x/2|dx

≤ o(1) +
1

(2π)kn/2(1 + o(1))

∫
e−x

T x/2|e−xT (Σ−1
n −Ikn )x/2 − 1|dx

By assumption, we have εn := ‖Σ−1
n − Ikn‖op ≤ ‖Σ−1

n ‖op‖Ikn − Σn‖op =

o(k−1
n ). Now, |e−xT (Σ−1

n −Ikn )x/2 − 1| ≤ eεnx
T x/2 − e−εnx

T x/2. By a direct
calculation, the conclusion follows from the fact that (1±εn)kn = 1+o(1).

Proof of Lemma 3. The first assertion follows from the assumption.
Suppose now that Ân is non-singular. Then, Â−1

n An = (Ân−An+An)−1An =
(A−1

n Ân−Ikn+Ikn)−1. Here, A−1
n Ân−Ikn = A−1

n (Ân−An), so that ‖A−1
n Ân−

Ikn‖op ≤ ‖A−1
n ‖op‖Ân − An‖op = s−1

min(An)‖Ân − An‖op = OP (ε−1
n δn). Let

∆̂ = Ikn−A−1
n Ân. Then, Â−1

n An = (Ikn−∆̂)−1 = Ikn+
∑∞

m=1 ∆̂m (Neumann

series). Therefore, we conclude that ‖Â−1
n An − Ikn‖op = ‖

∑∞
m=1 ∆̂m‖op ≤∑∞

m=1 ‖∆̂‖mop = ‖∆̂‖op ·
∑∞

m=0 ‖∆̂‖mop = OP (ε−1
n δn).

APPENDIX C: PROOF OF THEOREM 3

For the notational convenience, define

EΠn [ · | Dn] :=

∫
· Πn(dg | Dn), EΠ̃n

[ · | Dn] :=

∫
· Π̃n(dbJn | Dn).

Proof of Theorem 3. Define the event

E3n = {Dn : Φ̂WX and Φ̂WW are non-singular}.

Then, by Lemma 1, P{1(E3n) = 1} = P(E3n)→ 1. Suppose that 1(E3n) = 1.
Then, by (16), `bJn (Dn) defined in the proof of Proposition 4 is bounded
from below by

ĉ‖bJn‖2`2 + a term independent of bJn ,

for some positive random variable ĉ. Hence, the integral EΠ̃n
[‖bJn‖`2 | Dn]

is finite as soon as 1(E3n) = 1. This proves the first assertion.
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QUASI-BAYES FOR NPIV 5

In what follows, we wish to prove the convergence rate result (14). First
of all, by the triangle inequality and Jensen’s inequality,

1(E3n)‖ĝQB − g0‖ ≤ 1(E3n)‖ĝQB − PJng0‖+ ‖g0 − PJng0‖
= 1(E3n)‖EΠn [g − PJng0 | Dn]‖+ ‖g0 − PJng0‖
= 1(E3n)‖EΠ̃n

[bJn − bJn0 | Dn]‖`2 + ‖g0 − PJng0‖

≤ 1(E3n)EΠ̃n
[‖bJn − bJn0 ‖`2 | Dn] + ‖g0 − PJng0‖.

Since ‖g0−PJng0‖ = O(2−Jns), it suffices to show that there exists a constant
D > 0 such that for every Mn →∞,

P
[
1(E3n)EΠ̃n

[‖bJn − bJn0 ‖`2 | Dn]

≤ Dmax{2−Jns, τ−1
Jn

√
2Jn/n, τ−1

Jn
εn%nMn}

]
→ 1.

Let π∗n(θJn | Dn) be the (random) density defined in the proof of Theorem
1. Note that π∗n(θJn | Dn) is well-defined as soon as 1(E3n) = 1. Let δn :=
εn + τJn2−Jns. Then we have:

Lemma 1. There exists a constant c1 > 0 such that for every sequence
Mn →∞ with Mn = o(Ln),

P

{
1(E3n)

∫
‖θJn‖`2 · |π∗n(θJn | Dn)− dN(∆n, Φ̂WW )(θJn)|dθJn

≤ e−c1Mnnδ2n +Mn

√
nδn%n

}
→ 1,

where ∆n :=
√
nEn[φJn(Wi)Ri].

We defer the proof of Lemma 1 after the proof of this theorem. Note that

1(E3n)

[∫
‖θJn‖`2dN(∆n, Φ̂WW )(θJn)dθJn

]2

≤ 1(E3n)

∫
‖θJn‖2`2dN(∆n, Φ̂WW )(θJn)dθJn

≤ ‖∆n‖2`2 + tr(Φ̂WW ).
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6 K. KATO

By the proof of Theorem 2, there exists a constant D1 > 0 such that
P{‖∆n‖2`2 + tr(Φ̂WW ) ≤ D1(nτ2

Jn
2−2Jns + 2Jn)} → 1. Hence for every se-

quence Mn →∞ with Mn = o(Ln), with probability approaching one,√
D1(nτ2

Jn
2−2Jns + 2Jn) + e−c1Mnnδ2n +Mn

√
nδn%n

≥ 1(E3n)

∫
‖θJn‖`2π∗n(θJn | Dn)

= 1(E3n)
√
n

∫
‖Φ̂WX(bJn − bJn0 )‖`2 π̃n(bJn | Dn)dbJn

≥ 1(E3n)
√
nsmin(Φ̂WX)EΠ̃n

[‖bJn − bJn0 ‖`2 | Dn].

Take Mn →∞ sufficiently slowly such that %nMn → 0. Since the left side is
then . max{

√
nτJn2−Jns,

√
2Jn ,
√
nεn%nMn}, there exists a constant D2 > 0

such that

P
[
1(E3n)smin(Φ̂WX)EΠ̃n

[‖bJn − bJn0 ‖`2 | Dn]

≤ D2 max{τJn2−Jns,
√

2Jn/n, εn%nMn}
]
→ 1.

Finally, by Lemma 1, P(smin(Φ̂WX) ≥ 0.5τJn)→ 1, by which we have

P
[
1(E3n)EΠ̃n

[‖bJn − bJn0 ‖`2 | Dn]

≤ 2D2 max{2−Jns, τ−1
Jn

√
2Jn/n, τ−1

Jn
εn%nMn}

]
→ 1.

This leads to the desired conclusion (it is not difficult to see that the final
expression holds for every sequence Mn →∞).

Proof of Lemma 1. As before, we say that a sequence of random vari-
ables An is eventually bounded by another sequence of random variables Bn
if P(An ≤ Bn)→ 1.

Take any Mn →∞ with Mn = o(Ln). Then,

1(E3n)

∫
‖θJn‖`2 · |π∗n(θJn | Dn)− dN(∆n, Φ̂WW )(θJn)|dθJn

≤ 1(E3n)

∫
‖θJn‖`2≤Mn

√
nδn

‖θJn‖`2 · |π∗n(θJn | Dn)− dN(∆n, Φ̂WW )(θJn)|dθJn

+ 1(E3n)

∫
‖θJn‖`2>Mn

√
nδn

‖θJn‖`2π∗n(θJn | Dn)dθJn

+ 1(E3n)

∫
‖θJn‖`2>Mn

√
nδn

‖θJn‖`2dN(∆n, Φ̂WW )(θJn)dθJn

=: I + II + III.
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We divide the rest of the proof into three steps.
Step 1. Claim: ∃c2 > 0 such that P(II ≤ e−c2M2

nnδ
2
n)→ 1.

(Proof of Step 1): The assertion of Step 1 follows from the same line as
in the proof of Proposition 4 by noting that for any c > 0, xe−cx

2 ≤ e−cx2/2
for all x > 0 sufficiently large. Hence the proof is omitted.

Step 2. Claim: ∃c3 > 0 such that P(III ≤ e−c3Mnnδ2n)→ 1.
(Proof of Step 2): By the Cauchy-Schwarz inequality, the square of III is

bounded by
∫
‖θJn‖2`2dN(∆n, Φ̂WW )dθJn

∫
‖θJn‖`2>Mn

√
nδn

dN(∆n, Φ̂WW )dθJn .

Here the first integral is bounded by

‖∆n‖2`2 + tr(Φ̂WW ),

which is eventually bounded byD(nτ2
Jn

2−2Jns+2Jn) for some constantD > 0
by the proof of Theorem 2. On the other hand, by the proof of Theorem 1, the
second integral is eventually bounded by

∫
‖θJn‖`2>

√
Mnnδn

dN(0, I2Jn )dθJn .

By Borell’s inequality for Gaussian measures (see (23)), the last integral
is bounded by e−c

′Mnnδ2n for some small constant c′ > 0. Taking these to-
gether, we obtain the conclusion of Step 2 by choosing the constant c3 > 0
sufficiently small.

Step 3. Claim: ∃c4 > 0 such that P(I ≤ e−c4M2
nnδ

2
n +Mn

√
nδn%n)→ 1.

(Proof of Step 3): Let Cn := {θJn ∈ R2Jn : ‖θJn‖`2 ≤ Mn
√
nδn}. Let

π∗n,Cn(θJn | Dn) and dNCn(∆n, Φ̂WW )(θJn) denote the probability densities

obtained by first restricting π∗n(θJn | Dn) and dN(∆n, Φ̂WW )(θJn) to the
ball Cn and then renormalizing, respectively. Then, abbreviating π∗n(dθJn |
Dn) by π∗n, π∗n,Cn(dθJn | Dn) by π∗n,Cn , dN(∆n, Φ̂WW )(θJn) by dN , and

dNCn(∆n, Φ̂WW )(θJn) by dNCn we have

I ≤ 1(E3n)

∫
‖θJn‖`2 · |π∗n,Cn − dN

Cn |

+ 1(E3n)

∫
‖θJn‖`2≤Mn

√
nδn

‖θJn‖`2 · |π∗n,Cn − π
∗
n|

+ 1(E3n)

∫
‖θJn‖`2≤Mn

√
nδn

‖θJn‖`2 · |dNCn − dN |

=: IV + V + IV.

By the proof of Theorem 1, the term IV is eventually bounded by

1(E3n)Mn

√
nδn

∫
|π∗n,Cn − dN

Cn | ≤Mn

√
nδn%n.
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8 K. KATO

For the term V , we have

V ≤ 1(E3n)Mn

√
nδn

∫
‖θJn‖`2≤Mn

√
nδn

|π∗n,Cn − π
∗
n|

= 1(E3n)Mn

√
nδn

∫
‖θJn‖`2>Mn

√
nδn

π∗n.

By the proof of Proposition 4, there exists a constant c5 > 0 such that the
integral on the right side is eventually bounded by e−c5M

2
nnδ

2
n , so that P(V ≤

e−c5M
2
nnδ

2
n/2) → 1. Likewise, by Borell’s inequality for Gaussian measures,

there exists a constant c6 > 0 such that P(V I ≤ e−c6Mnnδ2n) → 1. Taking
these together, we obtain the conclusion of Step 3 by choosing the constant
c4 > 0 sufficiently small.

Finally, Steps 1-3 lead to the conclusion of Lemma 1.

APPENDIX D: PROOFS FOR SECTION 4

Proof of Proposition 2. We only consider the mildly ill-posed case.
The proof for the severely ill-posed case is similar. For either case of product
or isotropic priors, it suffices to check conditions P1) and P2) in Theorem 1.
We shall do this with the choice εn =

√
2Jn(log n)/n ∼ (log n)1/2n−(r+s)/(2r+2s+1).

Case of product priors: Let cmin := minx∈[−A,A] q(x) > 0. Since ‖bJn −
bJn0 ‖2`2 =

∑2Jn

l=1(bl − b0l)2 ≤ 2Jn max1≤l≤2Jn (bl − b0l)2, we have

Π̃n(bJn : ‖bJn − bJn0 ‖`2 ≤ εn) ≥ Π̃n

(
bJn : max

1≤l≤2Jn
|bl − b0l| ≤ εn/

√
2Jn
)

≥
2Jn∏
l=1

Π̃n(bJn : |bl − b0l| ≤ εn/
√

2Jn).

Since ∃ε ∈ (0, A), b0l ∈ [−A+ε, A−ε] for all l ≥ 1, for all n sufficiently large,
the last expression is bounded from below by(

cminεn√
2Jn

)2Jn

= e−2Jn log(
√

2Jn/(cminεn)) ≥ e−Cnε2n ,

where C > 0 is a sufficiently large constant, which verifies condition P1).
Second, with this εn, γn in condition P2) is ∼ (log n)1/2n−s/(2r+2s+1).

Let, say, Ln ∼ (log n)1/2 so that Lnγn ∼ (log n)n−s/(2r+2s+1). Then, {bJn :

‖bJn − bJn0 ‖`2 ≤ Lnγn} ⊂ [−A,A]2
Jn

for all n sufficiently large, so that
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QUASI-BAYES FOR NPIV 9

π̃n(bJn) =
∏2Jn

l=1 q(bl) is positive for all ‖bJn − bJn0 ‖`2 ≤ Lnγn. Let ‖bJn‖`2 ≤
Lnγn and ‖b̃Jn‖`2 ≤ Lnγn. Then,

π̃n(bJn0 + bJn)

π̃n(bJn0 + b̃Jn)
= exp

2Jn∑
l=1

{log q(b0l + bl)− log q(b0l + b̃l)}


≤ exp

L
2Jn∑
l=1

|bl − b̃l|

 ≤ exp
{
L
√

2Jn‖bJn − b̃Jn‖`2
}

≤ e2L
√

2JnLnγn = eo(1),

where the last step is due to s > 1/2 . Likewise, we have

π̃n(bJn0 + bJn)

π̃n(bJn0 + b̃Jn)
≥ e−2L

√
2JnLnγn = e−o(1).

Therefore, condition P2) is verified.
Case of isotropic priors: Let cmin := minx∈[0,A] r(x) > 0. Then, for all n

sufficiently large,

Π̃n(bJn : ‖bJn − bJn0 ‖`2 ≤ εn) =

∫
‖bJn−bJn0 ‖`2≤εn

r(‖bJn‖`2)dbJn∫
r(‖bJn‖`2)dbJn

=

∫
‖bJn‖`2≤εn

r(‖bJn + bJn0 ‖`2)dbJn∫
r(‖bJn‖`2)dbJn

≥
cmin

∫
‖bJn‖`2≤εn

dbJn∫
r(‖bJn‖`2)dbJn

= cmin

∫
x∈[0,εn] x

2Jn−1dx∫∞
0 x2Jn−1r(x)dx

≥ cmin

( εn
2Jn

)2Jn

× e−c′′2Jn log(2Jn )

= cmine
−2Jn log(2Jn/εn)−c′′2Jn log(2Jn ) ≥ e−Cnε2n ,

where C > 0 is a sufficiently large constant, which verifies condition P1).
Second, with this εn, γn in condition P2) is ∼ (log n)1/2n−s/(2r+2s+1). Let

Ln ∼ (log n)1/2 so that Lnγn ∼ (log n)n−s/(2r+2s+1). Since ‖bJn0 ‖`2 ≤ ‖g0‖ <
A and Lnγn → 0, {bJn : ‖bJn − bJn0 ‖`2 ≤ Lnγn} ⊂ {bJn : ‖bJn‖`2 ≤ A}
for all n sufficiently large, so that π̃n(bJn) ∝ r(‖bJn‖`2) is positive for all
‖bJn − bJn0 ‖`2 ≤ Lnγn. Let ‖bJn‖`2 ≤ Lnγn and ‖b̃Jn‖`2 ≤ Lnγn. Then by
Parseval’s identity,

‖bJn0 + bJn‖`2 ≤ ‖bJn0 ‖`2 + Lnγn → ‖g0‖,

and likewise we have

‖bJn0 + bJn‖`2 ≥ ‖bJn0 ‖`2 − Lnγn → ‖g0‖.
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Therefore, we conclude that, uniformly in ‖bJn‖`2 ≤ Lnγn, ‖b̃Jn‖`2 ≤ Lnγn,

π̃n(bJn0 + bJn)

π̃n(bJn0 + b̃Jn)
=
r(‖bJn0 + bJn‖`2)

r(‖bJn0 + b̃Jn‖`2)
→ r(‖g0‖)

r(‖g0‖)
= 1.

Hence condition P2) is verified.

Proof of Proposition 3. Given the proof of Proposition 2 and the
discussion following Theorem 3, it is sufficient to verify that %n is o((log n)−1/2)
in the mildly ill-posed case (in the severely ill-posed case, it is sufficient to
verify that %n = o(1)). However, this is readily verified by tracking the proof
of Proposition 2.

APPENDIX E: TECHNICAL TOOLS

We state here Rudelson’s inequality for the reader’s convenience.

Theorem 1 (Rudelson’s [8] inequality). Let Z1, . . . , Zn be i.i.d. random
vectors in Rk with Σ := E[Z⊗2

1 ]. Then for every k ≥ 2,

E

∥∥∥∥∥ 1

n

n∑
i=1

Z⊗2
i − Σ

∥∥∥∥∥
op

 ≤ max{‖Σ‖1/2op δ, δ
2}, δ = D

√
log k

n
E[ max

1≤i≤n
‖Zi‖2`2 ],

where D is a universal constant.

Rudelson’s inequality implies the following corollary useful in our appli-
cation.

Corollary 1. Let (X1, Y
T

1 )T , . . . , (Xn, Y
T
n )T be i.i.d. random vectors

with Xi ∈ Rk1 , Yi ∈ Rk2, and k1 + k2 ≥ 2. Let ΣX := E[X⊗2
1 ],ΣY := E[Y ⊗2

1 ]
and ΣXY := E[X1Y

T
1 ]. Suppose that there exists a finite number m such that

E[max1≤i≤n ‖Xi‖2`2 ] ∨ E[max1≤i≤n ‖Yi‖2`2 ] ≤ m. Then

E

∥∥∥∥∥ 1

n

n∑
i=1

XiY
T
i − ΣXY

∥∥∥∥∥
op

 ≤ max{(‖ΣX‖1/2op ∨ ‖ΣY ‖1/2op )δ, δ2},

with δ = D

√
m log(k1 + k2)

n
,

where D is a universal constant.
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Proof. Let Zi = (Xi, Y
T
i )T , and apply Rudelson’s inequality to Z1, . . . , Zn.

Note that by the variational characterization of the operator norm, we
have ‖n−1

∑n
i=1XiY

T
i − ΣXY ‖op ≤ ‖n−1

∑n
i=1 Z

⊗2
i − E[Z⊗2

1 ]‖op, and by
the Cauchy-Schwarz inequality, ‖E[Z⊗2

1 ]‖op ≤ 2‖ΣX‖op + 2‖ΣY ‖op.

Lastly, we shall recall Talagrand’s [9] concentration inequality for general
empirical processes. The following version is due to [7]. Here, for a generic
class F of measurable functions on some measurable space X , we say that
F is pointwise measurable if there exists a countable subclass G ⊂ F such
that for any f ∈ F , there exists a sequence {gm} ⊂ G with gm(x) → f(x)
for every x ∈ X . See Chapter 2.3 of [10].

Theorem 2 (Massart’s form of Talagrand’s inequality). Let ξ1, . . . , ξn
be i.i.d. random variables taking values in some measurable space X . Let F
be a pointwise measurable class of functions on X such that E[f(ξ1)] = 0
for all f ∈ F and supf∈F supx∈X |f(x)| ≤ B for some constant B > 0.
Let σ2 be any positive constant such that σ2 ≥ supf∈F E[f2(ξ1)]. Let Z :=
supf∈F |

∑n
i=1 f(ξi)|. Then for every x > 0,

P{Z ≥ C(E[Z] + σ
√
nx+Bx)} ≤ e−x,

where C > 0 is a universal constant.
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